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PREFACE 


THE main object in writing the present book has been to 
produce a text in plane geometry which the average high 
school class can be fairly asked to cover in one year; which 
omits none of the essential theorems and, at the same time, 
embodies certain important improvements in the teaching of 
the subject; and which initiates the student into the subject 
in a natural manner, and arouses and sustains his interest in 
the facts and applications of geometry. 

The outstanding features of the book are as follows: 


I. A reduction in subject matter. The list of propositions 
used corresponds closely to the Harvard Syllabus, and the 
number of propositions has been reduced by about one fourth, 
as compared with those customarily included. The book, 
moreover, taken as a whole, covers the recommendations of the 
Committee of Fifteen of the National Education Association 
and hence exactly meets the requirements of the College En- 
trance Examination Board. 

Il. Improvements in the organization of material. In this 
respect, special attention is called to 

1. The introduction, which furnishes a natural approach to 
geometry by informal treatment and by use of facts known to 
the student. ; 

2. The construction work in exercise groups 1-6. These 
exercises familiarize the pupil with the use and value of the 
straightedge, compasses, and protractor, and give him a self- 
active interest in the subject. 

3. The simplified, pedagogical order of arrangement of the 
first fifteen propositions of Book One, which have special value 
as an introduction to demonstrative work in geometry. No 
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one of these propositions should prove a stumbling block to 
the average pupil. The authors are confident that the arrange- 
ment of propositions in the remainder of the book will be 
found equally satisfactory. 

4, The arrangement of the proofs as steps and reasons in 
parallel columns. This is a help in cultivating the logical 
faculty in the pupil and is an important aid to the teacher 
in inspecting and correcting written work. 

5. The steps in proofs for which pupils must supply reasons. 
This aims to make the pupil independent of the book, fosters a 
spirit of original thinking, and develops mathematical intuition. 

6. The theory of limits has been used only in informal ways 
in accordance with the recommendations of the Committee of 
Fifteen. 

7. Every construction figure contains all the necessary con- 
struction lines. 


III. Improvements in the methods of teaching pupils to solve 
original exercises. 

1. The most valuable of these is the improved method of 
analysis, presented in § 173 (p. 90). This method is so stated 
that it may be utilized much earlier if the teacher wishes. 

2. The group method of solving originals, which formed so 
successful a feature of Dr, Durell’s earlier Geometry, has been 
retained and improved, as by the insertion of introductory and 
simpler groups throughout the text. 


IV. The development of practical applications and of efficiency 
values of geometry. 

‘1. The treatment of the practical applications has been sim- 
_ plified. Whenever the correlation is close and when these 
applications clarify or promote interest, they have been inserted 
in the text in such a way as to give them the maximum effect. 

2. Emphasis is placed on the efficiency values of theorems 
and principles. 

As a whole, the object of the book has been to make the 
teaching, study, and later use of geometry as efficient as pos- 
sible in relation to present conditions. 
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SYMBOLS AND ABBREVIATIONS 


+ plus, or increased by. 
— minus, or diminished by. 
x multiplied by. 
+ divided by. 
= equals ; is (or are) equal to. 
2m 1s measured by. 
> is (or are) greater than. 
< is (or are) less than. 
~ is (or are) similar to. 
.. therefore. 
1 perpendicular, perpendicular 
or is perpendicular to. 
4s perpendiculars. 
| parallel, or 1s parallel to. 


to, 


Adj., adjacent. 

Alt., alternate. 

AX., axiom. 

Comp., complement. 
Constr., construction. 
Cor., corollary. 
Corr., corresponding. 
Def., definition. 

Ex., exercise, or example. 
Ext., exterior. 

Fig., figure. 

Geom., geometry. 
Hyp., hypothesis. 
Ident., identity. 


Z, & angle, angles. 
A, A triangle, triangles. 

C7, & parallelogram, parallelograms. 
©, © circle, circles. 


N (as in AB) are. 


Ineq., inequality. 
Int., interior. 
Opp., opposite. 
Post., postulate. 
Prop., proposition. 
Rt., right. 

St., straight. 

Sug., suggestion. 
Sup., supplement. 


Q.E.D. quod erat demonstrandum ; that is, which was to be proved. 

Q.E.F. quod erat faciendum; that is, which was to be made. 

A few other abbreviations and symbols will be introduced and ex- 
plained later. 


PLANE GEOMETRY 


DEFINITIONS AND FIRST PRINCIPLES 


1. Some geometry which you already know. — From 
your study of arithmetic, and in other ways, you have 
already learned some of the most important properties of 
the straight line, circle, triangle, cube, sphere, and some 
other similar objects. 

You know that a solid has three dimensions, viz.: 
length, breadth, and thickness. How many dimensions 
has a surface? A line? A point? 


2. Efficient methods of treating geometric objects. — In 
dealing with objects like those just named in § 1, you 
have learned that often it is an advantage to use certain 
methods rather than others. 


EXERCISES: GROUP 1 


Ex. 1. Obtain the area of the triangle ABC by counting the 
small squares in the triangle (piecing together parts of squares). 
Also obtain the same area by mul- 
tiplying the number of linear | 


spaces in the base by the number 8 
in the altitude, and taking one half FS 
the product. Estimate how many %& 
times as much work you did in 4 0 


s Base 
the first process as in the second. ar 


Ex. 2. The number of bushels of wheat in a given bin might be 
determined by filling a bushel measure with wheat from the bin, time 
after time, till the wheat is exhausted, and counting the number of 
times the bushel measure is used. The number of bushels might be 
determined also by measuring (in feet) the three dimensions of the 
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bin and dividing their product by the number of cubic feet in a bushel 
(14 cu. ft. approx. = 1 bu.). Compare the amount of work in the 
two processes, assuming that the bin is a large one. 

Ex. 3. A given ladder AB is 5 yd. long, and 
its foot A is 3 yd. distant from the wall BC. In 
order to determine BC, which is easier: to meas- 
ure BC, or to use the following computation ? 


No. yd. in BC = V5? — 8 =V25 —9 =4. 
For the following exercises the student should 


have a ruler with an edge divided into inches and 
eighths of an inch. 


A 3 yd. C 


Ex. 4. By folding a piece of paper, form a straight edge. With 
the aid of this straight edge, draw four lines of unequal length. 
Estimate the length of each of these lines and then measure the’ 
length of each to the nearest 4 inch. Tabulate your results as 
follows: 


Estimatep LENGTH Mrasurep Lenetu 


Bx. 5. With the paper straight edge, draw a line which you 
estimate to be twice as long as line 1. Check your estimate by 
measuring with the ruler the length of the line drawn. 

Ex. 6. With the paper straight edge, draw a line and by estimate 


mark the middle point of the line. Test your estimate by use of 
your ruler. 


Ex. 7. With the straight edge, draw a line which you estimate to 
be equal to the sum of lines 1 and 2. Check your estimate by use of 
the ruler. 


Ex. 8. With the straight edge, draw a line which you estimate to 


be equal to the difference between lines 2 and 3. Check by use 
of the ruler. 


DEFINITIONS AND FIRST PRINCIPLES 9 


Ex. 9. With the straight edge, draw a line and by estimate mark 
points which divide the line into three equal parts. Check with the 
ruler. 


Ex. 10. In each of the following figures estimate whether the 


line a is longer or shorter than the line }. Check your estimate with 
the ruler. 


aoe I i 
a 
Ue ae 
é b 
Fic. 1 Fic. 2 


Fie. 3 Fig. 4 


Ex. 11. Of the geometric objects—the solid, surface, line, and 
point — which is the boundary of a solid? Of a surface? Of a line? 


3. Geometry is the study of the most efficient methods 
of dealing with the shape, size, and position of objects. 


4. The fundamental geometric objects are the point, 
line, surface, and solid. For the present, you understand 
sufficiently well what these are without studying formal 
definitions of them. 


5. A geometric figure is a point, line, surface, or solid, 
or any combination of these. 


Thus, in arithmetic you have already used geometric figures like 


the following: 
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6. The form or shape of a figure is determined by the 
relative position of the various parts of the figure. 


%. Similar geometric figures are those which have the 
same shape. 

Equivalent figures are those which have the same size. 

Equal or congruent figures are those which have the 
same shape and size, and can, therefore, be made to coin- 
cide. 


8. A point is represented to the eye by a dot and is 
named by a letter affixed to the dot; as -A, called the 
point A. Chil 


LINES 


9. Straight line. — You already know ; 
that a straight line is the shortest line that Se 
can be drawn joining two points, and are 
familiar with some of the other useful Da ees 


properties of a straight line. 


The word “line” is often used instead of “ straight line.” 


10. A curved line is a line no portion of which is 
straight. 


The word “curve” is often used for “ curved line.” 


11. A broken line is a line made up of different straight 
lines. 


EXERCISES: GROUP 2 


Ex. 1. Ona sheet of paper or on the blackboard, locate a point 
and draw two lines through this point. 
Ex. 2. Can the lines drawn in Ex. 1 meet at another point? 


Ex. 3. Can more than two lines be drawn through the given 
point? How many? 


Ex. 4. Ona flat surface can you draw two lines which would not 
meet, however far the lines are produced ? 


As the Lath of a 
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Ex. 5. On a flat surface, if you can, draw three lines, no two of 
which will meet on being produced. 

Ex. 6. On a flat surface, how many lines can be drawn so that 
they will not meet? 

Ex. 7. If a line is drawn on the given surface and meeting one 
of the lines in Ex. 6, how many of the other lines will it meet if it is 
extended? 

Ex. 8. On a sheet of paper or on the blackboard, locate two 
points and draw a line passing through both of these points. 

Ex. 9. Can another line be drawn passing through the two points 
of Ex. 8? 

Ex. 10. Can more than one curved line be drawn passing 
through these two points ? 

Ex. 11. Howmany points are required to fix the position of a line ? 

Ex. 12. Ona piece of paper or on the blackboard, draw a line 
along the edge of your ruler; then turn the ruler over and fit the 
same edge to the line. Will this test the edge of the ruler for 
straightness ? 

Ex. 13. Fold a sheet of paper. Test the edge of the fold in the 
same way that you tested the edge of the ruler in Ex. 12. « 

Ex. 14. Fit the edge of your ruler to the edge made by the fold 
of the paper (Ex.13). How many points in the two edges must be made 
to coincide, in order that the two edges shall coincide throughout? 

Ex.15. Why are two sights necessary for a gun? 

Ex.16. In order to hold a straight iron rod in a given position, 
at how many points is it necessary to fasten the rod rigidly ? 

Ex.17. When a farmer wishes to set out three or more apple 
trees in a straight row, how does he proceed ? 

Ex.18. From a point on a line which is not an end point (as the 
point O), how many directions are in- O 
dicated by a line? ST aS Pee ares 

Ex. 19. If one of these directions is east, what is the other direc- 
tion? 

Ex. 20. Point out two intersecting lines in the room. 

Ex. 21. Point out two lines which would not meet on being 
produced. 

Ex. 22. Which of the capital letters of the alphabet are formed by 
straight lines? Curved lines? Broken lines? Curved and straight 
lines combined ? 
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12. A rectilinear figure is a figure composed ‘only of 
straight lines. A curvilinear figure is a figure composed 
only of curved lines. A mixtilinear figure is a figure 
containing both straight and curved lines. 


13. Kinds of straight line. —A straight line may be 
definite or indefinite in length. 

The line of definite length is sometimes termed a 
segment or sect. 


14. Naming a straight line. — A straight line is named 
by naming two of its points; as the 


line AB (a sect), or the line CD (in- ft 5 
definite in length). A segment or = 

sect may also be denoted by a single 

letter, usually small ; as the line a. ¢ D 


15. Parallel lines are lines in a 
flat surface which will not meet P 
however far they are produced; R 
as the lines PQ and RS. 


16. A circle is a closed curve all points of which lie in 
the same flat surface and are equidistant 
from a point called the center. 

An arc is any portion of a circle; as 
AB. 

A radius of a circle is a line drawn from 
the center to any point on the circle. 


A 


17. Compasses are used to draw circles, and also to 
mark off and compare segments of lines. 


EXERCISES: GROUP 3 


Ex.1. Draw a line and denote it by 7. Also draw two much 
shorter lines and denote them by m and jp, respectively. 

Bx. 2. By use of the compasses, on / mark off a part equal to m 

Ex. 3. Construct a line equal to] —2p. Tol—m—p. 
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Ex. 4. Construct a line equal tol+m-—p. Tol+p—2m. 


Ex. 5. Draw a line and on it mark off three equal segments in 
succession. 


Ex. 6. Draw a line three times as long as a given line. 

Ex. 7. Draw a circle with a radius of three fourths of an inch. 

Ex.8. Draw two’ circles having the same center but different 
radii. 

Ex. 9. Draw two circles which intersect. 

Ex. 10. Draw two circles which do not intersect. 


Ex.11. Draw a line, and with each end of the line as a center 
draw circles which will intersect. 


Ex.12. In Fig. 1, does one of the circles a, b, c, appear to you to 


Fie. 1 


be larger than the other two? Does one of 
them appear to be smaller than the others? 
Determine the relative size of the three 
circles by use of the compasses. 

Ex.13. In Fig. 2, which half circle has 
the greater apparent radius? Determine 
the relative size of the two half circles by 

2 


use of the compasses. Fia. 
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Ex. 14. By use of the ruler and compasses, copy the following 
figures : 


Fie. 3 Fic. 4 


ANGLES 


18. An angle is the amount of opening between two 
straight lines which meet at a point. 

The sides of an angle are the lines whose intersection 
forms the angle. The vertex of an angle is the point in 
which the sides intersect. 


19. Naming an angle.—(1) The most convenient way of 
naming an angle is to place a letter or figure inside the 
angle and near the vertex; as the 
angle a. 

(2) The most precise way is to use 
three letters: one for a point on each 
side of the angle, with the letter at the 
vertex between these two letters; as 
the angle ABC. B e 


Since the size of an angle is independent B 
of the length of its sides, the points named A 
on its sides may be taken at any piace on 
its sides. Thus the angles AOD, BOD, G 
BOE, AOF are all the same angle. 


ae 


D E F 


(3) In case there is but one angle at a given vertex, 
the letter at the vertex alone may be used to denote the 
angle; as the angle 0 in the last figure. 
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20. Unit of angle. — The customary unit of angle is the 
degree (°). If a circle is divided into 360 equal parts, 
and the ends of one of these parts are joined with the 
center by two straight lines, the angle formed at the 
center is 1°. 


21. A protractor is a convenient instrument for measur- 
ing angles. It is a half circle with its rim divided into 
180 equal parts, called degrees of arc. The center of the 
half circle is indicated by a dot or dash (see the mark 
at B). 


To measure an angle ABC, place the protractor over the angle so 
that the center of the protractor is directly over the vertex of the 
angle and the zero mark on the scale is over one side (or a side pro- 
duced) of the angle, as BA. The point where the other side, BC, of 
the angle ABC crosses the scale indicates the number of degrees in 
the angle. (On the diagram this angle is 40°.) 


_ 22. A straight angle is an angle whose sides he in 
. the same straight line and extend 
imeoppesite, directions from ‘the, B————_4- 4 


vertex; as the angle AOB. 


23. A right angle is one of two equal angles made by 
one straight line meeting another straight P 
line. Thus, if the line PQ meets line AB 
so as to make angle P@A equal to angle 
PQB, each of these angles is a right angle. 
A right angle is half of a straight angle. B Q A 
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24. A perpendicular is a line that makes a right angle 
with a given line. ‘Thus P@ in the figure is per- 
pendicular to BA. : 


The foot of a perpendicular is the point a 
in which the perpendicular meets the line 
to which it is drawn. Thus Q is the foot 
of the perpendicular PQ. 
B Q A 


EXERCISES: GROUP 4 

Ex. 1. Draw two lines that intersect. Measure the four angles 
formed by the lines. Find the sum of any two of the angles which 
are adjacent. Find the sum of all four of the angles. 

Ex. 2. Draw a figure similar to the adjoining one, but having 
longer sides to the angles. Measure each of 
the angles a, b, ce, d, and e. 

Ex. 3. Compute the number of degrees in 
VAAWOID, Nitin PACOIBE, Vat PA ANON. 

Ex. 4. Verify your answers to Ex. 3 by 
measuring the angles named in it. 


Ex. 5. By use of the protractor, construct 
angles of 80°, 60°, 90°, 15°, 45°, 120°, 135°, 180°. 

Ex. 6. From a point P in a given line RS, draw a line PM mak- 
ing the Z MPS equal to 50°. Also measure 2 MPR. Find the sum 
of the two angles. 

Ex. 7. On the diagram of Ex. 6, draw PV making Z NPR equal 
to 90°. Measure Z VPS. 

Ex. 8. Draw an angle of 60°. How many points on the scale of 
the protractor between the sides of this angle are marked 30°? Hence, 
how many bisectors can an angle of 60° have? 


A 


Ex. 9. How many lines can be drawn which will bisect any given 
angle? 

Bx. 10. Bisect the angles MPS and MPR in Ex. 6. Measure 
the angle formed by the two lines which bisect these angles. 

Ex. 11. Draw any two angles and then construct an angle equal 
to their sum. 


Ex. 12. Draw two unequal angles and then construct an angle 
equal to their difference. 


DEFINITIONS AND FIRST PRINCIPLES AN 


Ex. 13. How many points on the scale of the protractor are 
marked 90°? i; 

Ex. 14. How many lines can be drawn perpendicular to a given 
line at the same point? 


25. An acute angle is an angle 


C 
less than a right angle; as the angle 
AOC. 
Cm A 


26. An obtuse angle is an angle 


é D 
greater than a right angle but less 
than a straight angle; as angle mes 
AOD. ox mt 


27. A reflex angle is an angle greater + 


than a straight angle, but less than two \? A 
straight angles; as angle AOF. fi 
Vi 


@ 
In this book, angles larger than a straight 
angle are not considered unless special mention is made of them. 


28. An oblique angle is an angle which is neither a 
right angle nor a straight angle. Hence, “ oblique angle” 
is a general term for acute, obtuse, and reflex angles. 

An oblique line is a line which makes an oblique angle 
with another given line. 


C 
29. Adjacent angles are angles which . 
have a common yertex and a common 
side between them; as angles AOB and 


BOC. re) A 


30. Vertical angles are angles which 


have a common vertex and the sides C 
of one angle the prolongations of the 

sides of the other angle ; as the angles O 
AOC and BOD. 


S 
bs 
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31. Complementary angles are two Q 
angles which together equal a right 
angle; as the angles AOP and POQ. 

Hence, the complement of an angle is 
the difference between that angle and 6 
one right angle. 


a 


32. Supplementary angles are two angles which to- 
gether equal two right angles (or a straight angle), 
as the angles AOP and POR. 

Hence, the supplement of an angle 
is the difference between that angle and 
a straight angle. Rk O A 


EXERCISES: GROUP 5 


Ex.1. Draw an acute angle. An obtuse angle. A reflex angle. 

Ex. 2. Draw two adjacent angles. Two vertical angles. 

Ex. 3. How many degrees are there in the complement of an angle 
of 43°? In its supplement? 

Ex. 4. Find the complement of 57° 19’. Of 62° 23’ 48”. Find 
the supplement of each of these angles. 

Ex. 5. Draw an angle of 25°. What is the simplest way to con- 
struct the complement of this angle? The supplement? 

Ex. 6. Is 3 of a straight angle acute or obtuse? 

Ex. 7. The dial of a clock is divided into sixty equal parts. On 
such a dial, how many degrees are there between two successive 
points of division? 

Ex. 8. Find the number of degrees in the angle made by the hour 
hand and the minute hand of a clock at two o’clock. At three o’clock. 
At five o’clock. 

Bx. 9. Find the number of degrees in the angle made by the 
hands of a clock at 1:30 o’clock. At2:15. At 8:45. 

Ex.10. How long does it take the minute hand of a clock to turn 
through an angle of 60°? Of 50°? Of 240°? How long does it take 
the hour hand to turn through these angles? 

Ex.11. When a wheel makes 2} revolutions, through how many 
degrees does one of the spokes turn ? 
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Ex.12. If a spoke of a wheel turns through an angle of 144°, 
what fraction of a revolution does the wheel make? 


Ex.13. A pair of scales for weighing mail has a pointer moving 
over one half of a circular dial. If the capacity of the scales is six 
pounds, through how many degrees would the pointer move to in- 
dicate a weight of one pound? Three pounds? Twelve ounces? 
Eight ounces? One ounce ? 


Ex. 14. What weight will cause the pointer on the scales to move 
through an angle of 30°? 11}°? 45°? 70°? 3°? 180°? 

Ex.15. What kind of angle is the supplement of an obtuse angle? 
Of an acute angle? Of a right angle? 


Ex.16. Draw two angles which have a common side but which 
are not adjacent. 


Bx.17. Draw two supplementary adjacent angles. Also two sup- 
plementary angles that are not adjacent. Also two adjacent angles 
that are not supplementary. 


Ex.18. The sum of aright angle and an acute angle is what kind 
of angle? Their difference is what kind of angle? 


Ex.19. The sum of an obtuse angle and a right angle is what 
kind of angle? Their difference is what kind? 


Ex. 20. What kind of angle is equal to its supplement? Greater 
than its supplement? Less than its supplement ? 


Ex. 21. The difference between the supplement and the comple- 
ment of any given angle is what kind of angle? 


Ex. 22. What inference can you make in regard to the relative 
size of the angles r and ¢ from each of the following statements? 

(a) Zr is the comp. of Zs; also Zs is the comp. of Zt. 

(>) Zr is the sup. of Zs; Zs is the sup. of Zt. 

(c) Zr is the comp. of Zs; Zs is the sup. of Zt. 

(d) Zr is the sup. of Zs; Zs is the comp. of 2t. 


Ex. 23. State the inference which can be made in regard to the 
comparative size of angles m and p in each of the following state- 
ments: 

(a) The comp. of Z m is less than the comp. of Zp. 

(b) The sup. of Z m equals the sup. of Zp. 

(c) The sup. of Z m is greater than the sup. of Z p. 

(d) The comp. of Zm equals the sup. of Zp. 
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Ex. 24. How many degrees are there in an angle which equals 
twice its complement ? 

(Sue. Let ZAOB be a right angle and 8B 
Z AOC the required angle. 


Let ZAC S &. 
Then Z COB = 90° — «. 
Also xz = 2(90° — x), etc.] 


Ex. 25. How many degrees are there 
in an angle which equals one third of its 
supplement ? 


Ex. 26. How many degrees are there in an angle which equals 
four fifths of its supplement? 


Ex. 27. How many degrees are there in an angle which exceeds 
its complement by 12°? Its supplement by 15° 30’? 


Ex. 28. How many degrees are there in the angle whose comple- 
ment and supplement. are together equal to 126°? 

Ex. 29. How many degrees are there in an angle whose supple- 
ment equals four times its complement ? 


Ex. 30. Make up and solve an example similar to Ex. 26. To 
Jobe Pale 


SURFACES 


33. A plane or flat surface is a surface on which a 
straight edge will fit in any position. 


34. A plane figure is a figure such that all its points lie 
in the same plane. 


35. A curved surface is a surface no part of which is 
plane. 


36. Plane geometry is that branch of geometry which 
treats of plane figures. 


37. Solid geometry is that branch of geometry which 
treats of figures in which all points are not in the same 
plane. 
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EXERCISES: GROUP 6 
Ex. 1. What kind of surface is the floor of aroom? The surface 
of a baseball? The surface of an egg? The surface of a hemisphere? 


Ex. 2. Can you apply your ruler to a stovepipe in such a way that 
every point of the edge will be in contact with the pipe? Will the 
ruler be in contact throughout its length when applied to the pipe in 
any direction ? 


Ex. 3. Can youapply your ruler toa ball in such a way that the 
entire edge of the ruler will be in contact with the surface of the ball ? 


Ex. 4. Ifyou should make a tennis court, how could you, by use 
of a plank with a straight edge, test the surface of the court so as to 
make sure that it was flat ? 


Ex. 5. If two points of a straight line are on a flat surface, will 
the whole line lie on the surface? 


Ex. 6. Mention four flat surfaces. 
Ex. 7. Mention four surfaces which are not flat. 


PRIMARY RELATIONS OF GEOMETRIC MAGNITUDES; AXIOMS 


38. Certain primary relations of geometric objects have 
already been given in the definitions used for geometric 
objects. We now proceed to investigate the relations of 
geometric magnitudes more generally and systematically. 


39. An axiom is a truth accepted as requiring no dem- 
onstration. 


40. Two kinds of axioms are used in geometry: 

1. General axioms, or axioms which apply to other 
kinds of quantity as well as to geometric magnitudes ; 
for instance, to numbers, forces, masses. 

2. Geometric axioms, or axioms which apply to geo- 
- metric magnitudes alone. 


41. The general axioms may be stated as follows: 
Axtom 1. Things which are equal to the same thing, or to 
equal things, are equal to each other. 
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Axtom 2. If equals are added to equals, the sums are 
equal. 


Axiom 8. If equals are subtracted from equals, the re- 
mainders are equal. 


Axtom 4. Doubles of equals are equal; or, in general, 
of equals are multiplied by equals, the products are equal. 


Axtom 5. Halves of equals are equal; or, in general, uf 
equals are divided by equals, the quotients are equal. 


Axiom 6. Like powers or like roots of equals are equal. 
Axiom 7. The whole is equal to the sum of tts parts. 
Axiom 8. The whole is greater than any of ats parts. 


Axtom 9. A quantity may be substituted for its equal 
in any process. 


42. Axioms as fundamental instruments of efficiency. — 
The axioms given above seein so obvious that the student 
at first is not likely to realize their value. his value 
may be illustrated as follows : 


If the distance from Washington to Philadelphia is known, and 
also the distance from Philadelphia to New York, the distance from 
Washington to New York may be obtained by adding together the 
two distances named; for, by Axiom 7, the whole is equal to the sum 
of its parts. Thus the labor of actually measuring the distance from 
Washington to New York is saved. 

Again, if the height of a boy in Paris is measured, and the height 
of a boy in New York is also measured, and the result of the two 
measurements is the same, we know that the boys are of the same 
height, without the labor and cost of bringing the boys together and 
comparing their heights directly; for, by Axiom 1, things which are 
equal to the same thing are equal to each other. 


Thus the general axioms are to be considered not merely 
as fundamental equivalences, but also as fundamental 
instruments of efficiency. For many purposes, the latter 
point of view is more important than the former. 
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43. The geometric axioms may be stated as follows: 


Grometric Axtom 1. Through two given points only 
one straight line can be passed. 


GEOMETRIC AXxIoM 2. A geometric figure may be freely 
moved in space without any change in form or size. , 

This axiom is equivalent to regarding space as uniform; that is, 
as having the same properties in all its parts. 

GEOMETRIC AxIoM 3. Through a given point one straight 
line and only one can be drawn parallel to another given 
straight line. 


GEOMETRIC AxIoM 4. By §7, geometric figures which 
coincide are equal. 


44. Efficiency value of the geometric axioms. — The effi- 
ciency value of the first geometric axiom is illustrated by 
the fact that it enables us to shrink to two points a straight 
line that is unlimited in length. By the second axiom, 
the knowledge which we have of one geometric object 
may be transferred to another like object, however widely 
separated in space. The value of the third axiom lies 
partly in the inclusion or limitation which it gives, and 
partly in the power of transfer. 


45. <A postulate in geometry is a construction of a geo- 
metric figure which, without proof, is admitted as possible. 


46. The postulates of geometry may be stated as follows: 

PostuLAte 1. Through or between any two points, a 
straight line may be drawn. 

PostuLATE 2. A straight line may be extended indefi- 
nitely, or it may be limited at any point. 

PosTULATE 38. A circle may be described about any given 
point as center, and with any given radius. 
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These postulates limit the student to the use of the straight-edged 
ruler and the compasses in constructing figures in geometry. One of 
the objects of the study of geometry is to discover what geometric 
figures can be constructed by a combination of the elementary con- 
structions allowed in the postulates; that is, by the use of the two 
simplest drawing instruments. 


47. Logical postulates. — Besides the postulates which 
are used in the actual construction of figures, there are 
certain other postulates which are used only in the pro- 
cesses of reasoning. Thus, for purposes of reasoning, a 
given angle may be regarded as divided into any conven- 
ient number of equal parts. Whether it is possible actu- 
ally thus to divide this angle on paper by use of the ruler 
and compasses, is another question. 


EXERCISES: GROUP 7 


Ex.1. In the figure measure 
AB; then measure BC. Now find B 


AC without measuring it. What A (6) 


axiom have you used? 


Hx.j2. If ZAOB = 60°, ZBOC ='80°, and ZCOD = 130°) ind 
4AOC and BOD (reflex) without measuring 


them. What axiom have you used? q c 
Ex. 3. The following is a numerical illus- 
tration of the meaning of Ax. 2: O A 
CS 
ee 
Qi G D 


Give a similar illustration of the meaning of Ax. 3. 
Ex. 4. Give an illustration of the meaning of Ax.4. Of Ax. 5. 
Ex. 5. Illustrate the meaning of Ax. 6. 
BGreg Li 4B i 
ANID) 3 3 AU5E 
and EH =3EF, ie 


what axiom justifies us in saying 
that AD = EH? E F G H 
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Ex. 7. If LM= NO, what 7 M N O 
Soom puetiies us: iu) saying that 
IN=MO0O? 


Ex. 8. By use of a diagram similiar to that used in Ex. 7, give 
an illustration of Ax. 3. 

Ex. 9. Give an illustration of the utility of Ax. 1 similar to that 
given in § 42. 

Bx.10. Give an illustration of the utility of Ax. 7. 

State the axiom used in making each of the following inferences: 

Exell) lia >and >='c¢, then a—c: 

Bx 12.) lia = bande —d,thena+- ¢ = bid. 

Ex.13. Ifa+6=cand6=d,thena+d=c. 

Ex.14. Fold a piece of paper of irregular outline so as to form 
a right angle by the creases. What geometric principles have you 
used ? 


DEMONSTRATION OF GEOMETRIC RELATIONS 
48. A geometric proof, or demonstration, is a course of 
reasoning by which a relation between geometric objects 
is established. 


49. A geometric theorem is a statement of a truth con- 
cerning y-ometric objects which requires demonstration. 


Ex. The sum of the angles of a triangle equals two right angles. 


50. A geometric problem is a statement of the construc- 
tion of a geometric figure, which is required to be made. 

Ex. Ona given line, to construct a triangle containing three equal 
angles. 

51. A proposition is a general term for either a theorem 
oraproblem. Thus, propositions are subdivided into two 
classes: (1) Theorems; (2) Problems. 


52. Immediate inference is of two kinds: 
1. Changing the point of view in a given statement. 


Thus the statement, “Two straight lines drawn through two given 
points must coincide,” may be changed to “Two straight lines cannot 
inclose a space.” 
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2. Reasoning which involves but a single step. 


Ex. All straight angles are equal ; 
.. All right angles are equal. (Ax. 5.) 


53. A corollary is a truth obtained by immediate infer- 
ence from another truth just stated or proved, or one 
whose proof may be stated briefly and informally. 


54. Hypothesis and conclusion. — A proposition consists 
of two parts: 

(1) The hypothesis, or that which is known or granted. 

(2) The conclusion, or that which is to be proved or 
constructed. 

Thus, in the proposition, “If two straight lines are perpendicular 
to the same line, they are parallel,” the hypothesis is, that two given 


lines are perpendicular to another given line. The conclusion is, that 
the two given lines are parallel. 


PROPERTIES OF LINES INFERRED IMMEDIATELY 


55. If two straight lines have two points in common, the 
lines coincide throughout their whole extent. (§ 5, Geom. 
Aes) 


Hence, two straight lines can intersect in but one point. 


56. Lf two straight lines coincide in part, they coincide 
throughout. 


57. Only one straight line can be drawn connecting two 
given points. 


58. Two straight lines cannot inclose a surface. 


59. A given straight line (sect) can be divided into two 
equal parts at but one point. 


For (by Ax. 5) halves of equals (or of the same thing) 
are equal. ; . 
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PROPERTIES OF ANGLES INFERRED IMMEDIATELY 


60. All straight angles are equal. 


61. A given angle can be divided into two 
equal angles by but one line. 


For (by Ax. 5) halves of the same mag- a 
nitude are equal. Fic. 1 


62. Hence, at a given point in a straight line but one per- 
pendicular can be erected to the line. 


63. All right angles are equal. 


For all straight angles are equal (§ 60) and halves of 
equals are equal. (Ax. 5.) 


64. The sum of the two adjacent angles formed by one 
straight line meeting another straight line equals two right 


angles. 
For the angles formed are supple- WA 


mentary adjacent angles. (§§ 29, 32.) ~ Pac 


a 


65. If two adjacent angles are together equal to a straight 
angle (or two right anyles), their exterior sides form a straight 
line. 

For their exterior sides form a straight angle, and hence 
must lie in a straight line. (§ 22.) 


66. The complements of the same angle or of two equal 
angles are equal. (§ 63 and Ax. 3.) The supplements of 
. the same angle or of two equal angles are 


equal. (§ 60, Ax. 3.) 


67. The sum of all the angles about a af 
point equals four right angles. 
Thus, 


Zatz be Zoek 2d 4+ ZLe=4 rts. Fia. 3 
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68. The sum of all the angles about a point on the same 


side of a straight line passing through 
the point equals two right angles. aes 


Thus, 2p+2q+2Zr=2 rt. Jk Tre. 4 


EXERCISES: GROUP 8 


Ex. 1. How many different straight lines are determined by 
three points not in the same straight line? 


Ex. 2. How many straight lines are determined by four points in 
a plane, no three of the points being in the same straight line? 


Ex. 3. How many times more efficient is a point in Ex. 2 than in 
ix.1? That is, what is the ratio of the number of lines that a point 
helps us to locate in the two examples ? 


Ex. 4. How many curved lines may be drawn through two 
given points? How many broken lines? How many straight 
lines ? 

Bx. 5. If, in Fig. 3, p. 27, 4a, b, c, d = 40°, 50°, 60°, 70°, respec- 
tively, find Ze. 

Ex.6. If, in Fig. 4 above, the lines forming Z q are perpen- 
dicular to each other and Z p = 47°, find the other angles of the figure. 


Ex. 7. By use of a protractor, find the number of degrees in Za 
of Fig. 2 on page 27. Find 2b without Pp 


A 

measuring it. Now measure 2} and compare 
the two results. Q 

Ex. 8. Given QB LAB, PB1BC, and 
ZABC = 130°; find the other angles of the B ro] 
figure. * B 

Ex.9. Ii ZAOC = 142° 
and Z BO DN 20r, 
find Z BOC. D O aay 


Ex.10. By use of a board with a straight edge, test the accuracy 
of the outside angle of a carpenter’s square by 
the method indicated in the diagram. How, 
then, would you test the accuracy of the inside 
angle of thesquare? What geometric principle 
have vou used in each case? 


BOOK ONE 


RECTILINEAR FIGURES 
Proposition I. THEOREM 


69. If two straight lines intersect each other, the vertical 
angles are equal. 


A 


C B 


Given the straight lines AB and CD intersecting and 
forming the vertical 4e and g. 


To prove Ze= 2g. 


STEPS REASONS 
Proof. 1. Ze is the sup- 1. The supplement of an Z 
plement of 2 f. is the difference between the 
Zanda straight Z. (§ 32.) 
2. Zgis the supplement of 2. Same reason as 1. 
ZS. 
Sime eu. 0. 3. The supplements of equal 


4 are equal. (§ 66.) QED. 


Ex.1. If one of the angles formed by two intersecting lines is 70°, 
find the other three angles of intersection without measuring them. 
29 
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Ex. 2. If three straight lines intersect at a point, how many of 
the angles formed must be meas- 
ured in order to determine all the 
angles ? 

Three straight lines intersect at 
a point O and form the angles p, 
q% 7, 8, t, x, aS indicated on the 
diagram. 


Hxro elu Ag ll andeZm— 4c indeZz OD) 
Ex.4. If ZAOF= 153° and Zt = 107° find Zs. 
jabs, Gli AMONa = llase aioe! 2 COs} = Ms, finnel 27 
dab, (3 Thi 47) PLE hae ly4 oj = BhZ ie, sal “Ze 


Ex. 7. Construct a diagram in. which four straight lines intersect 
at a point, and make up and solve three examples concerning the 
diagram, similar to Exs. 3-6 above. 


TRIANGLES 


70. A polygon is a portion of plane bounded by straight 
lines. <A triangle is a polygon of three sides; as the 
triangle ABC. 


71. The sides of a triangle are B 

the lines which bound it. The 

perimeter of a triangle is the sum 

of the sides. The angles of a 

triangle are the angles formed by 

the sides; as the angles A, B, and 4 C 
C. The vertices of a triangle are the vertices of the 
angles of the triangle. 


72. An exterior angle of a triangle is an angle formed by 
one side and by another side pro- 
duced; asthe angle BCD. With x 
reference to the angle BCD, 
the angles A and B are termed 
the opposite interior angles. yi o D 
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73. Classification of triangles according to relative length 
of the sides. — A scalene triangle is a triangle in which no 
two sides are equal. An isosceles triangle is one in which 
two sides are equal. An equilateral triangle is one in 
which all three sides are equal. 


ea 


Scalene Isosceles Equilateral 


74. Classification of triangles as to their angles. — A 
right triangle is a triangle one of whose angles is a right 
angle. An obtuse triangle is a triangle one of whose 
angles is an obtuse angle. An acute triangle is a triangle 
all of whose angles are acute angles. An equiangular tri- 
angle is one in which all the angles are equal. 


aS 


Right Obtuse Acute Equiangular 


75. The base of a triangle is the side upon which the 
triangle is supposed to stand; as AB. The angle op- 
posite the base is called the vertex 
angle; as angle ACB. The vertex of C 
a triangle is the vertex of the vertex 
angle of the triangle. 

The altitude of a triangle is the per- 
pendicular from the vertex to the base 4"—5 3 
or to the base extended; as CD. 


76. In an isosceles triangle, the legs are the equal sides, 
and the base is the remaining side. 
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77. Inaright triangle, the hypotenuse is the side op- 
posite the right angle, and the legs are the sides adjacent 
to the right angle. 


78. Property of a triangle immediately inferred. The 
sum of any two sides of a triangle is greater than the third 
side. For a straight line is the shortest line joining two 


points. (§ 9.) 


Ex.1. Point out the hypothesis and conclusion in Prop. I (p. 29). 


Ex. 2. Find the angle whose complement is 18°. The angle 
whose supplement is 76°. 


Ex. 3. If the complement of an angle is known, what is the short- 
est way of finding the supplement of the angle? If the supplement 
is known, what is the shortest way of finding the complement ? 


Ex. 4. In 25 minutes, how many degrees does the minute hand 
of a clock travel? The hour hand? 


Ex. 5. Draw three straight lines so that they shall intersect in 
three points. In two points. In one point. 


Ex. 6. If one side of an equilateral triangle is 4 inches, what is its 
perimeter ? 


Ex. 7. Is it possible to form a triangle whose sides are 6, 9, and 
17 inches? Try to do this with the compasses and ruler. 


Ex. 8. Is it possible to form a triangle in which one side is 10 
inches and the difference of the other two sides is 12 inches? 


Ex.9. On a given line as base, by exact use of ruler and com- 
passes, construct an equilateral triangle. 


Ex. 10. In Ex. 10 on p. 28, prove that the error in the outside 
angle of the carpenter’s square, if there is any, equals one half the angle: 
(x) between the outside lines of the square as shown in the diagram. 
(Denote the error by e and show that e + e = x.) 

This principle is important because it is essentially the method 
used in correcting the axis of a telescope, and hence in correcting 
instruments of which the telescope is a part, such as various surveying 
ond astronomical instruments. 
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PROPOSITION II. 
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THEOREM 


79. If two triangles have two sides and the included angle 
of one respectively equal to two sides and the included angle 
of the other, the triangles are equal. 


B 


A (0 


E 


D Viv 


Given the A ABC and DEF in which AB= DR, 


AC=DF,andZA=ZD. 
To prove 


STEPS 


Proof. 1. Place the A ABC 
upon the A DEF so that line 
AC coincides with its equal 
DF, and AB falls on the same 
side of DF'as DE. 

2. Then the line AB will 
take the direction of DE. 

3. The point B will fall 
on FE. 

4. Line BC 
with EF. 


will coincide 


5. A ABC=A DEF. 


ARABC= 


A DEF. 


REASONS 


1. A geometric object may 
be freely moved in space with- 
out any change in size or form. 
(Geom. Ax. 2, § 43.) 


2. ZA=ZDby hypothesis. 
3. AB= DE by hypothesis. 


4. Only one straight line 
can be drawn connecting two 
points. (§ 57.) 

5. Geometric figures which 
coincide are equal. (Geom. 
Ax. 4, § 43.) Q.E.D. 


Eee it 21. 8,and 0 = 60°, 70°, 50°, AB = 16, AC a19; BC = 18; 
also 2D = 60°, DE =16, DF =19: find 4 E and F and side EF 


without measuring them. 
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Proposition III. 
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THEOREM 


80. If two triangles have a side and the two adjoining 
angles of one respectively equal to a side and the two ad- 
joining angles of the other, the triangles are equal. 


B 


A C 


E 


D Fr 


Given the A ABC and DEF in which ZA=ZD, 


ZAC=Z Fyand AC = DE: 


To prove 


STEPS 


Proof. 1. Place the A ABO 
upon the A DEF so that AC 
coincides with its equal DF, 
and the point B falls on the 
same side of DF'as LH. 

2. Then AB will take the 
direction of DEH. 

3. Also CB will take the di- 
rection of FE. 

4, Point B will fall on Z. 


5. A ABC=A DEF- 


MAB C= 


A DEF. 


REASONS 


1. A geometric object may 
be freely moved in space with- 
out any change in size or form. 
(Geom. Ax. 2, § 43.) 


2. ZA=Z Dby hypothesis. 
3. Z2C=ZF by hypothesis, 


4. Two straight lines can 
intersect in but one point. 
(§ 55.) 

5. Geometric figures which 
coincide are equal. (Geom. 
Ax. 4, § 43.) Q.E.D. 


81. Abbreviations. — In quoting § 79, to save time and 
labor. the abbreviation s. Z s. may be used as a substitute 
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for the theorem. Similarly, the abbreviation Zs. Z may 
be used as a substitute for the theorem of § 80. 


Ex.1. If 4 A, B, C = 65°, 55°, 60°, AB = 24, AC = 18, BC = 27; 
also 4 D, F = 65°, 60°, and DF = 18; find DE, EF, and Z E. 

Ex. 2. By exact use of ruler and compasses, construct a scalene 
triangle whose sides are 2, 3, and 4 times a given line. 


EXERCISES: GROUP 9 
C 
Ex.1. Given lines AB and CD bi- 


secting each other at 0. Prove AACO 4 0 B 
AOE: 


Ex. 2. Given Z ABC bisected by BD, 
P any point in BD, BQ=BR. Prove 
BPO NBER: B 

B R (6) 

Ex. 3. Given O the midpoint of the line 
AB, CO 1. AB, P any point in CO. Prove 
APO SOP B. 

Ex. 4. Construct a figure and give proof 
for the following : 

Given A ABC with side AB = side BC; 

AB produced through B to Q, and CB pro- 
duced through B to P; also PB=BQ. 4 5 B 
Prove AAPB=ABQC. 

Ex.5. To determine the distance AB, take a 
convenient position C, measure AC, and produce 4 C 
to F making CF = AC. Also measure BC and pro- 
duce BC to D making CD=8C. Prove ADCF = 
A ACB. If we now measure DF and find it to be 
217 yd., how long is AB? 


SD 
S 


Ex. 6. Given Z AOB bisected by OC, 
P any point in OC, line QPR 1 OC. 
Prove A QOP= A POR. 
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Ex. 7. Given O the midpoint of line AB, 
POQ any straight line through point O, AP O 
and QBLAB. Prove A OAP=AOQB. 


Q B 
A D 
Ex. 8. Given lines AB and CD inter- P 
secting at O,OP = OQ, PCLAB, QBLCD. 
Prove ACPO = A OQB. O 
C B 
A 


Ex. 9. Given ZAOC bisected by line 
OP, B any point in OP, ZABP = ZCBP. Bad 
Prove AOAB = A OCB. 


Ex.10. To measure the distance AB, construct 
the line BC perpendicular to 4B, making CO = OB. 
Construct CD 1 CB and meeting AO produced at D. 
Prove ADCO=AOAB. If CD is measured and 
found to be 137 yd., how long is AB? 


Ex.11. By the aid of squared paper, construct the following de- 
sign, called a meander line. (It is an advantage to draw the meander 
line in blue or red pencil or in red soa 
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PROPOSITION IV. THEOREM 


82. In an isosceles triangle, the angles opposite the equal 
sides are equal. B 


A D (6) 
' Given the isosceles A ABC in which AB = BC. 
To prove ZA= ZC, 
STEPS REASONS 


Proof. 1. Let BD be drawn 1. A given 4 can be divided 
so as to bisect Z ABC and | into two equal parts by but 


meet AC in D. one line. (§§ 61, 47.) 
2. Then in the A ABD and 2. Hypothesis. 
DBC, AB= BC. 
3. Bi = BD. 3. Identity. 
4, ee Pur, 4, Construction. 


1935 (85 AN E1789) DY as AN OTE OD. 5. If two A have two sides 
and the ineluded Z of one 
respectively equal to two 
sides and the included Z of 
the other, the A are equal (or 
S28. (§ 79.) 

6. eA men oO, 6. Corr. 4 of equal A. 

Q.E.D. 


= 


Ex. 1. In the diagram of Prop. IV, if AB = 10 in., BC =10 in., 
and ZA = 67°, how do we find the number of degrees in 2 C without 
measuring the angle? 

Ex. 2. Draw a triangle the foot of whose altitude is on the base 
produced. 

Ex. 3. Draw a triangle whose altitude coincides with one side. 
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PROPOSITION V. ‘THEOREM 


83. If two triangles have three sides of one respectively 
equal to the three sides of the other, the triangles are equal. 


S 
5 & 
\ 
yy 


4 
ieee 


‘ 


Given the AABO and DEF in which AB= DE, 


BC=EF, and AC= DF. 
To prove 


STEPS 

Proof. 1. Place A ABC so 
that the longest side AC coin- 
cides with its equal DF’ in the 
A DEF, and the vertex B falls 
on the opposite side of DF 
from F. 

2. Draw the line EB. 

3. DE = DB. 

4, JZ. 4) = ZZ op. 


5. In lke manner, in the 
ISITE, Z GS Z &s 
6. Hence, 
Zp+Zqg=Zr+Zs. 


7. Or, ZDEF = Z DBF. 


8. .. A DBF or A ABC = 
A DEF. 


NABC= 


A DEF. 
REASONS 
1. Geom. Ax. 2. (Where 
only the reference is thus 


given, the student is to quote 
in full the principle referred 
to.) 


2. Postulate 1, § 46. 

3. Hypothesis. 

4. In an isosceles A, the 
4 opposite the equal sides 
are equal. (§ 82.) 

5. Same reasons as for steps 
3 and 4. 

6. If equals are added to 
equals, the sums are equal. 
(Ax. 2, § 41.) 

7. The whole is equal to 


the sum of its parts. (Ax. 7, 
§ 41.) 
5.99.28 es oe) QED. 
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The abbreviation s. s. s. may be used in quoting the 
theorem of § 83. 
EXERCISES: GROUP 10 


B 
Ex.1. Given A 4BC with AB = BC, and 
AC produced so that AD=CF. Prove 
Jif) Se VEIPS MISO) (IDM OVAL Sa NG CIEV OE 
DAs CWE 
Ex. 2 Ex. 4. a 
A .D 


Given A ABC in which AB = 


GivenA ABC and ADC onthe AC and D is the midpoint of BC. 
same base AC, with AB = BC, Prove AABD=AADC. 


and AD= DC. 
Prove 2 f= Zh. pie A 
Ex.3. OD A 6) 
A 
D 
Given the four-sided figure 
ABCD in which AB= AD and 
BC=CD. Draw a line connect- 
B ing two of the vertices, which 
F shall divide the figure into two 
Given DA = FB, DB = AF. equal triangles. Give proof that 
Prove ADAF =ADBF. the triangles formed are equal. 


Ex. 6. By the aid of squared paper, construct the following de- 


sign : 
a an ene es] ne ashe Pa hl 
lento cet bea] 
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Proposition VI. 


84. To bisect a given angle. 


PROBLEM 


Given angle AOB. 
To bisect angle AOB. 


Construction. 1. With Oas 
a center and with a radius OC, 
draw an are meeting OA at C 
and OB at D. 

2. With C and Das centers 
and with convenient equal 
radii greater than 4+ the dis- 
tance from C to D, describe 
ares intersecting at F. 

3. Draw OF. 

Then OF bisects Z AOB. 


Proof. 1. In the A OCF 
end ODP ee OF, 

2. OC = OD: 

oe ONE IDR. 


4. i A. OCK = A ODF. 


05 92 =O, OF Le Brig 
bisected by OF. 


1. A circle may be de- 


scribed about any given point 
as center, and with any given 
radius. 


(Post. 3, § 46.) 
2 POstao: 


oeostaals 
1. Ident. 


2. Constr. 

3. Constr. 

4. If two A have three 
sides of one _ respectively 
equal to three sides of the 
other, the A are equal (or 
8.8.8.). (§ 83.) 

5. Corr. A of equal A, 

Q.E.D. 


TRIANGLES 


Proposition VII. PRoBLEM 


4] 


85. At a given point in a straight line, to erect a perpen- 


dicular to that line. 


Given the point P in the line AB. 


To construct a perpendicular to the line AB at the point P. 


Construction. 1. From P as a center, 
with a convenient radius, describe an arc 
cutting off equal segments PC and PD on 
the line AB. 

2. From C and D as centers with equal 
radii greater than PD, describe ares inter- 
secting at R. 

3. Draw PR. 

Then PR is the perpendicular required. 

Proof. 1. Draw the lines CR and DR. 

2. Then in the A CRP and PRD, 


NO ed oe 
Cinna FI), 
Ch = LD. 


. A ORP =A PRD. 
lh 2CPR= we DPR. 
- ZCPR =1t.Z, RPL AB. 


i Soe 


il, Jot, Ss 


oo 


iROstaeo: 


Posts 


th, Torti, ie 


ts 


GO eM ae 


Ident. 


Constr. 

Constr. 

Why? 

Why? 

§§ 23, 24. 
Q.E.F 


Ex.1. Construct an equilateral triangle and bisect its angles. 


Ex. 2. Construct an angle of 45°. An angle of 135°. 


Ex. 3. Construct a right triangle whose legs are 1 in. and 1} in. 
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Proposition VIII. PROBLEM 


86. Through a given point on a straight line, to draw a 
line making a given angle with the given line. 


H 
E ee 


ES 


Given the Z A and the point P on the line BC. 


To construct through P a line which shall make an angle 
with BC equal to Z A. 


B Je Ff C 


Construction. 1. With A as a center Te, Posto: 
and with any convenient radius, describe 
an are meeting the sides of 7 A at Dand E. 

2. Draw DE. Postal: 

3. With.P as a center and with a radius 3. Poste 3. 
equal to AD, describe an are cutting PC at F. 

4. From F’ as a center and with a radius 4. Post. 3. 
equal to DEH, describe an are intersecting 
the arc HF at G. 

5. Draw PG. 5. Posts. 

Then Z FPG is the angle required. 

Proof. Let the student supply the proof 
by drawing FG and proving the A AED 
and PGF equal. O.F.F. 


i) 


Ex.1. Ata given point in a given line, construct an angle of 45°, 
one of whose sides shall be the given line. 


Ex. 2. Construct a triangle, given two sides and the included 
angle. 


Ex. 3. Construct a triangle, given two angles and the side in- 
cluded between them. 
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PROPOSITION IX. THEOREM 


87. An exterior angle of a triangle is greater than either 
opposite interior angle. 


Given Z BCD an exterior Z of the A ABC. 
To prove Z BCD greater than Z Bor Z BAC. 


Proof. 1. Let # be the 1. A given straight line 
midpoint of the line BC. (sect) can be divided into two 
equal parts at but one point. 

($§ 59, 47.) 

2. Draw AE and produce 2. Posts. 1 and 2. 
it to F, making FH= AL. 
Draw FC. : 

3. Then inthe A AHBand 3. Constr. 
FEC, BE=EC, AE = EF. 


4. Za = Zalis 4. Why? 

DNA ZC: Oa Lys 

6. Sad tiie ae 6. Why? 

7 But Z BCD is greater 7. The whole is greater 
than Zi. than any ofits parts. (Ax. 8.) 


8. Substitute 2 B for its 8. A quantity may be sub- 
equal 77. Then 24 BCD is | stituted for its equal in any 
greater than Z B. process. (Ax. 9.) 


By a similar construction and proof, it may be shown that 
Z BCD is greater than Z BAC. Q.E. D. 


Ex. Ona given line as base, construct exactly an isosceles triangle 
each of whose legs equals another given line, 
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88. A transversal is a line that intersects two or more 
other lines. 
Thus EF is a transversal of the lines 4B and CD. 


If two lines are cut by a transversal, it is convenient to 
give special names to the eight 


angles of intersection. : i 
a, 6, g, h are called exterior , 

angles. te 
ce, d, e, fare called interior angles. B 
e, f form a pair of alternate in- | mee a 


terior angles. 
6, f form a pair of corresponding 
angles. 


Let the student name another pair of alternate interior angles. 
Also name another pair of corresponding angles. Also a pair of in- 
terior angles on the same side of the transversal. 


® 
PROPOSITION X. THEOREM 


89. When two straight lines are cut by a third, tf the 
alternate interior angles are equal, the two straight lines are 
parallel. 


Given AB and CD, two straight lines cut by the trans- 
versa) HF at the points G and H, respectively, making 
Lae eZ y.- 


To prove AB |l CD, 
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\ 


Proof. 1. If AB and CD 1. Def. of || lines. (§ 15.) 
are not ll, they must meet at 
some point P and thus with 
GH form the A GPH. 

2. Z xwould then be greater 2. An exterior Z of a A is 
than Z y. greater than either opp. in- 
terior Z. (§ 87.) 

3. But Z x cannot be greater 3 2e=Zy by hyp. 


than Z y. 

Ane PAS GD! 4. § 15. For it has been 
proved that AB and CD can- 
not meet. 

Q.E.D. 


90. Methods of geometric proof.— An examination of the 
demonstrations used in propositions thus far shows that 
several different kinds of proof are used in geometry. Of 
these the principal kinds are as follows : 

1. Direct demonstration. — Examples of this kind of 
proof are given on pp. 29 and 37. 

2. Proof by superposition, in which two figures are proved 
equal by placing one of the figures upon the other and 
showing that the two figures must coincide. See the 
proofs on pp. 33 and 34. 

3. Indirect demonstration, which consists essentially in 
showing that a given statement is true by showing that its 
negative cannot be true. An illustration of this kind of 
proof is the demonstration which has just been given in 


§ 89. 


Bx. 1. By aid of the protractor, construct a triangle in which one 
side is 1} inches long and the angles adjoining this side are 40° and 
55°. 

Ex. 2. By aid of the protractor, construct also a triangle in which 
the sides are 1 inch and 13 inches long and the angle included by 
these sides is 63°. 
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PROPOSITION XI. THEOREM 


91. When two straight lines are cut by a third, if a pair 
of corresponding angles are equal, the two lines are parallel. 


Given the lines AB and CD cut by the transversal HF, 
making the corresponding 4 g and 7 equal. 


To prove AB | CD. 


Prodtee Lae = Zag. 1. Why? 

2. Mia VENIE 2a EL yp. 

Poy oe AY (at A 3. Why? 

AN. AB CL): 4, When two straight lines 


are cut by a third, if the alter- 
nate interior angles are equal, 
the two straight lines are 
parallel. (§ 89.) Q.E.D. 


‘92. Cor. 1. Two lines perpendicular to the same line 
are parallel. 


93. Cor. 2. From a given point outside an unlimited 
straight line, only one perpendicular can A 
be drawn to the line. 

For if AB and AC were both perpen- 
dicular to BC, then AB and AC would 
be parallel (§ 92); or we should have 
two parallel lines meeting at a point A, 
which is impossible. (§ 15.) 
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PROPOSITION XII. THEOREM 


94. When two straight lines are cut by a third, if the sum 
of two interior angles on the same side of the transversal is 
equal to two right angles, the two lines are parallel. 


Given the lines AB and CD cut by the transversal HF, 
q and r int. A on the same side of HF, and 2q4+Zr 
= 180°. 

To prove AB || CD. 


Proof. 1. Zp is the sup. 1. § 32. 


Of. ¢: 
2. Zr is the sup. of Z g. Fins Na Fuge 
Dee) ead: 3. The supplements of 
equal angles are equal. (§ 66.) 
40. AB ICD. 4. When two straight lines 


are cut by a third, if the alter- 
nate interior angles are equal, 
the two straight lines are par- 
allel. (§ 89.) Q.E.D. 


Ex.1. Draw a line AB and on it take a point C. By use of the 
protractor, through C draw a line DH making the 2 DCB = 42°. On 
CD mark off CF = %in. By use of the protractor, through F' draw a 
line PQIlto AB. 

Ex. 2. On the diagram on p. 43, name two pairs of alternate in- 
terior angles. Also name one pair of corresponding angles. Also 
one pair of interior angles on the same side of a transversal. 
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Proposition XIII. PRoBLEM 


95. Through a given point, to draw a line parallel toa 
gwen straight line. 


A - B 


Given any point P outside the line AB. 
To construct a line through P |i AD. 


Construction. 1. Through P draw any con- 1. Post. 1. 
venient line CD meeting AB in C. 

2. At P, and on the same side of CD with 2. § 86. 
B, construct Z DPF equal to Z PCB. Then 
EF is the line required. 


Proof. 1. Z DPF = Z POB. il, Comin, 
D. Sea ABS ZaeSn oie 
Q.E.F. 


Ex. Through each vertex of a A, construct a line || opposite side. 


PROPOSITION XIV. THEOREM 


96. Jf two parallel lines are cut by a third straight line, 
the alternate interior angles are equal. 


Given the ll lines AB and CD cut by HF at the points 
G and H, respectively. 


PARALLEL LINES 49 


To prove 27 AGH=n. 


Proof. 1. Through the ee 5.00: 
point G draw the line PQ, 
melons 2ePGH = 7 n: 


2 3 LO WCD: 2. § 89. 
3. But AB ll CD. OeeL YD. 
4, .«. PQ and AB coincide 4. Through a given point 


in direction. one st. line and only one can 

be drawn parallel to another 

given st. line. (Geom. Ax. 3, 

§ 43.) 

Oa AGH = 7, 5. Z AGH coincides with 
Z PGH which=Z n. Q.E.D. 


97. Cor. 1. If two parallel lines are cut by a third 
straight line, any two corre- 
sponding angles are equal. 

Thus, if PQ RS, Zb=Zf, P cfd Q 
since each of them = Z e. 


98. Cor. 2. If two.parallel 
lines are cut by a third straight 
line, the sum of the two interior 
angles on the same side of the transversal is equal to two 
right angles. 

Tiiomajeiseane- cup. of 4d, since Zf= 7c. (§ 96) 
which is the sup. of 2 d (§ 32). 


K 


99. Cor. 3. Tf, when two lines are cut by a transversal, 
the interior angles on the same side of the transversal are not 
supplementary, the two lines are not parallel. 


100. Cor. 4. Jf a straight line is perpendicular to 
one of two parallel lines, it is perpendicular to the other 
also. 


50 


101. Cor. 5. 
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Two straight lines parallel to a third 


straight line are parallel to each other ; 
Lines parallel to parallel lines are parallel ; 
Lines perpendicular to parallel lines are parallel ; 
Lines perpendicular to non-parallel lines are not parallel. 


Bx.1. If, in the diagram of § 97, 2b equals 67°, find the other 
seven angles in the figure without measuring them. 


Bx. 2. If Za=110°, and 7 f= 60°, are PQ and RS parallel? 


EXERCISES: 
Ex. 1 
A Q B 
6 
pot D 


Given AB || CD, PQ and ML 
straight lines, and PO = OQ. 
Prove A POL = A OMQ. 


Bx.2, D iy 


B 


A C 
Given AABC in which AB 
= BC; AB produced to F; CB 
tone LDENVAIC: 
Prove Z2D=ZF. 


Bx. 3. A 


B 
Given AB and CD = and ll. 
Prove that lines AD and BC 
bisect each other. 


GROUP 11 


Ex. 4. F 


Ho, 
Given AB and CD intersected 
by transversal FH, Zp = 2 q. 


Prove A B || CD. 
Ex. 5. A 
Pp 
7 L 
wy _——>c 


Given lines meeting at B and 
C so that Zp=Zs and Zq 
Sans 

Prove 4B || CD. 
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Ex. 6. A 


Pp Q 


B 0 


Given A ABC in which AB 
=ricdrand PQ BC. 
Prove Zz = Zl. 


Ex.7, 4 D 


F (6 


Given lines AC and DF bisect- 
ing each other at B. 
Prove AD || FC. 


Ex. 8. 


D D A 


B : C 


Given AABC in which AB 
= AC, line DAH || BC. 
Prove Zp = 29. 


Ex. 9. A 


C D 


Given ABCD with exterior 
PEISGES DY, TALON VA Od oy De 
LDBE SS i5°: 

Prove BE || CD. 


Ex. 10. On the diagram of Prop. IX (p. 43) prove that CF is 


parallel to AB. 


Ex.11. By the aid of squared paper, construct the following 


design : 
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PROPOSITION XV. ‘THEOREM 


102. The sum of the angles of any triangle is equal to two 


right angles. 
B 


A 


Given the A ABC. 
To prove 


Proof. 1. Produce AC 
through C to D. 
2. From C draw CE || AB. 


8. Z28@+Zr4+ZBCA 


— 2 Tite Js, 
4, Z8=ZA, 
i, ING Zipss Z Jey 


6. Substituting for Zs its 
equal, ZA, and for Zr its 
equal, Z B, 
ZA+Z2B+4+2ZBCA=21rt.Z4, 


103. Cor. 1. 


ZA+ZB+2ZBCA=21t. A. 


ostecs 


2. § 95. 

3. The sum of all the 4 
about a point on the same side 
of a st. line passing through 
the point=2 rt. 4. (§ 68.) 

4. If two || lines are cut by 
a third st. line, any 2 corre- 


sponding Gare equal. (§ 97.) 
5. Why? 
Oe Keres 
Q.E.D. 


An exterior angle of a triangle is equal to 


the sum of the two opposite interior angles. 


104. Cor. 2. 
less than two right angles. 


105. Cor. 3. 


The sum of any two angles of a triangle is 


If one angle of a triangle is a right angle 


or an obtuse angle, each of the other two angles of the triangle 


must be acute. 
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106. Cor. 4. In a right triangle, the sum of the two 
acute angles equals one right angle ; 
Each angle of an equilateral triangle contains 60°. 


107. Cor. 5. Jf two angles of one triangle equal two 
angles of another triangle, the third angle of the first triangle 
equals the third angle of the second. 


108. Cor. 6. If an acute angle of one right triangle 
equals an acute angle of another right triangle, the remain- 
ing acute angles of the triangles are equal. 


109. Cor. 7. Jf two triangles have two angles and a 
side of one equal to two angles and a corresponding side of 
the other, the triangles are equal. 

For this statement, the following abbreviation may be 
used: s. ZZ. 


110. Cor. 8. If two right triangles have the hypotenuse 
and an acute angle of one respectively equal to the hypote- 
nuse and an acute angle of the other, the triangles are equal. 

The abbreviation h. a. may be used in quoting this 
principle. 

111. Cor. 9. Jf two right triangles have a leg and an 
acute angle of one respectively equal to a leg and the cor- 
responding acute angle of the other, the triangles are equal. 


Ex.1. If two angles of a triangle are 56° and 62°, find the re- 
maining angle. 

Ex. 2. If one acute angle of a right triangle is 36° 15/, find the 
other acute angle. 

Ex. 3. How many degrees are there in each angle of an equi- 
angular triangle ? 

Ex. 4. How many degrees are there in each acute angle of an 
isosceles right triangle ? 

Ex. 5. Is it possible to have a triangle whose angles are 45°, 62°, 
7909 
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Bx. 6. If one angle of a triangle is 42°, find the sum of the other 
two angles. 

Ex. 7. If two angles of a triangle are 38° and 65°, find all the 
exterior angles of the triangle. 

Ex. 8. If the vertex angle of an isosceles triangle is 38°, find each 
angle at the base. 

Ex.9. If an angle at the base of an isosceles triangle is 50°, find 
the vertex angle. 

Ex.10. An exterior angle at the base of an isosceles triangle is 
102°. Find all the angles of the triangle. 

Ex. 11. Construct an angle of 60°. Of 30°. Of 15°. 

Bx.12. Construct an angle of 120°. Of 75°. 

Ex. 13. Construct an angle of 150°. Of 195°. 

Ex. 14. Construct a triangle in which two of the sides are 1 in. 
and 14 in., with an angle of 135° included between them. 

Ex.15. Construct a right angle and divide it into three equal 
parts. : 

Ex.16. Construct an isosceles triangle in which the vertex angle 
is 120°. 

Ex.17. Construct an isosceles right triangle in which the hypot- 
enuse is 2 inches. 

Ex.18. Construct a square whose side is 14 inches. 

Ex.19. Draw a line, AB, 2 inches long. Then, by aid of the 
protractor, construct a triangle in which ZA =65° and Z B= 50°. 
Also on another base DE = 3 in., construct a triangle DEF in which 
ZD=65°, and ZH = 50°. Are each of the three angles of the tri- 


angle ABC equal to the corresponding angle in the triangle DEI? 
Are the triangles equal ? 


Ex. 20. Draw any acute angle and in the shortest way construct 
its complement. 


Ex. 21. Draw any acute angle and in the shortest way construct 
its supplement. 


Ex. 22. Make up and solve an example similar to Ex. 5. 
Ex, 23. To Ex.14. To Ex. 19. 


Ex. 24. Make up and solve two examples entirely your own con- 
cerning the numerical properties of the angles of a triangle. 
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PROPOSITION XVI. THEOREM 


112. If the sides of one angle are parallel, respectively, 
to the. sides of another and extending in the same direction 
from the vertices, the angles are equal. 


B CYP R 
ane 
E ra 


Given AB|| HD and extending in the same direction 
from Band #; and BC |l HF and extending in the same 
direction from B and #. 


To prove 7B=Z EH. 


Proof. 1. Producethe lines | 1. Post. 2. 
BC and ED to intersect in P. 


2. Then ZB=Z2. 2. § 97. 
=; Vig = ZR: 3.. Why? 
ee IS era ok 4. Why? Re 


113. Cor. Jf two angles have their corresponding sides 
parallel, but with one pair extending in the same direction 
and the other pair in opposite directions from their vertices, 
the angles are supplementary. 


B 


Thus 4 A and B are supplementary. 
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Proposition XVII. THEOREM 


114. If the sides of one angle are perpendicular, respec- 
tively, to the sides of another, the angles are either equal or 
supplementary. ee aD 


A xk 
ee poe ae 


Given BAL HF, and BCL DD’. ip’ 


To prove 7 B= FED, and 4B and FED' supple- 
mentary. 


Proof. 1. At H# construct 1. At a given point in a 
EKLEF and in the same | straight line, to erect a perpen- 
direction with BA; also con- | dicular to that line. (§ 85.) 
struct HG L DD’ and in the 
same direction with BC. 

Zee hen All| Kee anc 2. Two lines L the same 
BC | EG. line are ||. (§ 92.) 

3 fh LIB SS Zin 3. If the sides of one Z ure 
|, respectively, to the sides of 
another and extending in the 
same direction from their ver- 
tices, the Aare-equal. (§ 112.) 
4, But Zr is comp. of aL) Gil. 


Z DEK. 

5. Also Zs is comp. of 5. Why? 
Z DEK. 

OG Pa 8: ©.) VV ives 


= 


(GEES BE LAM IAM id OY Ase; 
8. But ZFED"' is sup. of 8. § 32. 
VAS 

9... ZED! is'sup. 0f-2_B: OMPA ceo. Q.E.D 
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a 


EXERCISES: GROUP 12 


Ex. 1. Je Ex. 3. PR ps 
A 


A 
Q 
R B 
oO R B Given line PQR 1 BC, SQ 
Given ZAOB, PQLOA, PR 1 AB. What Zon the diagram 
= Le Si 


L OB. 


Prove ZP=ZO. Prove your statement. 


Ex. 4. 


A 
/x 
B D (0 


Ex. 2. 
Given AABC, ADL BC, DF 
SEA 
D Prove 4r=Zy. 
Exo: 4A 
A L B jy < 
(OMNES 
Given FAK1line ACB; FH jen 
Lline DHC. BI—?P o 
MAXON) 4 I VA ae Given AP and BQ, altitudes 


of the AABC. Name the pairs 
of equal 4 on the diagram. 


Ex.6. Given ABFC, ABCD a straight 
line, BF = FC. Prove Zxz=Zy. Also, make 
AB=CD, draw AF and FD, and prove 
HSH DF x 


F 
y 
A B C D 
Ex. 7. By the aid of squared paper, construct the following 
designs : c 
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Proposition XVIII. THEOREM 


115. If two angles of a triangle are equal, the triangle -is 
isosceles. 
B 


(A D C 


Given A ABC in which ZA=ZC. 
To prove BA= BC. 


Proof. 1. Draw BD bi- 1. To bisect a given angle. 
secting Z ABC and meeting (§ 84.) 
AGine Dd, 

2. Then in A ABD and 2. Why? 

DBC, 
BD =. BD. 

3. Late 240). 3. Why? 

A, Zaeke= <.f, 4. Why? 

Oe tA B= CBC. 5. If two A have two an- 


gles and a side of one equal 
to two angles and a corre- 
sponding side of the other, 
the A are equal (or s. ZZ). 
($ 109.) 
6. een On 6. Corr. sides of equal A, 
Q.E.D. 


116. The converse of a proposition is another proposi- 
tion formed by interchanging the hypothesis and the con- 


clusion of the original proposition, Thus § 115 is the 
converse of § 82, 
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PROPOSITION XIX. THEOREM 


117. If two right triangles have the hypotenuse and a leg 
of one respectively equal to the hypotenuse and a leg of the 


other, the triangles are equal. 


A C 


Given two right A ABC and DEF having the hypote- 
nuse AB= hypotenuse DH, and BC= EF. 


To prove A ABC=A DEF. 


Proof. 1. Place the A ABC 
so that BC coincides with its 
-equal, HF, and A falls on the 
opposite side of HF from D, 
at A’. 

2. Then A'F and FD will 
form a straight line, A'FD. 


3. But A’/E= ED. 
A. Lt A se 23D), 


5. .« AAHF or AABC 
=A DEF. 


1. Geom. Ax. 2. 


2. If two adj. 4 are to- 
gether equal to a st. Z, their 
ext. sides form a st. line. 
(§ 65.) 

3. Hyp. 

4, In an isosceles A, the 4 
opposite the equal sides are 
equal. (§ 82.) 

5. If two rt. A have the 
hypotenuse and an acute Z 
of one respectively equal to 
the hypotenuse and an acute 
Z of the other, the A are 
equal. (§ 110.) Q.E.D. 
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PROPOSITION XX. ‘THEOREM 


118. If equal lines are drawn from a point in a perpen- 
dicular to a given line, they cut off equal segments of the 
line from the foot of the perpendicular. 


ye 


4 R CRT zB 


Given POL AB, PR and PT oblique to AB, and 
PR= PT. 
To prove CR = CT. 


Proof. 1. In the right A 1. Why? 
RPC and CPT, 


IAOA— BOL 

2. Pie= PP. 2. Why? 

CON ea AU a ed Oem AN ON aed Ue 3. If two rt. A have the 
hypotenuse and a leg of one 
respectively equal to the 
hypotenuse and a leg of the 
other, the A are equal. (§ 117.) 

4, send Cue Gal 4, Why? Q.E.D. 


119. Cor. Jf two oblique straight lines drawn from a 
point to a straight line meet the line at equal distances from 
the foot of the perpendicular drawn from the point to the line, 
they are equal. 


Of what theorem is this statement the converse ? 


A 
Ex. Given ZAOB with OR = 0Q, PQ Q 
LAO, PRLBO. Prove APQO=A PRO. Pp. 
Does PQ= PR? Why? 
B O 
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PROPOSITION XXI. THEOREM 


120. I. Hvery point in the perpendicular bisector of a 
line ts equally distant from the extremities of the line; and 


II. CONVERSELY, every point equidistant from the ex- 
tremities of a line lies in the perpendicular bisector of the 
line. c 


te 


A O B 


I. Given O the midpoint of the line AB, OOL AB, 
P any point in OC. 


To prove AP =P. 

Prot ela = PB: 1; § 119, 

II. Given O the midpoint of AB, and AP= PB. 
To prove PO L AB. 


Proof. 1. In the A APO 1. Why? 
and OPB, IPAM ee Ved 8 

2. JEON I Os 2. Why? 

3 ENON NON 8s 3. Why? 

AW NAL O == OP B. 4. Why? 

Dae AO 2 POD. 5. Why ? 

Gee AGP Is art. Z. Ge Def G23.) 

(ie Uae ed Oe aw Wes Det. 345724.) Q.E.D. 

O 

Ex. Given Z 4 OC bisected by the line OB, P 
any point in OB, PQ1 OC, and PRL QA. Prove’ 1-0 R 
A OPQ =AOPR. je 
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121. Cor. Two points each equidistant from the extrem- 
ities of a line determine the perpendicular bisector of the 
line. 

This corollary gives a useful method of determining the 
perpendicular bisector of a given straight line, since by 
this method we need find only two easily located points on 
the required line. 


LOCI 


122. The locus of a point is the path of a point moving 
according to a given geometric law. 

Tf a point moves in a plane so as to be always two inches distant 
from a given point, its locus is a circle whose center is the given point, 
and whose radius is a line two inches in length. 

The locus of a point moving so as to be equidistant from two given 
parallel lines is a straight line lying midway between the two given 
lines. 

The locus of a point may consist of two or more separate 
lines or parts. . 

The Jocus of a point moving so as to be always at a given distance 
from a given line is two lines, one on either side of the given line, at 
the given distance from it and parallel to it. 


123. Demonstration of loci.—In order to prove that a 
given-line is the locus of a given point moving according 
to a given geometric law, it is necessary to prove : 


1. That every point in the given line satisfies the given 
law or condition. 


2. That every point which satisfies the given condition 
lies in the given line. 


Hence, the theorem of Prop. XXI may be stated in the 
following form: The locus of points equidistant from two 
given points is the perpendicular: bisector of the line joining 
these two points. 
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124. To describe a locus, state what kind of line, sur- 
face, or other geometric object the locus is; then state 
where it is situated, and, if possible, give its dimensions. 

The locus of a point moving so as always to be two inches from 


a given point is a circle whose center is the given point and whose 
radius is two inches. 


125. Efficiency value of loci.— Loci are useful in deter- 
mining a point (or points) which shall satisfy two or more 
geometrical conditions. For, by finding the locus of all 
points which satisfy one of the given conditions, and also 
finding the locus of all points which satisfy a second con- 
dition, and then finding the intersection of these two loci, 
we obtain the point (or points) which satisfy both condi- 
tions at the same time. 

Thus, if it is required to find the points which are 2 in. from one 
given point and 3 in. from another given point, the two given points 


being 4 in. apart, the required points are the intersections of two circles. 
Let the student make a construction and obtain the required points. 


Ex.1. Draw exactly the locus of a point moving at the distance 
of 1 in. from a given point. 

Ex. 2. Draw exactly the locus of a point moving at a distance of 
1 in. from a given line. 

Ex. 3. Draw exactly the locus of a point moving so as to be equi- 
distant from the extremities of a given line one inch long. 

Describe the following loci: 

Ex. 4. The locus of the center of a carwheel 2 ft. in diameter, as 
the wheel rolls on a straight level track. 

Ex. 5. The locus of a point which moves so as to be equidistant 
from two fixed points which are 1 ft. apart. 

Ex. 6. Draw three isosceles triangles on the same base and con- 
nect their vertices. What truth is illustrated by this figure? 

Ex. 7. Draw a straight line and locate a point 2 in. from it. By 
the use of loci, locate the points which are 1} in. from the given line 
and at the same distance from the given point. 
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PROPOSITION XXII. THEOREM 


126. I. Every point in the bisector of an angle is equidis- 
tant from the sides of the angle; and 

II. CoNVERSELY, every point equidistant from the sides 
of an angle lies in the bisector of the angle. 


A 
Q 
pS i: 
R 
C 


I. Given PB the bisector of the angle ABC, P any 
point in PB, PQ 1 BA, and PRL BC. 


To prove PY = PR. 


Proof. 1. In the rt. A PBQ and PBR, 1. Why? 

PB = PB. 
2. ae Zee vWiliy © 
3. SEBO = Lar BR: 3. Why? 
4, oe awh. 4. Why? 


Ik- Given ZABO POL ABER, WebCam Oar 
To prove that PB is the bisector of Z ABC. 


Proof. 1. In the rt. A PBQ and PBR, 1. Why? 
Va S9 ey 

2. Oral 2. Why? 

3 es tees A PBR. 3. Why? 

4, eA meth 4. Why? 

Or BP is the bisector of Z ABC. Ce 


127. Cor. The theorem of Prop. XXII may also be 
stated in the following form: The locus of points within an 
angle and equally distant from the sides of the angle is the 
bisector of the angle. 


LOCI 
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For it has been proved that every point in the given 
line satisfies the given law or condition, and that every 
point which satisfies the given condition lies in the given 


line. (See § 123.) 


PROPOSITION XXIII. 


PROBLEM 


128. To bisect a given straight line. 


He 


UH 


XD 


Given the line AB. 
To bisect AB. 


Construction. 1. With Aand 
B as centers and with equal 
radii, greater than 4 AB, de- 
scribe ares intersecting in the 
points Cand D. 

2. Draw CD 
ABin Ff. 

Then AB is bisected at F. 

Proof. 1. C is equidistant 
from A and B. 

2. D is equidistant from A 
and B. 

3. CD is L bisector of AB. 


intersecting 


Post. 3. 


bo 


IE Ostael: 


Constr. 


2. Constr. 

3. Two points each equidis- 
tant from the extremities of a 
line determine the _L bisector of 
the line. (§ 121.) QEF. 
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PROPOSITION XXIV. PROBLEM 


129. From a given point to let fall a perpendicular upon a 


given straight line. 


pe 


Given the line AB and the point P outside AB. 
To construct a perpendicular from the point P to the 


line AB. 


Construction. 1. With Pasa center 
and with any convenient radius, de- 
scribe an are intersecting AB in two 
points, as Cand D. 

2. From C.and D as centers, with 
convenient equal radii greater than 
4. CD, describe ares intersecting at Q. 

3. Draw the hne PQ and produce it 
to meet AB at Rh. 

Then PR is the L required. 

Proof. 1. P and Q are each equi-|. 
distant from C and D. 

2. Pk is the L bisector of CD and 
of i hagebe Wes 


130. Altitudes of a triangle.— The 
altitude of a triangle has been defined 
in § 75 (p. 81). In any triangle, 
any side may be taken as the base. 
Hence, the altitudes of a triangle are 
the three perpendiculars drawn one 


il, 1Pastn Sh. 


yy leOStaros 


SaeOstsaeleances 


1, Why? 


bo 
5 
OZ) 


Lae Q.E.F, 


A 


S 
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from each vertex to the side opposite (or this side pro- 
duced). Thus, in A ABC, the three altitudes are AF, 
BE, and CD. 


131. A median ofa triangle is a line drawn from a vertex 
of the triangle to the middle point of the opposite side. 
How many medians has a triangle? Draw a triangle and 
then construct its medians. 


132. An angle-bisector of a triangle is a line which 
bisects an angle of the triangle. Anangle-bisector is usu- 
ally regarded as produced to meet B 
that side of the triangle which is 
opposite the bisected angle. Thus 
BD is an angle-bisector of the tri- 
angle ABC. How many angle- 
bisectors has a triangle? A D C 


Ex.1. Construct an equilateral triangle in which each side is 
half of a given line. 

Ex. 2. Draw an obtuse triangle and construct its three medians. 

Ex. 3. Draw an obtuse triangle and construct its three altitudes. 

Ex. 4. Draw an isosceles triangle and construct its three angle- 
bisectors. 


133. Inequality axioms.— To the list of GENERAL 
AXIOMS (p. 21), the following axioms, relating to unequal 
magnitudes, are to be added: 

Inequauity Axiom 1. Jf equals are added to, or sub- 
tracted from, unequals, the results are unequal in the same 
order. If unequals are added to unequals in the same order, 
the results are unequal in that order. 

INEQUALITY AxIoM 2. Doubles, or halves, of unequals 
are unequal in the same order. 

InreuaLity Axiom 3. If unequals are subtracted from 
equals, the remainders are unequal in the reverse order. 
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Ingequauity Axiom 4. Tf, of three quantities, the first 
is greater than the second, and the second is greater than the 
third, then the first is greater than the third. 

Ingequatity Axtom 5. A given magnitude, when com- 
pared with another magnitude of the same kind, must be 
either equal to, less than, or greater than the other magnitude. 


PROPOSITION XXV. THEOREM 


134. If one side of a triangle is greater than a second 
side, the angle opposite the first side ts greater than the angle 
opposite the second side. 


Given A ABO with side BC’> side AC. 
To prove ZA>ZB. 


Proof. 1. Draw CD bisecting Z ACB 1. § 84. 
and meeting AB in D. 


2. On CB lay off CF = AC. Draw DF. 2), POStS amon de 

3. In A ADC and DFC, AC= OF. 3. Why? 

4, Also CD= CD. 4. Why? 

5 Ap= LG 5. Why? 

6. - MADO =k DEC 6. Why? 

7. Hence, DINED Es 7. Why? 

8. But Zw, being an ext. Z of A DFB, 8. § 87. 

is greater than Z B. 

oh nie eA Zand, OF Ax2 9: 

Q.E.D. 


Ex. Which is the longest side of a right triangle? Of an obtuse 
triangle ? 
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PROPOSITION XXVI. THEOREM 


135. If one angle of a triangle is greater than a second 
angle, the side opposite the first angle is greater than the 
side opposite the second angle. 


B 


A 


C0 


Given 2 A greater than Z Cin the A ABC. 


To prove BC > AB. 


Proof. 1. BC equals AB, 
or is less than AB, or is 
greater than AB. 


2. But BC cannot equal 
AB. 


3. Also BO cannot be less 
than AB. 


Ae BO > AB. 


1. A given magnitude, 
when compared with another 
magnitude of the same kind, 
must be either =, <, or > 
the other magnitude. (Ineq. 
Ax. 5, § 133.) 

2. If it did, ZA would 
equal ZC (§ 82), which is 
contrary to the hypothesis. 

3. If it were, Z A would 
be less than ZC (§ 134), 


which is contrary to the 
hypothesis. 
4, Since it neither= AB 


nor is less than AB. QED. 


Ex.1. State the inequality axiom which is illustrated in the fol- 
lowing statement: If 7 > 5, then 14 > 10. 


Ex. 2. 
ments in Ineq. Ax. 1. 


Ex. 3. Give numerical illustrations of Ineq. Ax. 2. 


Give a numerical illustration of each of the different state- 


Ineq. Ax. 3. 


Ex. 4. Give numerical illustrations of Ineq. Ax. 4. 
Ex. 5. The theorem of § 135 is the converse of what theorem? 
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PROPOSITION XXVII. ‘THEOREM 


136. The perpendicular is the shortest line that can be 
drawn from a given point to a given straight line. 


{Pe 


A R Q B 
Given the point P and the line AB, PQ1 AB, and 
PR oblique to AB. 


To prove PQ < PR. 


Proof. i. Zgis'a tt. Z- deer Liye 

2. Zhis an acute Z. 2. If one angle of a A is 
a rt. Z or an obtuse Z, each 
of the other two angles of the 
A must be acute. (§ 105.) 


3. Zh is less than Z g. 3. An acute Z is an angle 
less than art. Z. (§ 25.) 
4. .. PQ < BR. 4. If one angle of a A is 


greater than a second angle, 
the side opposite the first 
angle is greater than the side 
opposite the second angle 
(§ 135.) Q.E.D. 


137. Cor. (CONVERSE OF Prop. XXVII). Jf a line 
ts the shortest line that can be drawn from a given point to 
a given line, rt is the perpendicular from the point to the 
given line. 

Thus, given PQ the shortest line from P to AB, then 
PQLAB. 
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PROPOSITION XXVIII. THEOREM 


138. Jf two triangles have two sides of one respectively 
equal to two sides of the other, and the included angles 
unequal, the triangle which has the greater included angle 
has the greater third side. 


BH 


iP 


Given the A ABC and DEF in which AB= DE, 
BC= EF, and 2 ABC is greater than Z #. 


To prove AC > DF. 


Proof. 1. Place the A DEF’ so 1. Geom. Ax. 2. 
that DE coincides with its equal, AB, 
and F' falls on the same side of AB 
as C, at F”. 


2. Construct the line BH bisect- 2. § 84, Post. 1. 
ing Z F'BC and meeting the line AC 
at H. Draw. #"H. 
3. Then im the A #’BH and OLLyp: 
BHC, Fe B= BC. 
4, BH = BH. 4, Why? 
D. yeti a 5. Why? 
Gare or BH =) BAC. 6. Why? 
C peek be CH, 7. Why? 
8. But AH+ HF’ > AF’. 8. Why? 
9. Substituting for HF’ its 9. Why? 


equal, HC, 
a HC or AG > AF’, 
(Gi Rane Keg BY 10. Why? Q.E.D 
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PROPOSITION X XIX. THEOREM 


139. If two triangles have two sides of one respectively 
equal to two sides of the other, and the third sides are unequal, 
the triangle which has the greater third side has the greater 


included angle. 


C 


ya 


Given the A ABC and DEF having AB= DEH, BC=. 


EF, but AC > DF. 


To prove 7 B greater than 2 F. 


Proof. 1. ZB _ either 
2 E, or is less than Z E, or 
is greater than 2 EH. 

2. But Z Bdoes not= Z £. 


3. Also Z B cannot be less 
than Z #. 


4. Hence, Z B is greater 
than 2 E. 


1. Ineq. Ax. 5. (§ 133.) 


2. If it did, A ABC would 


equal ADEF (§ 79) and 
AC would equal DF, which is 
contrary to the hypothesis. 

3. If it were, the side AC 
would be less than the side 
DF (§ 138), which is contrary 
to the hypothesis. 

4. It neither equals 2 #, 
nor is less than Z H. Q.E.D. 


Ex.1. How many points in a plane are necessary to determine 


two parallel lines? 


Three parallel lines? 


Ex. 2. Are two triangles necessarily equal if three angles of one 
equal the corresponding three angles of the other? Illustrate by 


drawing a figure. 
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PROPOSITION XXX. THEOREM 


140. If two oblique straight lines drawn from a point to a 
straight line meet the line at unequal distances from the foot 
of the perpendicular drawn from the point to the line, the 
more remote is the greater. 


B 


Given POL AB, and Jand Q points on AB such that 
OTs O00. 


To prove PT > PQ. 


Prout. 15 On. OA mark of OF = 0d. | 1. Poste2. 
2. Draw PR. 2. eL Osta Le 
Sa Lhen Lh = 270. Sin S119) 
4. VA rm DEG A. § 82. 
5. But Zh is greater than Z 7. iy SS SMe 
6. Substituting 2g for its equal, Zh, | 6. Ax. 9. 
Zq is greater than Z #. 
fe ihen ied LPO RT.> PQ. 7. § 135. QBp. 


141. Cor. Of two unequal lines drawn to a given line 
from a point in a perpendicular to that line, the greater line 
cuts off the greater segment from the foot of the perpendicular. 


Pinissite re? > PQ (Hic. of Props*XXX), OT cannot 
mtd (S:119)s nor is OF =< 00.(§ 140). ... OT > 09, 


Hence, also, from a given point only two equal straight 
lines can be drawn to a given line. 
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EXERCISES: GROUP 13 


nape ak, (Ke MWAUEC, AUP SIPC, Zr 
acute. Prove AB> BC. 

Ex.2. Draw any four-sided figure 
ABCD; let F be any point in the side BC. A P C 
Prove perimeter of ABCD > perimeter of (Ex. 1.) 

AFD. C 

Ex. 3. Drawa triangle ABC; let D 
be any point in 4B and F any point in 
BC. Prove AB+BC>AD+4+ DF+ 
IC. 

Ex.4. Given a four-sided figure (Ex. 4.) 
AIBCID), Alibi (OUDL WZ IBAND) SoZ ALIBXOL 
Prove BD> AC. 


B 


Ex. 5. Given A ABC, AB=BC,AD>DC. 
Prove Zp >Z 4. 
A Das 
Ex.6. By the aid of squared paper, construct the following 
designs: ; 


QUADRILATERALS 


142. A quadrilateral is a polygon of four sides. 

The sides of a quadrilateral are the bounding lines. 
The angles are the angles made by the bounding lines. 
The vertices are the vertices of the angles of the quadri- 
lateral. 

The perimeter of a quadrilateral is the sum of the sides, 
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143. A diagonal of a quadrilateral is a straight line 
joining two of its vertices that are not adjacent. 


144. A trapezium is a quadrilateral in which no two 
sides are parallel. 


145. ‘A trapezoid is a quadrilateral which has two, and 
only two, of its sides parallel. 


146. A parallelogram is a quadrilateral whose opposite 
sides are parallel. 


Trapezium Trapezoid Parallelogram 


147. A rhomboid is a parallelogram whose angles are 
oblique angles. 


148. A rhombus is a rhomboid whose sides are equal. 


149. A rectangle is a parallelogram whose angles are 
right angles. 


ya oe 


Rhomboid Rhombus Rectangle Square 
150. A square is a rectangle whose sides are equal. 


151. The base of a parallelogram is the side upon which 
the parallelogram is supposed to stand; as AB. The 
opposite side is called the upper 
base (CD). E 

5 C 'D 

The altitude of a parallelogram is 

the perpendicular distance between 
A B 


the bases; as HP. 7 
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152. The bases of a trapezoid are its two parallel sides. 
The legs of a trapezoid are the sides which are not parallel. 
The altitude of a trapezoid is the perpendicular distance 
between the bases. The median of a trapezoid is the line 
joining the midpoints of the legs. 


153. An isosceles trapezoid is a. trapezoid whose legs 
are equal. 


154. Classification of quadrilaterals. 
Trapezium 
Quadrilateral | Trapezoid. . . . Isosceles trapezoid 


Parallelogram. . ean te . . square 
Rhomboid . . rhombus 


Ex.1. Draw a quadrilateral with three acute angles and one ob- 
tuse angle. 

Ex. 2. Is every rhombus a rhomboid? Is every rhomboid a 
rhombus ? 

Ex. 3. What is the difference between a square and a rhombus? 
What properties do they have in common? 


Ex. 4. Find the perimeter of a square foot in inches. 
Ex. 5. Determine what four names the rhombus is entitled to. 


Ex. 6. Determine what properties the rhombus, square, and 
rectangle have in common. 

Ex. 7. A diagonal of a rhombus divides the rhombus into how 
many triangles? What kind of triangles are these ? 

Ex. 8. Construct a parallelogram ABCD. Let P be the mid- 
point of the side BC and Q the midpoint of AD. Draw AC, BQ, and 
DP. Denote the angles of the figure by small letters like a, b, c, ete. 
On the figure thus constructed point out 8 pairs of alternate interior 
angles. Also 6 pairs of corresponding angles. Also 4 pairs of interior 
angles on the same side of a transversal. ; 


Ex. 9. Construct two parallelograms whose corresponding sides 
are equal, but whose corresponding angles are unequal. 


QUADRILATERALS Le 


PROPOSITION XXXII. THEOREM 


155. The opposite sides of a parallelogram are equal, and 
its opposite angles are also equal. 


Given the parallelogram ABCD. 
Loprove AD=BC, AB=DO, ZB=ZD, and ZBAD= 
Z BCD. 


Proof. 1. Draw the diagonal AC. 1.) Post.) b: 
2. Then in the A ABC and ADC, 2. Why? 
AG = AC. 

ALSO Vp ea dg. ay So: 

4. Cra Zs, 4, Why? 

5. ey AADC] A ACD. 5. Why? 

Cae BOY AB= DC ZB=ZD. 6. Corr. parts of 

equal A. 

7. In like manner, by drawing the | 7. Reasons 1-6. 

diagonal BD, it may be proved that Q.E.D. 


Za De BUD, 


156. Cor. 1. A diagonal divides a parallelogram into 
two equal triangles. 

157. Cor. 2. Parallel lines comprehended between par- 
allel lines are equal. 


158. Cor. 3. Two parallel lines are everywhere equi- 
distant. 


Ex.1. In the above figure, prove Z BAD = Z BCD by use of Ax. 2. 


Ex. 2. In the above diagram, produce BC and DC through C 
and prove 2 BAD = Z BCD by use of §§ 112 and 69. 
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PROPOSITION XXXII. ‘THEOREM 


159. The diagonals of a parallelogram bisect each other. 
ee. 
A Le Se 15) 


Given the diagonals AC and BD of the (J ABCD, in- 
tersecting at F. 


To prove AF = FO, and BF = FD. 


Proof. Let the student supply the proof. 


[Sue. In the ABFC and AFD, what sides are equal, and why? 
What A are equal, and why? etc.] 


Ex. 1. How many pairs of equal triangles are there in the above 
figure ? 

Bx. 2. If two angles of a triangle are p° and q?°, find the third 
angle. 


Ex. 3. If two angles of a triangle are z° and 90° + 2°, find the 
third angle in terms of a. 


Ex. 4. Draw the figure and letter it for the following theorem: 
“The diagonals of a rectangle are equal.” Then, in terms of the 
figure drawn, state the hypothesis and conclusion (but do not give 
proof). 

Ex.5. By use of the ruler and compasses construct an angle of 
105°. (Observe that 105° = 60° + 45°.) 

Ex. 6. Construct a parallelogram two of whose sides are 2 in, and 
1 in. and one of whose angles is 60°. 


Ex. 7. Construct two triangles which have two sides of one tri- 
angle equal to two sides of the other, and the angles opposite one pair 
of corresponding sides equal, but having the equal parts so arranged 
that the triangles themselves are not equal. 
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Proposition XXXIII. Turorem 


160. Lf the opposite sides of a quadrilateral are equal, 
the figure is a parallelogram. 


Given the quadrilateral ABCD in which AB = CD and 
BC = AD. 


To prove ABCD a LZ. 


Proof. 1. Draw the diago- Ll Poste 1. 
nal AC. 
2. In A ABC and ADC, 2. Why? 
AGE AC. 
3. Bt Ad), 3. Why? 
4, AB= CD. 4, Why? 
Oo. ABC = ADC. 5. Why? 
Ore 207 = 8, 6. Why? 
1 eA BM CD. 7. Whentwo straight lines 


are cut by a third, if the alt. int. 
4A are equal, the two straight 


lines are parallel. (§ 89.) 
So Also Zp = "4.9. 8. Why? 
oa BC lt AD. 9. Why? 
UD 2, VAVRCID IS Gy USI 10. § 146. QED. 


Ex. State in order the theorems and other geometric principles 
used in proving that if two triangles have the three sides of one 
respectively equal to the three sides of the other, the triangles are 


equal. 
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Proposition XXXIV. THEOREM 


161. If two sides of a quadrilateral are equal and parallel, 
the figure is a parallelogram. 


Given the quadrilateral ABCD in which BC = and 
| AD. ; 
To prove ABCD a CF. 


Proof. 1. Draw the diagonal AC. 1 Poste: 
2. In the A ABC and ADC, AC = AC. Zee Wty, 
3. BCS TAD: 3. Why? 
4. -, CES Op 4. Why? 
Dice ABO ea CADC. 5. Why? 
6. Re Aan 6. Why? 
ie .. AB ll CD. 7. Why? 
S.s ABCD 1s aye. 8. § 146. 
Q.E.D. 


Ex.1. Show that in a J each pair of adjacent angles is supple- 
mentary. 


Ex. 2. One angle of a parallelogram is 48°; find the other angles. 


Ex. 3. If one angle of a parallelogram is three times another 
angle, find all the angles of the parallelogram. 


Ex. 4. If one angle of a parallelogram is a®, find the other angles. 
Bx. 5. If, in the triangle ABC, ZA = 60°, ZB = 770°, which is 
the longest side in the triangle? Which the shortest side? 


Ex. 6. In the diagram on p. 87 point out 6 pairs of corresponding 
angles. Also 6 pairs of alternate interior angles. 


Ex. 7. Make up and solve an example ‘similar to Ex. 5. 
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PROPOSITION XXXV. THEOREM 


162. Jf the diagonals of a quadrilateral bisect each other, 
the figure is a parallelogram. 


Be 


Given the quadrilateral ABCD in which the diagonals 
ACand BD bisect each other at F. 
To prove ABCD a parallelogram. 


Proof. 1. In the A BFC 1. Why? 
anneal AURIOL  Ja7 VI ob). 


2. CF AF. 2. Why? 
See BEC ='2. APD. 3. Why? 
fe BE O= Lh APD. 4, Why? 
5. BC AD, 5. Why? 
6. Zp =2 Ld. 6. Why? 
if -: BC IAD. 7. Why? 
Sis ABCD is al; 8. If two opposite sides of 


a quadrilateral are equal and 
parallel, the figure is a paral- 
lelogram. (§ 161.) Q.E.D. 


Ex. 1. Prop. XX XV is the converse of what theorem? 

Ex. 2. Is the converse of a proposition always true? Give two 
propositions which illustrate your statement. 

Ex. 3. The efficiency value of § 160 is that it enables us to ascer- 
tain that the opposite sides of a given quadrilateral are parallel by 
measuring the length of the sides of the quadrilateral. State the 
efficiency value of § 162. 
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EXERCISES: GROUP 14 


Ex. 1. To determine the distance AB, construct AD and 
BO AlE em aksin oaeAs) ab 
Prove ABCD a parallelogram. 

If we measure DC and find 
it to be 312 yd., how long is AB? 
Why? 


Bs 
r 


ET 


be 


(Ex. 3) 


A 
D Cc 
(Ex. 2) 


Ex.2. Given ABCD a square, and BF = HC. Prove AH=DF. 


Ex. 3. Given ABCD a parallelogram; on the diagonal DB, DP 
ss /36), Iie ALO = Cle. 


R :; é i 


(Ex. 4.) a) 
Ex. 4. Given ABCD a parallelogram. The diagonal AC is pro- 
ducedsothat 4k =CS. Prove RBSD a parallelogram. 
Ex. 5. Given 4d BCDa/) with its diagonals intersecting at O; PQ 
any line through O terminated by the sides of the J. Prove OP = OQ. 


Ex. 6. Prove that the diagonals of a rhombus are perpendicular 
to each other, by the use of § 121. 


Ex. 7. By the aid of squared paper, 
construct and complete the following 
design : s 
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Ex. 8. Given ABCD and FBCH, parallelo- 4 
grams with the side BC in common. Prove the B 
line AD = and |l FH. 


Ex. 9. Prove that the sum of the four sides 
of a quadrilateral is greater than the sum of the 
diagonals. 


Ex. 10. Upon a given straight line asa side, 
construct a square. 


Ex. 11. Construct a rectangle whose base is 
2 in. and whose altitude is 1 in. 


Ex. 12. Upon agiven line as a diagonal, construct a square. 


Ex. 13. Construct a rhombus, given the two diagonals. 


POLYGONS 


163. A polygon, as already defined, is a portion of a 
plane bounded by straight lines; as ABCDE. 

The sides of a polygon are its bounding lines. The 
perimeter of a polygon is the sum of its sides. The angles 
of a polygon are the angles formed by its sides. The 
vertices of a polygon are the vertices of its angles. 

A diagonal of,a polygon is a straight line joining two 
vertices which are not adjacent; as BD in Fig. 1. 


B k I 


E 
Hie. Fie. 2 


164. An equilateral polygon is a polygon in which all 
the sides are equal. 
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An equiangular poly ech is a polygon in which all the 
angles are equal. 

What four-sided polygon is equilateral but not equi- 
angular? -What four-sided polygon is both equilateral 
and equiangular ? 


165. Two mutually equiangular polygons are polygons 
whose corresponding angles are equal; as Figs. 3 and 4. 


Fia. 3 Fia. 4 Fie. 5 Fic. 6 


Two mutually equilateral polygons are polygons whose 
corresponding sides are equal; as Figs. 5 and 6. 

From Figs. 8 and 4 it is seen that two polygons may be 
mutually equiangular without being mutually equilateral. 

What similar truth may be inferred from Figs. 5 and 6? 

Polygons that are mutually equiangular and equilateral 
may be made to coincide and are therefore equal. 


166. Names of polygons.—Some polygons are used so 
frequently that special names have beeri given to them. 
A polygon of three sides is called a triangle; one of four 
sides, a quadrilateral; one of five sides, a pentagon; of 
six sides, a hexagon; of seven sides, a heptagon; of eight 
sides, an octagon; of ten sides, a decagon; of twelve sides, 
a dodecagon; of fifteen sides, a pentadecagon; of n sides, 
an n-gon. 


Ex. 1. How does the number of vertices of a polygon compare 
with the number of sides? 


Ex. 2. Can two triangles be mutually equilateral without being 
mutually equiangular? What polygons can? 
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PRoposITtIion XXXVI. THEOREM 


167. The sum of the angles fy a polygon of n sides is 
(2n — 4) right angles. 


5 sides 6 sides 7 sides 
3 triangles 4 triangles 5 triangles 


Given a polygon of n sides. 


(The above polygons of 5, 6, 7 sides are used merely as particular 
illustrations, to aid in carrying forward the proof.) 


To prove the sum of the angles of the polygon 
=(2n—4) rt. &. 


Proof. 1. Separate the Lag osted. 
polygon into A by diagonals 
drawn from some one vertex. 
2. There will be.(n — 2) of 2. Each of the n sides of 
these A. the polygon will be the base 
of a A, except the two sides 
adjacent to the chosen vertex. 
3. The sum of the 4A of 3. The sum of the angles 
each A = 2 rt. Z. ofa A=2rt. 4. (§ 102.) 
4, The sum of the 4 of 4, Ax, 4. 
(n—2) A=(n—2) 2 rt. A; 
that is, (2n — 4) rt. A. : 
5. But the sum of the A of 5. The whole is equal to 
the polygon = sum of the A | the sum of its parts. (Ax. 7.) 
of the A. 
6. .. the sum of the A of Oe Bele ce Us 
the polygon =(2n— 4) rt. A, Q.E.D. 
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168. Cor. In an equiangular polygon of n sides, each 


angle equals ———— AL = es rt. 4. 


EXERCISES: GROUP 15 


How many right angles are there in the sum of the angles of 


Ex. 1. A quadrilateral ? Bx. 3. A sixteen-sided polygon? 
Ex. 2. A hexagon? Ex. 4. A polygon with 20 sides? 
How many degrees are there in the sum of the angles of 

Ex. 5. A pentagon? Ex. 7. A decagon? 

Bx. 6. An octagon? Ex. 8. A polygon of 18 sides? 
State the number of degrees in each angle of an equiangular 

Bx. 9. Hexagon. Ex. 11. Decagon. 

Ex. 10. Heptagon. Ex. 12. Polygon of 16 sides. 


Bx. 13. If two angles of a quadrilateral are 73° and 106°, how 
many degrees are there in the sum of the other two angles of the 
quadrilateral ? : 

Bx. 14. If three of the angles of a quadrilateral are 82°, 97°, and 
63°, find the other angle of the quadrilateral without measuring it. 

Ex. 15. Make upand solve a problem similar to Ex. 14 concerning 
a pentagon. 

Ex. 16. Prove that if two of the angles of a quadrilateral are 
supplementary, the other two angles must be supplementary also. 

Ex. 17. Prove that the sum of the : 
three exterior angles, a, b, c, of a triangle, 
as indicated on the figure, is four right 
angles. 

Ex. 18. If one angle of a parallelo- 
gram is a right angle, prove that the figure 
is a rectangle. 


Ex. 19. If one of the angles of an equiangular polygon contains 
108°, how many sides has the polygon? 


Ex. 20. Would a quadrilateral constructed of rods hinged at the 


ends (i.e, at the vertices of the quadrilateral) be rigid? Would a 
triangle so constructed be rigid? Would a pentagon? 
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PROPOSITION XXXVII. THEOREM 


169. Jf a series of parallel lines cut off equal segments 
on one transversal, they cut off equal segments on any other 
transversal. 


Given AP, BQ, CR, and DS parallel lines intercepting 
the equal parts AB, BC, and CD on the transversal AD 
and the parts PQ, QR, RS on the transversal PS. 


To prove PQ= QR= RS. 


Proof. 1. Through A, B, C, 1 S21 0b. 
construct AF, BG, CH, || PS 
and meeting BQ, CR, DS, 
in the points F, G, H, respee- 
tively. 

2. Then the lines AF and 
BG are ||. 

3. Then in the A ABP 3. Why? 
and BCG, AB= BC. 


be 


§ 101. 


Ae Also 7 = 2h, 4. § 97. 
and HE Gil == ZW 

jaa LAB E == BCG. 5. Why? 

6. eA = BG. 6. Why? 

(ae bate = Po: 7. Parallel lines compre- 
and BG= QR. hended between parallel lines 

are equal. (§ 157.) 
8. Bah Ol. i, INexS Ike 
9. In like manner, it may 9. Reasons 2-8, nee 


be proved that QR = RS. 
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PROPOSITION XXXVIII. PROBLEM 


170. To divide a given straight line into any given num- 


ber of equal parts. 


Given the line AB. 
To divide AB into a given number of equal parts (as 


three equal parts). 


Construction. 1. From A draw the 1, Posts 
line AP making a convenient angle 
with AB. 
2. Take AC (any line of convenient 2. Post. 2. 
length) and apply it to AP a number 
of times equal to the number of parts 
into which AB is to be divided. 
3. From H, the end of the measure 3. Post. 1 
when last applied to AP, draw EB. 
4. Through the other points of divi- 4. § 95. 
sion on AP (viz., C and D) draw lines || 
EB and meeting AB at F and G. 
Then AB is divided into the required 
number of parts at Fand G. 
Proot. 1 AC CD DE: 1. Constr. 
2. 3, AN = JING = (CMBY 2. §169. Q.E.D. 
Ex. 1. Draw a line 2 inches long and divide it into 3 equal parts. 
Ex. 2. Draw a line 3” long and divide it into 5 equal parts. 
Ex. 3. Draw a line and then determine 2 of the line. 
Bx. 4. Draw a line and determine ¢ of it. 
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Ex. 5. Draw a line and then construct a triangle whose sides 
shall be 2, 3, and # of the given line. 


Ex. 6. (riven its perimeter, construct an equilateral triangle. 


171. Proving triangles equal.— Let the student form a 
list of the conditions that make two triangles equal. (See 
Boel. 00, G5, LOD LLO ETT 117,) 


EXERCISES: GROUP 16 


EQuaLity oF TRIANGLES 
Ex.1. Given ABC any triangle, BO the bi- 


B 
sector of ZABC,and AD 1 BO. Prove A ABO 
=A BOD. D 
fs NS 


Ex. 2. If, upon the sides of an angle, equal A= 
segments are laid off from the vertex, and lines 
are drawn from the ends of these segments to any point in the bisector 
of the angle, prove that the triangles formed are equal. 

Ex. 3. If two sides of a triangle are produced, each its own length, 
through the vertex in which they meet, and the extremities of the 
produced parts are joined, prove that a new triangle is formed which 
equals the original triangle. 

Ex. 4. Giyen AB =/DC; and BC = DA. 

Prove ABAC = A DAC. 

What other pair of equal triangles is there in, 

the figure ? 


B D 
va 
C 
Ex. 5. If, at any point in thé bisector of an 
angle, a 1 is erected and produced to meet the | 
sides of the angle, how many triangles are formed? 
Which of these triangles are equal? Prove your 
statement. 


Ex.6. If, through the midpoint of a given 
straight line, another line is drawn, and produced 
to meet the perpendiculars erected at the ends of 
the given line, the triangles so formed are equal. 

Ex. 7. If two straight lines bisect each other and their extremi- 
ties are joined, how many pairs of equal triangles are formed? Prove 
your statement. 
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Ex. 8. If on the legs of an isosceles triangle equal segments are 
laid off from the base, and lines are drawn from the extremities of 
the segments to the opposite vertices, prove 
that two pairs of equal triangles are formed. 

Bx.9. On the straight line AD, AB= 
OD, “Also AR =DH, and CR=BH, Prove 
the triangles AFC and BHD equal. 

Ex.10. Two right triangles are equal if 
their corresponding legs are equal. B 

Ex.11. In the isosceles triangle ABC, 

‘AB= BC, AQ=PC. Prove the triangles 
ABP and QBC equal. 

Ex.12. The altitudes from the extremi- 
ties of the base of an isosceles triangle upon 4 zs a ro] 
the legs of the triangle divide the figure 
into how many pairs of equal triangles? Prove this. 


aE H 


Bx.13. In a given quadrilateral, two adjacent sides are equal and 
a diagonal bisects the angle between these sides. Prove that the 
diagonal bisects the quadrilateral. 


Ex. 14. If, from the ends of the shorter base of an isosceles trape- 
zoid, lines are drawn parallel to the legs and produced to meet the 
other base, prove that a pair of equal triangles is formed. 


172. Proving lines equal.— Lines (segments) may be 
proved equal by proving that they are: 
(1) corresponding parts of equal triangles; or 
(2) opposite equal angles in an isosceles triangle; or 
(3) opposite sides of a parallelogram ; or 
(4) parallel lines comprehended between parallel lines. 
(See §§ 115, 155, 157.) 


173. Demonstration by analysis. — It is often an advan- 
tage to use the following method in obtaining the proof of 
a theorem : 

Assume the proposed theorem as true ; 


Observe what other relations among the parts of the ae 
must then be true; 
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Proceed backward thus, step by step, till the required 
theorem is found to depend on some known truth or truths ; 

Then, starting with what is known, reverse the steps 
taken, and thus build up a direct proof of the required 
theorem. 


This method is called solution by analysis. 


We shall now give an example of solution by analysis. 

Observe that in the process which follows, we first write the con- 
clusion (that is the last step of the proof) in its proper place; then, 
above the last step, we write the next to the last step; and so proceed 
backward and upward toward the first step. 

Thus, in the statement given below (as the first stage of the proof), 
we first write 4D = DB. 

Then, if this is true, we infer that AADC may equal A DBC. 
Hence, we next write A ADC =A DBC (above the step AD = DB). 

As a means of proving A ADC = A DBC, we know that CD = CD 
by identity. Hence, we write CD = CD above the step AADC = 
A DBC. Since we know that CD = CD is true, we set down the 
reason, ‘Ident.,” in the right-hand column. 

Hence, the proof as thus far worked out will appear as follows : 


Ex. Prove thatthe bisector of the vertex angle of an isosceles tri- 
angle bisects the base. 


ROBERT WAYNE EABY 
2-1 
GEORGE EDWARD Maycc 


A D B 


Given A ABC with AC = BC; and Z ACB bisected by CD. 
To prove AD = DB. 


Proof (First STAGE) 


CID = CD Ident. 
JS ALJONO! = IS IDIXC! 
AD DB 
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After all the steps of the proof have been written by working back- 
ward to the first, the proof assumes the following form: 


(SEconpD STAGE OF THE PROOF) 


Proof. AC BC Hyp. 
Li) SAY Hyp. 
(CID) = (CD Ident. 
ie IS AIDC! = (Ds TOEXO) 
AD) .B Corr. sides of = A 


We next number the steps (and reasons) in direct order 1, 2, 3, 
etc., filling in such reasons as were necessarily omitted in the process 
of working backward. We thus obtain the 


(Tuirp or FINAL STAGE OF THE PROOF) 


Proof. 1. IMG = JeXC! 1. Hyp. 
ae JE es LAD 2. Hyp. 
3. CD=CD 3. Ident. f 
4 IWAD CSN DBC 4, 5.258. 
De JID) Ss 1DI83 5. Corr. sides of = A 


Q.E.D. 


EXERCISES: GROUP 17 


EQuaLiTy OF LINES 
Ex.1. Given ABC any triangle, BO the bi- B 


sector of Z ABC,and AD | BO. Prove AO = 
OD. D 


Ex. 2. If two sides of a triangle are pro- 
duced, each its own length, through the common 
vertex, the line joining the extremities of the pro- Diener: 7 
duced parts equals the third side of the triangle ae 


(i.e, DE = BA). xO 
Ex. 3. If, at any point in the bisector of an Va 


angle, a perpendicular is erected to the bisector and B 
produced to meet the sides of the angle, the perpendicular is divided 
into two equal parts at the given point. 


Ex. 4. If on the legs of an isosceles triangle equal segments are 
laid off from the base, lines drawn from the ends of these segments to 
the opposite vertices are equal. 


a 
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Ex. 5. Given APB and RPQ straight Aaa 
lines, AR || QB, and AP=PB. Prove 
RP = PQ y 
Ex. 6. Draw an angle and on its sides QB 


lay off equal segments from the vertex. 
Join the extremities of the segments thus formed with any point in 
the bisector of the angle. Prove that these two joining lines are equal. 

Ex. 7. The altitudes of an isosceles triangle upon the legs are 
equal. : 

Ex. 8. The diagonals of a rectangle are equal. 

Ex. 9. The medians of an isosceles triangle to the legs are equal. 

Ex.10. If two altitudes of a triangle are equal, the triangle is 
isosceles. 

Ex.11. The perpendiculars to a diagonal Ea, 
of a parallelogram from a pair of opposite ver- 
tices are equal. 

Ex.12. If the equal sides of an isosceles triangle are produced 
through the vertex so that the produced parts are equal, the lines join- 
ing the extremities of the produced parts to the extremities of the 
base are equal. 

Ex. 13. If the base of an isosceles triangle is trisected, lines drawn 
from the vertex to the points of trisection are equal. 


iab-¢; abby. 


A 
Ex. 14. 
D EB 
A ie 13) C 


In the bisectors of the equal Given A ABC, AB = AC, and 
angles of an isosceles triangle, DE |i BC. 
the segments next to the base are Prove dAD= AE, 
equal (AO = OP). Ex. 17. 


A ea 
ne | 
E 
BES crt ers 
A (6) 


Given ABCD a parallelogram 
Given AB= DC, BC=AD. hovel (Pep == /DYO). 
Prove AH = EC, Prove AQ = PC. 
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174. Proving angles equal.— Among the ways of prov- 
ing that two angles are equal are the following: 


(1) The given angles are corresponding Pas of equal 
triangles ; or 

(2) they are opposite equal sides in an isosceles triangle ; or 

(3) they are vertical angles; or 

(4) they are complements (or supplements) of equal 
angles ; or 

(5) by the use of the properties of parallel lines ; or 

(6) their corresponding sides are parallel, or perpendicular, 


(See §§ 66, 69, 82, 96, 97, 112, 114.) 


EXERCISES: GROUP 18 


EQUALITY OF ANGLES 


Ex.1. Given ABC any A, BO the bisector of 


B 
the ZABC,andADLBO. ProveZ BAO=Z BDO. /\ 
Ex. 2. int i i eee 


If, at any point in the bisector of an ,£-\ 
angle, a perpendicular is erected, and produced to 
meet the sides of the angle, the perpendicular makes equal angles: 
with the sides of the angle. 


B 
Ex.3. Given AB = DC, and “AD = BC. E. 
Prove Z2B=ZD. r 
: A (o} 


Ex. 4. If onthe legs of an isosceles triangle : 
equal segments are laid off from the base, the lines drawn from the 
extremities of the segments to the opposite vertices make equal angles 
with the base. 


(0 


Ex. 5. The altitudes upon the legs of an isosceles triangle make 
equal angles with the base. 


Ex. 6. The diagonals of a rhombus bisect its angles. 0 


Ex. 7. In an isosceles triangle, the exterior angles 
made by producing the base are equal. 


Ex. 8. Given AC = CB, and DE|| AB. Prove 
ZO DHE AGED: 
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Bx. 9. Given Z DCA an exterior angle of A ABC, 
CE || AB, and Z2DCE=ZECA. ProveZB=ZA. C E 


Ex.10. Conversely, given 2A = ZB, and CE || 
AB. Prove that CEH bisects Z DCA. 


Ex. 11. Given BD the bisector of the 

angle ABC,and PR|lCB. Prove that PBR 

is an isosceles A. .D 
Let the student state this theorem in gen- 1g 

eral language. 


Ex.12. Given AABC, with AB produced through 
Demande Gathroughey Ab — A Cand 5D OE: 
ProvezbC D7 CBE: 

How many pairs of equal A are there in the figure ? 
Of equal lines? Of equal 4? 


Ex. 13. A line drawn through the vertex 
of an angle, perpendicular to the bisector of 
the angle, makes equal angles with the sides 
of the given angle. 


Ex. 14. If a straight line which bisects 
one of two vertical angles is produced, it bi- 
sects the other vertical angle also. 
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175. Proof that two lines are parallel may be obtained 
by showing that: 


(1) The lines are cut by a third line, making the alter- 
nate intertor angles equal ; or 

(2) making the corresponding angles equal; or 

(3) making the interior angles on the same side of the 
transversal supplementary ; or 

(4) that the lines are opposite sides of a parallelogram. 


(See $§ 89, 91, 94, 146.) 


EXERCISES: GROUP 19 


PARALLEL LINES 


Ex. 1. If two sides of a triangle are produced, each its own length, 

through the common vertex, the line joining 

. their extremities is parallel to the third side 
of the triangle. 


Ex. 2. The bisectors of two alternate in- 
terior angles of parallel lines are parallel. 


Bx. 3. Given Z DCA an exterior angle of A ABC, 
LL Ss| a JL NB AN NGL PA IOXOS, = ZITO, asasyes CUE iewele 


Cc E 


Ex. 4. The bisectors of the opposite angles of a 
parallelogram are parallel. 


Ex. 5. Two straight lines are parallel if two points 
on one line are equidistant from the other line. B A 


176. The proof of a numerical property of rectilinear 
figures (of Book One) usually depends on one of the fol- 
lowing principles : 


C1) The sum of the angles about a given point on the same 
side of a straight line passing through the point is 
180°. 

(2) The sum of the angles about a point is 360°. 
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(3) The sum of the angles of a triangle is 180°. 
(4) The sum of the interior angles of parallel lines on the 
same side of a transversal is 180°. 
(5) The sum of the interior angles of a polygon of n sides 
as (2n—4) 90°. 
(See §§ 67, 68, 98, 102, 167.) 


EXERCISES: GROUP 20 


NUMERICAL PROPERTIES 
Ex.1. If an exterior angle of a triangle is 123° and an opposite 
interior angle is 38°, find the other two interior angles of the triangle. 


Ex. 2. Find the angle formed by the bisectors of the two acute 
angles of a right triangle. 


Ex. 3. If two angles of a triangle are 50° and 60°, find the angle 
formed by their bisectors. If the two angles contain p° and q°, find 
the angle formed by their bisectors. 


Ex. 4. If the vertex angle of an isosceles triangle is 40°, anda 
perpendicular is drawn from an extremity of the base to the opposite 
side, find the angles of the figure. 


Ex. 5. If the vertex angle of an isosceles triangle is 40°, find the 
angle included between the altitudes drawn from the extremities of 
the base to the opposite sides. 


Ex. 6. How many degrees are there in each angle of an equiangu- 
lar dodecagon? Of an equiangular n-gon ? 


Ex. 7. How many diagonals are there ina pentagon? In a hexa- 
gon? Inadecagon? In an n-gon? 


The methods of proving that a given angle is a right 
angle (or that a given line is perpendicular to another given 
line) or that one angle is the supplement of another, are 
closely related to the above methods of obtaining the 
numerical values of given angles. 


Ex. 8. The bisectors of two supplementary 
adjacent angles form a right angle (are perpen- 
dicular). 
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Ex. 9. The bisectors of two interior angles x 
on the same side of a transversal of two parallel 2 
lines form a right angle. 


D 
Ex. 10. If one of the legs (AB) of an isosceles i 
triangle is produced its own length (LD), and its if 
extremity (D) is joined to the other end of the base Bx 
(C), the line last drawn (DC) is perpendicular to the 
base. | 
A i) 


177. Algebraic method of proving theorems. — The proof 
of certain properties of a geometric figureeis often facili- 
tated by using an algebraic symbol for an unknown angle or 
an unknown line of the figure, and using an equation or 
other algebraie method of solution. 


EXERCISES: GROUP 21 


ALGEBRAIC METHOD 


Bx.1. Find the number of degrees in an angle which equals three 
times its complement. 
[Sue. See Ex. 24, p. 20.] 


Ex. 2. Find the number of degrees in an angle which equals its 
supplement. In an angle which equals one third of its supplement. 


Ex. 3. The angular space about a point is divided into four angles 
which are in the ratio 1, 2,38, 4. Find the number of degrees in each 
angle. 

[Sue. 7+22+382+4+ 42 = 360°, etc.] 

Ex. 4. ‘The angles of a triangle are in the ratio 1,2, 3. Find the 
angles. 

Ex. 5. ‘Two angles are supplementary and the greater exceeds the 
less by 30°. Find the angles. 

Ex. 6. If one of the angles of a parallelogram is double another 
of the angles, find all the angles of the parallelogram. 


Ex. 7. One of the base angles of a triangle is double the other, and 
the exterior angle at the vertex is 105°. Find the angles of the tri- 
angle. 
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Ex. 8. How many sides has a polygon in which the sum of the 
angles is fourteen right angles? 


[Sue. 2n—4= 14; findn.] 

Ex. 9. How many sides has a polygon in which the sum of the 
angles is ten right angles? Twenty right angles? 720°? 

Ex.10. How many sides has an equiangular polygon one of 
whose angles is seven fourths of a right angle? 

Ex.11. If the base of any triangle is produced in both directions, | 


the sum of the exterior angles thus formed, dimin- 
ished by the vertex angle, is equal to two right aN 
angles. 

[Sue. 180° — a + 180° — b — (180° — a — d)=, ete.] 

Ex.12. The bisectors of the base angles of an 
isosceles triangle include an angle which is equal to 
the exterior angle at the base. 

[Suc. To prove a = 4, denote one of the base 4 
by 22, etc.] 

Ex.13. In an isosceles triangle, the altitude upon 
one of the legs makes an angle with the base which 
equals one half the vertex angle. 

[Sue. To prove a=4b6, show that a=90°—2z, b= 
180° — 22, etc. ] 


Ex.14. If the opposite angles of a quadri- 
lateral are equal, the figure is a parallelogram. 
[Sue. 22+ 2y = 360°, etc.] 


178. Use of auxiliary lines. — The demonstration of a 
property of a geometrical figure is frequently facilitated 
by drawing one or more auxiliary lines on the figure. For 
examples of the use of such lines, see Props. IV, V, IX, 
etc., of Book One. 

Some of the principal auxiliary lines used on rectilinear 
figureg are: 

A line connecting two given points. 

A line through a given point parallel to a given line. 

A line through a given point perpendicular to a given line. 

A line making a yiven angle with a given line. 

A line produced its own length. 


Se 
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EXERCISES: GROUP 22 


AUXILIARY LINES 


Ex.1. In the quadrilateral ABCD, given 


B 
AB=AD,and BC={CD\. Prove ZB=ZD. 
[Sue. Draw AC, etc.] p 
Ex. 2. Prove that the angles at the base of A 
an isosceles trapezoid are equal. 
D 
a 
b 
Cc 


Ex. 3. State and prove the converse of Ex. 2. 


Ex. 4. Given AB\||ICD. Prove Zb=Za 
+ Ze. A 


Bx. 5. Conversely, given 2b) =Za4+ Ze. C * 
Prove AB|| CD. : 


Ex. 6. The median to the hypotenuse of a right 
triangle is one half the hypotenuse. 


B 
D, 
[Suc. Draw DF|| BC. Then AF = FC ($169), 
ete] TAN 


Ex. 7. If one acute angle of a right triangle is 
double the other, the hypotenuse is double the shorter 
leg. 

[Suc. Draw the median to the hypotenuse, etc.] 


Ex. 8. In an isosceles triangle, the sum of the 
perpendiculars drawn from any point in the base 
to the legs is equal to the altitude upon one of R 
the legs. Q 
A Pp B 


In some cases, it is useful to draw two or more augiliary 
lines. 


Ex. 9. If the opposite sides of a hexagon 


are equal and one pair of sides (AB and CD) 3 

are parallel, the opposite angles of the hexagon er 

are equal. C 
[Sue. Draw AC and BD; use § 161.] ‘D 
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EBx.10. Given A ABC, AB= BC, BC produced to 
E,and AD=CE. Prove DF = FE. 


179. Indirect demonstrations. —In Book One, three 
methods of indirect proof have been used: 


1. The reduction to an. absurdity (reductio ad absur- 
dum), that is, the proof that the negative of a given theorem 
leads to an absurdity. (See Prop. X.) 


- 2. The method of exclusion, that is, showing that any 
statement inconsistent with the given theorem cannot be true. 
This method is a special case of the preceding; the nega- 
tive of a given theorem is divided into two parts which 
are separately shown to be impossible. (See Props. XX VI, 
X XIX.) 

3. The method of coincidence, that is, proof that a given 


line coincides with another line, which fulfills certain required 
conditions. (See Prop. XIV.) 


EXERCISES: GROUP 23 
INDIRECT OR NEGATIVE DEMONSTRATIONS 


Prove the following by an indirect method : 


Ex. 1. Every point within an angle and not in the bisector of the 
angle is unequally distant from the sides of the angle. 

(Sue. In the given angle, take P, any point not in the bisector of 
the angle. Then, if P is not unequally distant from AO and OB, it 
must be equally distant from them, etc. ] 


Ex. 2. If two straight lines are cut by a transversal, making the 
alternate interior angles unequal, the lines are not parallel. 
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Bx. 3. The line joining the midpoints of two sides of a triangle 
is parallel to the third side. 

[Sue. Through one of the midpoints, draw a line Il to the third 
side. Show that it bisects the second side and that the line joining 
the midpoints coincides with it. ] 

Ex. 4. If, from a point P in a line AB, lines PC and PD are 
drawn on opposite sides of AB, making the angle APC equal to the 
angle BPD, PC and PD are in the same straight line. 

[Sue. From P draw PQ in the same straight line with PC, and 
show that PD coincides with it. ] 

Ex. 5. The bisectors of two vertical angles are in the same 
straight line. 

Ex. 6. In the triangle ABC, D is any point in the side 4B, and 


F is any point in the side AC. Prove that BE and DC cannot bisect 
each other. 


EXERCISES: GROUP 24 


THEOREMS ProvepD BY Various MreTHops 


Ex. 1. If two opposite angles of a quadrilateral are bisected by 
the diagonal connecting their vertices, the quadrilateral is bisected 
by this diagonal. 

Ex. 2. The median to the base of a scalene triangle is produced 
through the base, and perpendiculars are drawn from the extremities 
of the base to the median thus produced. Prove that these perpen- 
diculars are equal. 


Ex. 3. If the perpendiculars from the extremities of the base of 
a triangle to the other two sides are equal, (1) these perpendiculars 
make equal angles with the base, (2) the triangle is isosceles. 

Ex. 4. If the lines AB and CD intersect, then AB + CD>AC 
+ BD. 

Ex. 5. The vertex angle of an isosceles triangle is 44°, and one of 
the base angles is bisected by a line produced to meet the opposite 
side. Find all the angles of the figure. 


Ex. 6. Any side of a triangle is greater than the difference be- 
tween the other two sides. 


Ex. 7. Perpendiculars drawn from the midpoint of the base of 
an isosceles triangle to the legs are equal. 
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Ex. 8. State and prove the converse of Ex. 7. 


Ex. 9. In an isosceles triangle, an exterior angle at the base 
equals a right angle increased by one half the vertex angle. 
Ex. 10. Prove that 24d=Za+Zb+Ze in the 
diagram at the right. Is this theorem true when 2d ; 
is a reflex angle? Ai 
[Suc. Draw an auxiliary line.] 
Ex. 11. In the equilateral triangle ABC, BC is 
produced to D. Prove BD>AD> AB. 
Ex. 12. If from a point in the bisector of an oblique 


angle lines are drawn parallel to and meeting the sides of the angle, 
the quadrilateral formed is a rhombus. 


Ex. 13. If the median of a triangle is perpendicular to the base, 
the triangle is isosceles. 


Eel Cee Giveneralsi 0A G8 BA C= F 
12B,and DF LBC. Prove A\EFA equi- gq 
tateral. 
[Anatysis. If A FAE is equilateral, 
€FEA=60°. «.ZDEB=60°. .. 2B B<— Cc 
— Ure 


Hence, to get a direct proof, show that ZC = 30°, by using 
ZABAC =47Z.C;3] 

Ex. 15. If the diagonals of a quadrilateral bisect. each other at 
right angles, what kind of figure is the quadrilateral? Prove this. 

Ex. 16. From the point in which the altitudes drawn to the legs 
of an isosceles triangle intersect, a line is drawn to the vertex. Prove 
that this line bisects the angle at the vertex. 

Ex. 17. If, from a point within an acute angle, perpendiculars 
are drawn to the sides of the angle, the angle formed by these per- 
pendiculars is the supplement of the given angle. 


Bx. 18. If, in the parallelogram 


ABCD, BP = DQ, then AQOCP is a paral- A B 
lelogram. 

[Anatysis. If AQCP is a 0, AP= 
andll QC. .. begin the direct proof by D Q C 


showing that AP = and II QC.] 


Ex. 19. If the diagonals of a parallelogram are equal, what kind 
of figure is the parallelogram? Prove this. 


104 PLANE GEOMETRY. BOOK I 


Ex. 20. If the angle A of the triangle ABC is 50° and the ex- 
terior angle BCD is 120°, which is the largest side in the triangle? 


Ex. 21. Two isosceles triangles are equal if the base and an 
angle of one are equal to the base and the corresponding angle of 
the other. 


Ex. 22. Two equilateral triangles are equal if an altitude of one 
is equal to an altitude of the other. 


Ex. 23. If, from a point within a 
triangle, two lines are drawn to the 
extremities of one side of the triangle, 
the sum of the other two sides of the 
triangle is greater than the suin of 
the two lines thus drawn. (That is, A 
prove AB+ BC>AP+ PC.) 


Ex. 24. On the figure of Ex. 23, prove that Z 4PC is greater 
than ZB. 


Ex. 25. Prove that the sum of the angles of a triangle is equal 
to two right angles, by drawing a line through 
the vertex of the triangle parallel to the base. B 


Ex. 26. If ABC is an equilateral triangle Q 
and AP = BQ = CR, then PQR is an equilateral 
triangle. 1 

Ex. 27. The two base angles of a triangle 4 fol 


are bisected, and through the point of intersec- 
tion of the two bisectors a line is drawn parallel to the base. Prove 
that the part of this line intercepted between 


the two sides equals the sum of the segments 
of the sides included between the parallel and 
the base. (That is, prove PQ = AP + QC.) Q 
Ex. 28. Two quadrilaterals are equal if 
A Cc 


three sides and the two included angles of one 
are equal to three sides and the two included angles of the other, 
respectively. 


Ex. 29. The sum of the exterior angles 
of a quadrilateral formed by producing the 
sides in succession equals four right angles. 
(That is, prove Za+ 2b+ Zc¢+ Zd= 
4 rt. 4.) 
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Ex. 30. The sum of the exterior angles of a pentagon is four 
right angles. 

Ex. 31. The bisectors of the angles of a parallelogram form a 
rectangle. 

Ex. 32. The bisectors of the angles of a rectangle form a square. 

Ex. 33. If lines are drawn through the vertices of a quadrilateral 
paralle] to the diagonals, a parallelogram is formed which is twice as 
large as the original quadrilateral. 

Ex. 34. Lines drawn from two opposite vertices of a parallelo- 
gram to the midpoints of a pair of opposite sides trisect a diagonal 
of the parallelogram. 

Ex. 35. On the diagonal AC of a parallelogram ABCD, equal 
parts, AP and CQ, are marked off. Prove BPDQ a parallelogram. 
How many pairs of equal triangles does the figure contain ? 

Ex. 36. The opposite angles of an isosceles trapezoid are supple- 
mentary. 

Ex. 37. In an isosceles trapezoid, the diagonals are equal. 


EXERCISES: GROUP 25 


PRACTICAL APPLICATIONS 


Ex.1. Draw a figure showing the points of the compass as used 
by a mariner. On this compass, how many degrees are there between 
N. and N.N.E.? Also between N. and E.N.E.? Between N.N.E. 
and S. by E.? Between any two successive compass points? 

Ex. 2. When a ray of light strikes a mirror and is reflected, the 
angle of incidence equals the angle of reflection, 


Zof incidence, Zof reflection 


Let AB be a mirror, and PO a ray of 
light striking the mirror at right angles. 
Let the mirror be rotated about O to the 
position A’B’. The ray of light PO will 
then be reflected in the direction OR, 

Prove Zy=224%. 
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Ex. 3. The diagram shows a drawing instrument called the paral- 
lel rulers. The dotted outline shows the rest of the instrument in an- 
other position, the part RS remaining fixed. The 
distance PQ= RS, PR = QS. Hence, show that 
PQ is parallel to RS. 

In like manner, show that P’Q’ is parallel to RS. 
Hence, show that PQ is parallel to P’Q’. 

If a line is drawn perpendicular to PQ and another 
line perpendicular to P’Q’, the perpendiculars thus 
drawn will be parallel to each other. (§ 101, lines 
perpendicular to parallel lines are parallel.) 

Rods combined in these ways are instances of a 
kind of mechanism, called a linkage, which is of 
wide importance. Observe, for instance, the system 
of links which connects the driving wheels of a loco- 
motive with the piston in the cylinder; also the [ i 
jointed rods connecting the walking beam of a es 
steamboat with the engine. Look up, in the Century Dictionary for 
instance, the words linkage, celi, and parallel motion. 


Ex. 4. In the trusses of steel bridges, why are the beams and rods 
arranged so as to form as far as possible a network of triangles and 
not of quadrilaterals, or pentagons, for instance? (See Ex. 20, p. 86; 
also § 83.) ' 

Ex. 5. Draw a map for the following survey notes to the scale of 
400 ft. to the inch. In laying 


STATIONS BEARINGS DIsTANOES off the angles, draw a dotted 
north-and-south line through 
A N. 380° E. | 300 ft. each station and then use a 
B N. 200 ft. protractor. 
C Sh (gf! Ue), 450 ft. Keep your drawing for later 
D S. 60° W. | 600 ft. use. 


Ex. 6. Obtain or make up a 
set of survey notes similar to those in Ex. 5 and make a drawing for 
them. 

Ex. 7. Let DC and FC be two walls perpen- 
dicular to the plane of the paper. Let small mir- 
rors be attached to these walls at A and B. Let 
Z2C=45°. Leta ray of light pass through Q to 
A, and be reflected to B and thence to P. Prove 
that 2 APB is a right angle. 
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[Sue. Use the principle for the angles of incidence and reflection 
stated in Ex. 2. 

Then in the triangle ABC, 2 + y + 45° = 180°, or x + y = 135°. 

About the points A and B,224+a+2y+6= 360°. 

“. @+6 = 90°, etc.] 

The preceding is the principle of an instrument called the optical 
square used by foresters in constructing right angles. A ray of light 
coming from #& through a small hole at B above the mirror will make 
a right angle with the ray coming from Q through P to A. 


Ex. 8. By the aid of squared paper, construct the following de- 
signs. Extend the last design to include at least five major loops. 


EXERCISES: GROUP 26 


Review Work 


Make a list of the properties of : 

Ex.1. One straight line (in connection with such points as may 
be related to the line, as in § 57). 

Bx. 2. Two or more parallel lines (in connection with transversals 
and angles formed by their use). 

Ex. 3. Two or more straight lines that are not parallel. 


Ex. 4, Angles (independently of triangles or parallel lines). 
Ex. 5. A single triangle. 

Ex. 6. Two triangles. Ex. 8. A parallelogram. 
Ex. 7. A quadrilateral. Ex.9. A rhombus. 
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Ex. 10. Define as many different kinds of triangles as you can. 
Ex. 11. Classify triangles according to two different methods. 
Bx. 12. The three sides and the three angles of a triangle are 


called its six parts. Draw two triangles which have three parts of 
one triangle equal to three parts of the other, but which are not equal. 


Ex. 13. The efficiency value of Prop. IV (p. 37) is that it enables 
us to determine, without effort, that two angles of the triangle are 
equal, if we know that the sides opposite these angles are equal. 
State the efficiency value of Prop. I. Also of Prop. Il. Of Prop. III. 

Ex. 14. State the efficiency value of Prop. V. Of Prop. XVI. 
Of Prop. XVIII. 

Ex. 15. Give the different methods of proving two lines equal. 


Ex. 16. Give the different methods of proving two angles equal. 


BOOK TWO 


THE CIRCLE 


180. A circle is a closed curve all points of which lie 
in the same plane and are equidistant from a point in the 
plane called the center. 

A circle is named by naming its center, < 
as the circle 0; or by naming two or more yan 


points on it, as the circle ACD. B 0 


181. The circumference of a circle 
is the length of the circle. 


182. A radius of a circle is a 
straight line drawn from the center 
to any point on the curve; as OA. A diameter is a 
straight line drawn through the center and terminated 
by the circle; as BC. 


183. An arc is any portion of a circle; as AC. A 
semicircle is an arc equal to one half the circle; as BAC. 


184. A chord is a straight line Gg 
joining the extremities of an arc; 
as HF. 

Every chord subtends two arcs. 
A minor arc is the smaller of two 
arcs subtended by a chord. A 
major arc is the larger of two arcs 
subtended by a chord. Thus, for 
the chord #F the minor arc is NS 
EPF, and the major are is HT'F. 

If the arc subtended by a given chord is mentioned, 
the minor arc is meant, unless otherwise specified. 

109 
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185. A tangent is a straight line which meets a circle 
and which, if produced, has but one point in common with 
the circle; as MN (Fig. 2). 


186. A secant is a straight line which cuts a circle and 
which, if produced, has two points in common with the 
circle; as GH (Vig. 2). 


187. A central angle is an angle whose vertex is at the 
center and whose sides are radii; as the angle COA 
(Bigs): 


PROPERTIES OF THE CIRCLE INFERRED IMMEDIATELY 


188. Radi of the same circle, or of equal circles, are 
equal. 


189. The diameter of a circle equals twice its radius. 


190. Diameters of the same circle, or of equal circles, are 
equal. 


191. Jf two circles are equal (i.e., may be made to coin- 
cide, § 7), their radii are equal ; and conversely. 


192. A diameter of a circle bisects the circle. For, by 
placing the two parts of the circle so that the diameters 
coincide and their arcs fall on the same side of the diame- 
ter, we see that these arcs coincide. (§ 180.) 


193. A straight line cannot intersect a circle in more than 
two points. For, if a straight line can intersect a circle in 
three (or more) points, three or more equal lines (radii) 
can be drawn from the same point (the center) to the 
straight line. But this is impossible. (§ 141.) 


Ex. Draw a diagram (composed of one circle and straight lines) 
which shall contain all of the geometric objects defined in §§ 180-187. 
Name these objects in terms of letters, 
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PROPOSITION I. THEOREM 


194. The diameter of a circle is greater than any other 
chord. | 
\ 
ray 
A B 


Given AB a diameter, and CD any other chord in the 
circle O. 


To prove AB > CD. 


Proof. 1. Draw the radii OC and OD. | 1. Post. 1. 
2. Then in the A OCD, 2. Why? 
OC + OD > CD. 
3. Substituting for OC its equal OA, | 3. Axs.9, 7. 
and for OD its equal OB, * 
OA + OB, or AB, > CD. QED. 


a 
Ex. 1. On paper draw a circle with a radius of 1} in. Drawa 
diameter of the circle. Cut the circle out of the paper, fold it on the 
diameter as an axis, and show that the two parts of the circle coincide. 
Ex. 2. Draw acirele with any convenient radius. Take any point, 
A, on the circle, and from it draw a chord which shall be 50 per cent 
longer than the radius. 

Ex. 3. Draw a circle and in it construct a central angle of 60°. 
Also a central angle of 120°. 

Ex. 4. Draw two circles, O and O’, each with one inch as radius. 
In these circles construct central angles AOB and A’O’B’, each of 60°. 
Measure the chords 4B and A’B’. How do these chords compare in 
length? Is each one of these chords longer or shorter than a radius 
of one of the circles? 

Ex. 5. Make up and work an example similar to Ex. 4, using 45° 
as the central angle. 
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Proposition IJ. THEOREM 


195. Ifin the same circle, or in equal circles, two angles 
at the center are equal, the arcs which they intercept are equal. 


, 


a B Al B 


Given the equal circles O and O', and the equal central 
4 AOB and A'O' B'. 


To prove RAR! 


Proof. 1. Apply the circle 1. Geom. Ax, 2. 
O' to the circle O so that the 
center O’ coincides with the 
center O, and the radius O'A’ 
with the radius OA. 
2; Then the radius O'B’ Die “By hy p04) =O} 
will fall on the radius OB. 
3. .. B' will fall on B. 3. OB = O'B', being radii 


Zh of equal ©. (§ 188.) 
4. Hence AB will coincide 4, All the points on the two 


. (oh 
with A’B’. ares are equidistant from the 
Whine ee center O. (§ 180.) 
Of AB el BY . 5. Geom. Ax. 4, Q.E.D. 


Ex.1. Draw a circle with a radius of one inch. In this circle 
draw two diameters in such a position with reference to each other 
that they shall divide the circle into 4 equal ares. 


Ex. 2. Draw a circle and divide it into 8 equal arcs. 
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Proposition IIT. THrorem (CONVERSE OF Prop. IT) 


196. Jf in the same circle, or in equal circles, two arcs are 
equal, the angles which they subtend at the center are equal. 


A B Neat B’ 


Given the equal circles O and O’, and the equal ares AB 
and A’B’ subtending the central A O and O’. 


To prove 2 O= 4 O'. 


Proof. 1. Apply the circle 1. Geom. Ax. 2, 
O' to the circle O so that the 
center O' coincides with the 
center O, and the point J’ 
with the point A. 

2. Then the pomt BP’ will 2. A'B= AB by hyp. 
fall on B. 

3. Hence, the radius O’A!' 3. Only one straight line 
will coincide with OA, and | can be drawn connecting two 
radius O’B' with OB. points. (§ 57.) 

4 Henee, 7 O = Z O'. 4. Geom. Ax. 4. QED. 


197. Cor. Jf in the same circle, or in equal circles, two 
central angles are unequal, the greater angle,intercepts the 
greater arc; and 


CONVERSELY, 7f two arcs are unequal, the greater are 
subtends the greater angle at the center. 


Ex. What is the efficiency value of ig Se TT (ore 2)) eee OF 
Prop. III? 
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Proposition IV. THEOREM 


198. Jf in the same cirele, or in equal circles, two chords 
are equal, the arcs subtended by them are equal. 


Given the equal circles O and O’, and the chord AB = 
chord A’B’. 


ras Araayy 
To prove AB= A'S’. 
Proof. 1. Draw the radii ale IBtortes aly 


OA, OBS OA,O 8. 
2. Then in A AOB and 2. Why? 
A'O'B, 
AB-avA be 
Soe Alsou 4 © == 24 O' 7 cand. 3. Why? 
BO = BO; 

Ae AOR ze LA OB: 4. Why? 

5. Oa On 5. Why? 

6. 2 ape ae 6. If in the same circle, or 
in equal circles, two angles at 
the center are equal, the arcs 
which they intercept are equal. 


($ 195.) QED. 


199. Efficiency value. — The above theorem enables us 
to determine whether two arcs (in the same circle or in 
equal circles) are equal, by measuring or comparing the 
two chords which subtend the given ares. 


Ex. In the above figure, if chord AB = 1 in., chord A'B! = 1 in, 
and are AB = 1} in., find the length of are A'B’, 
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Proposition V. THEOREM (CONVERSE oF Prop. IV) 


200. 


If in the same circle, or in equal circles, two arcs are 


equal, the chords subtending them are equal. 


= 


Meo ae OS 


— 


j ee ey 


Given the equal circles 0 and 0’, and AB = A'B.. 
To prove chord AB = chord A'B’. 


Proof. 1. Draw the radii 
OA; OB-O'A’", O'R’. 
Zo then ain ACAOB and 
A’'O'B’, 
ZO=ZO". 


coe lsow Ores OA’, 


and OB = O'R’. 
Wee AD ete A OB. 
5. peas == Al 13" 


ii, TRIES Th 


2. If in the same circle, or 
in equal circles, two arcs are 
equal, the angles which they 
subtend at the center are 
equal. (§ 196.) 

3. Why? 


4. Why? 


5. Why? QED. 


Ex.1. In the above figure, if are AB = 1} in., are A’B’= 1h in., 
and chord AB = 1 in., find chord A’B’ without measuring it. 


Ex. 2. What is the efficiency value of Prop. V ? 


Ex. 3. Draw acircle O with a radius of one inch. 


construct central angles of 60° and 120°. 
Is the chord of 120° double the chord of 60°? 


subtend these angles. 


In this circle 
Measure the chords which 


Ex. 4. Make up and work an example similar to Ex. 3, using 45° 


as one of the central angles. 
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Proposition VI. THEOREM 


201. I. Jf in the same circle, or in equal cireles, two 
minor arcs are unequal, the greater are is subtended by the 
greater chord ; and 


II. ConvErsELy, if two chords are unequal, the greater 
chord subtends the greater minor are. | 


pean / 


I. Given the equal circles O and O’, and AB > DF. 
To prove chord AB > chord DF. 
Proof. 1. Draw the radii OA, OB, 1, ePostgl: 
OD OF, 
2. Then in the A AOB and DO'F, 2. § 188. 
OA = O'D, and OB = O'F. 
3. AB> DF. 


3. Hyp. 
Ae ZEO SLKO 2 4, § 197. 
5. ..chord AB > chord DF. DeeSmlaes 


II. CONVERSELY. Given the equal circles Oand 0’, 
and chord AB > chord DF. 


To prove AB > DF. 


Proof. 1. In the A AOB and DO’F, TEP lear 
OA = O'D, and OB = O'F. 


2. Also AB > DF. 2. Why? 
BY 8, ZA O16 greater than Z O'. Sy Sle), 
4, .. AB> DP. 4, § 197. 


Q.E.D. : 
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EXERCISES: GROUP 27 


\ 
OSS —”B 
k& 
Given circle O with chord AB Given circle O with chord PR 
= chord CD. = chord QS. 
Prove chord AC = chord BD. Prove A PQR = A QSR. 


Ex. 3. <A, B, C, and D are points taken in succession on a semi- 
circle, and are AC is greater than arc BD. Prove that chord AB > 
chord CD. 

Ex. 4. State the converse of the theorem in Ex. 3 and prove it. 

Ex. 5. The triangle ABC is equilateral. C 
A1C and B2C are ares of circles whose cen- 
ters are B and A, respectively. The arch 1 Q 
formed by the arcs is called an equilateral 
Gothic arch. 

Draw a straight line as base and on it 
construct an equilateral Gothic arch. hi 2 


Ex. 6. By the aid of squared paper, construct the following 
design : 
a] a6 | 


Ex. 7. Construct the following design: 


| 


| | 
eae | 


Ex. 8. If a wheel revolves 20 times per minute, through how 
many degrees does it revolve per second? 
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PROPOSITION VII. THEOREM 


202. A diameter perpendicular to a chord bisects the 
chord and the arcs which the cho: 1 subtends. 


Seen ee“ 


UP 


Given the circle 0, and the diameter PQ chord AB ) 
at R. 


To prove AR= BR, AP = BP, AQ= BQ. 


Proof. 1. Draw the radii OA iL, 12, dk 
and OB. 


2. Then m the rt. A OAR 2. Why? 

and OBR, OA= OB. 

3. OR =. OR. Dae Wilting 

ec OAR OBR. 4, Why? 

be. An Dian 2 oy, 5. Why? 

6 CAP AP. 6. If in the same circle, 
or in equal circles, two A 
at the center are equal, the 
ares which they intercept 
are equal. (§ 195.) 

a eS 
7.. But PAQ = PBQ. 7. A diameter of a circle 
ee bisects the circle. (§ 192.) 

8. oe  ie= BO): 8. VAX: 

QED. 


203. Cor. 1. <A diameter which bisects a chord (shorter 
than a diameter) is perpendicular to the chord. 


ay 
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204. Cor. 2. The perpendicular bisector of a chord 
passes through the center of the circle, and bisects the arcs 
subtended by the chord. 


205. Cor. 38. A line which fulfills any two of the fol- 
lowing conditions fulfills the other two also: 

(1) Is bisector of a chord ; 

(2) Is a diameter ; 

(38) Is perpendicular to the chord ; 

(4) Bisects one of the arcs subtended by the chord. 


Proposition VIII. PROBLEM 


206. To bisect a given circular are. 


Given AB. 
To bisect AB. 


Construction. 1. With A and 1. Post. 3. 
B as centers, and with conven- 
ient equal radii, describe arcs 
intersecting at C and D. 

2. Draw the line CD _ inter- 


secting AB at F. 


Then AB is bisected at the 
point F. 

Proof. 1. Draw the chord AB. ik, Losin, Up 
2. Then OCD | chord AB at § 121. 
its midpoint. 

3. .°. CD bisects AB at F. 5 S AMEE Q.E.F 


bo 


Post. 1. 


bo 
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EXERCISES: GROUP 28 


Bx. 1. With a radius of 1 in., construct an arc of 90°. Bivect 
this are. 

Ex. 2. Construct an arc of 60° having a radius of 1} in. Bisect 
this are. 

Bx. 3. Construct an arc of 224° with a radius of 2 in. Also an 
arc of 15° with the same radius. 

Ex. 4. On the diagram of Prop. VIII, what is the midpoint of the 
arc AB? Is this also the center of are AB? 


Ex. 5. On the diagram of Ex. 1, point out 
the midpoint of the are of 90°. Also the cen- 
ter of this are. 

Ex. 6. Construct a trefoil. 

[Sue. Construct an equilateral triangle and 
bisect one of its sides. ] 


Ex. 7. Construct a quatrefoil by first con- 
structing a square and bisecting one of its sides. 


Ex. 8. Construct a figure like the adjoin- 
ing, by first constructing an equilateral triangle 
and bisecting its sides, and then using the mid- 
point of each side as a center in constructing 
ares. 


Ex. 9. By the aid of squared paper, construct the following de- 
signs for moldings. Note that some curves used are made of two ares. 
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PROPOSITION IX, THEOREM 
207. I. If in the same cirele, or in equal circles, two 
chords are equal, they are equidistant from the center; and, 


II]. CONVERSELY, ¢f two chords are equidistant from the 


center, they are equal. 
D 


LX 


a 


I. Given the circle 0 in which the chords AB and CD 
are equal, OH 1 AB, and OF L CD. 


To prove OH = OF. 
Proof. 1. Draw the radii eeOstarls 


OA and OC. 
2. OE bisects AB, and OF 2. The diameter | a chord 
bisects OD. bisects the chord. (§ 202.) 


3. In the right A OAH 3. Why? 
and OCF, OA= 00. 


4, Also AE = CF. 4, Ax. 5. 
5... A OAE =A OCF. 5. Why? 
6 .«. OF=OF. 6. Why? 


II. CONVERSELY. Given circle O, chords AB and 
CPO IAB! OF CD ,and (OF = OF. 
To prove AB=CD. 


Proof. Let the student supply the proof. 


Ex. A wheel revolves 30 times per minute. In how many 
seconds does a point on its circumference reyolve through an arc of 
90°? Through an are of 120° ? 
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PROPOSITION X. ‘THEOREM 


208. If in the same circle, or in equal circles, two chords 
are unequal, the shorter is at the greater distance from the 
center. 


A B 
Given in the circle O the chord COD < chord AB, 
OR WABAOG ECD: 


To prove OG > OF. 


Proof. 1. Chord AB >chord CD. 1. Hyp. 
QA BS OD. 22018 


3. Mark off on AB the 4E=OD,| 3. Post. 1. 
and draw the chord AH. 
4, .. chord AH=chord CD. 4, § 200. 
5. Draw OH 1 AF and intersecting Dames AZo: 
Zaes 8 Ihe 


6. Then OH= OG. 6. § 207. 

(Gebutes OH >.0 17, Cag 6 e8 

3 Also 30.5 OF. 8. Why? 

9. Much more then OH or its equal 9. Ineq. Ax. 4 
OG > OF. (§ 183.) QED. 


Ex. Draw a circle O, with a diameter AB. Construct an angle 
APB, whose sides, dP and PB, are chords. By use of the protractor 
measure angle P. Is this angle greater or less than a right angle? 

Also on the same figure construct another angle, A QB, whose sides 
are chords. By use of the protractor measure this angle and com- 
pare it with angle P. 
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PROPOSITION XI. THEOREM 


209. fin the same circle, or in equal circles, two chords 
are unequally distant from the center, that one is shorter 
which is more remote from the center. 


De TE 8) 
Given the chords AB and CD in the circle 0, OG L AB, 


OHETIGD, .O He OG. 
To prove chord CD < chord AB. 


Proot; 91> Either ~CD'= A pineg 5 As, 52 (Se loo.) 
chord AB, or CD > AB, or 
CD AB: 

2. But chord CD cannot = 2. Ifitdid, OH would equal 
chord AB. OG (§ 207), which is contrary 


to the hypothesis. 
3. Also CD cannot be 3. If it were, OH would be 
greater than AB. less than OG (§ 208), which 
is contrary to the hypothesis. 
4, Hence, chord CD< 4. It is neither equal to 
chord AB. AB nor greater than AB. QED. 


Bx. 1. Drawacircle O with any convenient radius. In this circle 
construct an acute Z BAC in which BA and AC are chords. Draw 
the radii OB and OC. By use of the protractor find the number of 
degrees in 4 A and O. How many times larger is Z O than ZA? 

Ex. 2. Draw the figure for the following theorem, and state the 
hypothesis and conclusion in terms of the letters on the figure: “If 
two equal chords intersect within a circle, the corresponding seg- 
ments of the chords are equal.” 
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PROpPosITION XII. 


PLANE GEOMETRY. BOOK II 


THEOREM 


210. A straight line tangent to a circle is perpendicular 
to the radius drawn to the point of contact. 


Berar ges 


0 


Given BC tangent to the circle O at the point A. 


To prove BC L OA. 


Provle i. lakeees,. any 
point on BC except A, and 
draw OP. 

2. Then P is outside the 
circle O. 


3. OP > radius OQ, or OA. 
4..73°40A LO BO; that is, 
BO AS OA, 


Ht (COIR, Th 


ih Wetec, Ik 


2. A tangent toa circle can 
have but one point in common 
with the circle. (§ 185.) 

Oo, AKO: 

4, § 137. 

Q.E.D. 


A straight line perpendicular to a radius 


at the point where the line meets the circle is tangent to the 


circle. 


212. Cor. 2. A perpendicular to a tangent at the point 
of contact passes through the center of the circle. 


213. Cor. 3. 


The perpendicular drawn from the center 


of a circle to a tangent passes through the point of contact. 


Ex. Construct a circle O, a radius OA, and a line 1 OA at A. 
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EXERCISES: GROUP 29 


Ex. 1. Given the circle O with the equal A 
chords AB and CD intersecting at P. FH 
is the diameter through P. Prove Zz = Zy. 

{[Sue. From the center O, draw OR and 
OS 1 the chords CD and AB.] 


Ex. 2. On a diagram like that on p. 64, 
with P as a center and with a radius greater D oe 
than PQ but less than PB, describe a circle. al 
Prove that this circle intercepts equal chords B 
on the lines AB and BC. 


Ex. 3. In a given circle, is the chord of an are of 60° twice as 
long as the chord of an are of 80°? Draw a diagram and prove your 
statement. 


Ex. 4. If the perpendiculars from the center upon two chords are 
equal, the ares subtended by these chords 
are equal. 


Ex 5. Given the circle O with the radii 
OC and OD, and AB a diameter; 7g = Zh. 
Prove chord CD || AB. 

[Sue. ZCOD+2ZC+4+2ZD=180°] 

Ex. 6. In a given circle, tangents drawn 
at the extremities of a diameter are parallel. 


Ex. 7. The line joining the center of a circle to the midpoint of 
a chord is perpendicular to the chord. 

Ex. 8. By the aid of squared paper, construct the following arcs 
of spirals. (Note that Fig. 1 is composed of semicircles and Fig. 2 
of quadrants. See § 228.) 
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Proposition XIII. THEOREM 


214. Through three points, not lying in a straight line, 
one circle, and only one, can be drawn. 


- 


Cotes) ee 
\ a 


\ 
\ 
as 
O* 
we 
& 
- 


bb--- 


Given A, B, and (@ any three points not in the same 
straight line. 


To prove that one circle, and only one, can be drawn 
through A, B, and C. 


Proof. 1. Draw the lnes Te Ostet: 
AB and BC. 
2. Construct DF and EG, 2. § 128. 
the . bisectors of AB and 
BC. 
3. DF and EG must inter- 3. Lines . non-parallel 
sect at some point O. lines are not ||. (§ 101.) 
4. Point O is equidistant 4, § 120. 
from A and B. 
5. Also O is equidistant 5. Why? 
from B and C. 
6. Hence, O is equidistant Ga Axed. 
from the three points A, B, C. 
7.. Hence, if a circle is de- he ES aba 


scribed with O as a center and 
OA as a radius, it will pass 
through A, B, and C. 
8. But DF and HG@ can 8. § 55. 
intersect at but one point. 


ae 
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9. Also between O and B 9. § 57. 
only one straight line can be 


drawn. 

10. Hence, only one circle 10. With one center and 
can be drawn through A, B, | one radius, only one circle 
and 0. can be drawn. QED. 


215. Efficiency value. — The above theorem enables us 
to shrink or to economize a circle into three points; or 
to expand any three points into a circle. 


Ex.1. How many circles can be passed through four given points 
in a plane, each circle passing through three, and only three, of the 
given points ? 

Ex. 2. Through two given points how many circles can be drawn? 
Draw three of these circles. 

Ex.3. Draw two circles so that they can have a common chord. 


PROPOSITION XIV. THEOREM 


216. When two tangents to the same circle intersect each 
other, the distances from their point of intersection to their 
points of contact are equal. 

A 


aK 
B 
Given PA and PB tangent to the circle O at the points 
A and B respectively. 


To prove PA= PB. 
Proof. Let the student supply the proof. 
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217. The line of centers of two circles is the line join- 
ing their centers; as OO! (Fig. 1). 


Fia. 1 


218. Two circles tangent to each other are circles which 
are tangent to the same straight line at the same point. 
They are tangent externally or internally according as one 
circle lies entirely without or entirely within the other. 
See Figs. 2 and 3. 


A C 
B |D 
Fig. 2 Fig. 3 


219. Concentric circles are circles which have the same 
center. Let the student draw a pair of concentric circles. 


220. Two circles which do not meet may have four 
common tangents. 

A common internal tangent of two circles is a tangent 
which cuts their line of centers; as PP!’ (Fig. 1) or 
AB (Fig. 2). 

A common external tangent of two circles is a tangent 
which does not cut their line of centers; as 7'7’ (Fig. 1) 
or CD (Fig. 38). 
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Proposition XV. THEOREM 


221. When two circles intersect each other, the straight line 
through their centers is the perpendicular bisector of their 
common chord. 


(I 
y) 


‘B 


Given the circles O and O’, intersecting at the points 
A and B. 
To prove that OO is the L bisector of the chord AB. 


Proof.--1. Draw the radii OA, OB, O'A, O’B. | 1. Post. 1. 
Zt nen OA OB, and (OA = O'B. 2. Why? 
3. Hence, O and O’ are two points equidis- | 3. Why? 
tant from A and B, and OO’ is the L bisector 
of AB. Q.E.D. 


Ex.1. Draw two intersecting circles and show that the line of 
centers is less than the sum of the radii of the two circles. 


Draw two circles in which the line of centers 
Ex. 2. Equals the sum of the radii. 


Ex. 3. Is greater than the sum of the radii. 

Ex. 4. Is less than the sum of the radii. 

Ex. 5. Is less than the sum, but greater than the difference of the 
radii. 


Ex. 6. Can two circles which are tangent to each other have a 
common chord? ~ 

Ex. 7. Can two circles which are tangent to each other have a 
common secant ? 

Ex. 8. Draw two circles which can have neither a common chord 
nor a common tanget. 
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222. A polygon inscribed in a circle is a polygon all of 
whose vertices lie in the circle; as ABCDE (Fig. 1). 

A circle circumscribed. about a polygon is a circle which 
passes through every vertex of the polygon. 


B . R 


~ zr 


Fig. 1 Fig. 2 


223. A polygon circumscribed about a circle is a polygon 
all of whose sides are tangent to the circle; as PQRST 


(Fig. 2). 


A circle inscribed in a polygon is a circle to which all 
the sides of the polygon are tangent. 


How many common internal tangents and how many common 
external tangents have two circles 


13p-¢, Dp 


isa] 
Ga ya oe 


If they touch externally ? 

If they touch internally ? 

If they intersect? 

If one circle lies wholly inside the other? 


If one circle lies wholly outside the other? 


EXERCISES: GROUP 30 


Ex. 1. PA and PB are tangents to a circle drawn from the point 
P. O isthe center of the circle. Prove that PO is the perpendicular 
bisector of the chord AB. 


135.25 PA, 


If two tangents to a circle include an angle of 60° at their 


point of intersection, the chord joining the points of contact forms, 
with the tangents, an equilateral triangle. 
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Ex. 3. Given RA, RQ, and QB tangents of 
the circle O. Prove RQ = RA +. QB. 

Ex. 4. If a quadrilateral is circumscribed 
about a circle, show that the sum of one pair 
of opposite sides equals the sum of the other 
pair. 


BQ 


Ex. 5. If a hexagon is circumscribed about a 
circle, show that the sum of three alternate sides equals the sum of 
the other three sides. 


Ex. 6. If a polygon of 2n sides is circumscribed about a circle, 
the sum of n alternate sides equals the sum of the other n sides. 


Ex. 7. A parallelogram circumscribed 


A 
A : 5 18 B 
about a circle is equilateral. 
Ex. 8. If two circles are tangent ex- 
ternally, the common internal tangent bi- 
sects the common external tangent. (That 
is, prove PA = PB.) 


Ex. 9. If two circles are tan- Ex. 10. Two circles whose 
gent (either externally or inter- centers are O and O! are tangent 
nally), tangents drawn to them internally at P. The line PAB 
from any point in the common is drawn intersecting the circles 
tangent are equal. at A and B. Prove that OA and 


O'B are parallel. 
B 
4 


Ex. 11. By the aid of squared paper, construct the following 
designs : 


©. 
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Ex. 12. Two straight street railway tracks, AB and CD, if pro- 
duced, would ineet at the point P. They are, however, connected by 
the track AFC, which is the are of a circle 
to which AB is tangent at A and CD at 
C. If PA =160 yd., how long is PC? 
Show how to find the center of the 
are AFC. 

Ex. 13. Two straight street railway 
tracks, if produced, would meet at right 
angles. These tracks are to be connected by the are of a circle whose 
radius is 150 yd. Using the scale 1 inch = 100 yd., draw a diagram 
showing the straight tracks and the connecting curve. 


-B 


MEASUREMENT: RATIO 


224. Measurement.— For many purposes, the most 
advantageous way of dealing with a given magnitude is 
to take a certain definite part of the magnitude as a unit, 
and then determine the number of times this unit must be 
taken in order to make up the given magnitude. Ease and 
precision in dealing with magnitudes are thus obtained. 

Geometric magnitudes thus far have been treated as wholes, the 
object being simply to determine whether two given magnitudes are 
equal, or unequal, or to determine some similar general relation. 
Hereafter geometric magnitudes will frequently be treated as if com- 
posed of units. 5 

To measure a given magnitude is to find how many 
times the given magnitude contains another magnitude of 
the same kind taken as a unit. 


225. The numerical measure of a magnitude is the num- 
ber which expresses how many times the unit of measure 
is contained in the given magnitude. 

The ratio of two magnitudes is the quotient, or in- 
dicated quotient, obtained by dividing the first magnitude ° 
by the second. 

36 in. cee 


Thus the ratio of 3 ft. to 1 ft. 4 in. is : 
16 in. 4 


tt 
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226. The efficiency value of ratio is illustrated by the 
fact that several indicated quotients, when taken together, 
may be simplified by cancellation before a final deter- 
mination of their value is made. 


227. Two magnitudes of the same kind have the same 
ratio as their numerical measures. 


Also it follows from the properties of fractions that 
equimultiples of two quantities have the same ratio as the 
quantities themselves. 


228. A degree of arc is 33, part of a circle. (See § 20.) 


: : C 
Hence, if the central angle AOB contains 


30 degrees of angle, the intercepted arc AB 
contains 30 degrees of arc. 


A quadrant is one fourth ofa circle ; ‘ = 
as AC. Hence, a quadrant contains 
90 degrees of are. 

Also a semicircle contains two quadrants, or 180 degrees 
of are. 


Ex. 1. With a radius of $ in., draw a circle and divide it into four 
equal arcs. 


Ex, 2. With a radius of 1 in., draw a circle and divide it into 
eight equal ares. How many degrees are there in each of these 
arcs ? 

Ex. 3. Draw a circle and divide it into six equal arcs. Into 
twelve equal arcs. How many degrees are in each of these arcs? 


Ex. 4. Is 1° of angle always of the same size wherever found? 


Ex. 5. Is1l° of the arc in Ex. 1 of the same size as 1° of the are 
Thal Ope PRY 
Ex. 6. Draw two circles of such a size that 1° of arc in one of 


them shall equal 1° of are in the other. Draw another circle in’ 
which 1° of are is smaller than in the two circles first drawn. 
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PRoposITiIoN XVI. 


PLANE GEOMETRY. BOOK II 


THEOREM 


229. In the same circle, or in equal circles, two central 
angles have the same ratio as their intercepted ares. 


pit 


Given the equal © O and O’, with the central 4 AOB 
and A! O'B' intercepting the ares AB and A’B’. 


To prove £AOB = AB : 
P ZeALOUE: AB 


Proof. 1. Let arc PQ (from 
a circle = O and O') be an are 
contained in AB an exact 
number of times, as m times, 

BSS 

and in A'B' n times. 
AB _m PQ yin, 
A'B n PQ e 

2. From O and O' draw 
radii to the several points of 
division of ares AB and A'B'. 

3. Then Z AOB will be di- 
vided into m, and Z A'O'B' 
into n small angles, all equal. 


Then 


ZAOB _ mL Rm 
ZA'O'B nZR n 


POR Stan 
s CB ——= 
PORE 


1. Two magnitudes have 
the same ratio as their nu- 
merical measures. (§ 227.) 


em OStmiLe 


3. If in the same circle, or 
in equal circles, two ares are 
equal, the 4 which they sub- 
tend at the center are equal. 
($ 196.) 

4. § 227. 


Highs WNSe, “The 


QED. 


¢ 


MEASUREMENT OF THE CIRCLE 135 


If in the above proof the two ares AB and A’B' should 
be found to have no common unit of measure, like are 
PQ, the above theorem may still be proved true by a 
method of proof called the method of limits, which is beyond 
the scope of this book. 


230. Cor. The number of angular degrees in a central 
angle is the same as the number of circular degrees in the 
intercepted arc; that is, a central angle.is measured by its 
intercepted are. 


231. Symbol for measurement; properties. — The expres- 
sion Z AOB Z AB is read, “ The angle AOB is measured 
by the arc AB.” Another form of statement is the follow- 
ing: “The number of degrees in angle AOB equals the 
numerical measure of arc AB.” 

Hence, the above expression is a form of equality, and 
the properties of equals, as stated in Axs. 2, 3, 4, 5 (p. 22) 
and others, apply here also. 


Ex.1. What is the ratio of a quadrant to a semicircle ? 


Ex. 2. What is the ratio of an angle of an equilateral triangle to 
one of the acute angles of an isosceles right triangle ? 


Ex. 3. Draw two circles so that the center of each circle is on the 
circumference of the other. 


Bx. 4. Draw three circles so that the center of each is on the cir- 
ecumference of the other two. 

[Sue. First draw an equilateral triangle. ] 

Ex. 5. Draw three circles each of which shall be tangent to the 
other two. 


Ex. 6. Draw two concentric circles and a line which is a tangent 
to one of these circles and a chord of the other. 


Ex. 7. Draw two concentric circles and a line which is a secant, 
of one and a chord of the other. 
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232. A segment of a circle is a figure composed of an 
are of a circle and its chord; as ABC. 


233. An inscribed angle is an angle z 


whose vertex is in the circle and 4 
whose sides are chords; as the angle 


Bie. 


234. An angle inscribed in a seg- 
ment is an angle whose vertex is in Ff 
the are of the segment and whose 
sides are chords drawn from the vertex to the extremities 

, of the are. Thus Z PQR is inscribed in segment PQR. 


Q 


Ex. On the above diagram draw the chords AR and PC inter- 
secting in 7’. Name all the inscribed angles on the figure. Is 2 ATP 
an inscribed angle? 

PRoposITion XVII. THEOREM 


235. An angle inscribed in a circle is measured by one 
half its intercepted are. 


NAD 


ia: CG, © Fie. 3 


CASEI. When the center of the circle lies in one side of 
the inseribed angle. 


Given 4 BAC (Fig. 1) inscribed in the circle O, and AB 
passing through the center 0. 
To prove 2 BAC = 1B0, 


a ree 
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Proof. 1. Draw radius OC. 1. Post..1. 
2. Then in A OAC, 2. Why? 
OA = OC. 
cht unten As Ree edes 62 3. Why? 
aoemilt, Zep ZA Za. 4. Why? 
Ome Lien 2, LA, DeeAx.0o) 
6.> But Zp 2@ BO. 6. A central Z is measured 
by its intercepted are. (§ 230.) 
eae Atel BC: Togas, 5. 


Case Il. When the center of the circle lies within the 
inscribed angle. 

Given the inscribed Z BAC (Vig. 2), with the center of 
the circle O lying within the angle. 

To prove that 7 BAC} BO. 


Proof. 1. Draw the diam- Le PR Ostgl: 
eter AD. 

2. Then Z BAD 1 BD. 2. Case I. 

Be Visoe” DAC EDC 3. Why? 

4. er AC. 4 BC 4, Ax, 2. 


CASE III. When the center of the circle is outside the 
inscribed angle. 

Given the inscribed Z BAC (Fig. 3) with the center O 
outside the angle. 

To prove that 7 BACZ. LBC. 

Proof. Let the student supply the proof. 


236. Efficiency value. —By use of the above theorem, 
if the number of degrees in the intercepted are is known, 
the number of degrees in the inscribed angle can be de- 
termined immediately. 
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Thus, if the arc BC (Fig. 3) contains 48°, the angle 
BAC contains 24°. Also, if it is known that the angle 
BAC contains, say 27°, the arc must contain 54°. 


A A’ 
G 


D 
Fig. 4 Fic. 5 Fia. 6 


237. Cor. 1. All angles inscribed in the same segment, 
or in equal segments, are equal. 

Thus 4A, A', A’' (Fig. 4) are all equal, for each of 
them is measured by one half the are BDC. 


238. Cor. 2. Anangle inscribed ina semicircle ts a right 
angle, for it is measured by one half a semicircle. 

Thus FH (Fig. 5) isa diameter. .. 2 PGHis a right 
angle. 


239. Cor. 38. An angle inscribed in a segment whose 
are is greater than a semicirele is an acute angle. An angle 
inscribed in a segment whose arc is less than a semicircle is 
an obtuse angle. 


EXERCISES: GROUP 31 


Bx.1. If in Fig. 1 (p. 136) ZA contains 23°, how many degrees 
are there in BO? In 40? 


B=, 2) if in Bie. 1 AC= ; of the circle, how many degrees are 
thereline130 Gately A baler 


Bx.3. If in Fig. 3 AC =2B0, and BO=2 HB, find ZDAC. 
Also Z DAB. 
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Ex. 4. Prove that each pair of opposite A 
angles in an inscribed quadrilateral are 
supplementary. 


Bx. 5. ABC is an inscribed equilateral 
triangle. A EH, F, D are inscribed in the 


segments AH B, BFC, and CDA, respec- 2 
tively. Find the number of degrees in fa 
the sum of the 4 EZ, F, D. 6] 


Ex. 6. PQRS is a quadrilateral in- 
scribed in the circle O. PQ=62°, QR=43°, 
and the major are RS = 212°. Find all 
the angles of the figure. Draw the.radius 
OQ and then find all the new angles formed 
on the figure. 


Ex. 7. Draw a circle containing an in- 
scribed square. In each of the segments 
whose chords are the sides of the square, 
inscribe an angle. Find the number of degrees in the sum of these 
inscribed angles. 


Ex. 8. AZ is the diameter of a circle, and P is any point on the 
circle. AP is produced to the point Z so that PZ equals AP. Draw 
PB and prove that BL is equal to the diameter of the circle. 

If the angle 4 contains 22°, how many degrees are there in each 
angle of the figure? 


Ex.9. ABC is an isosceles triangle inscribed in a circle. ‘The 
vertex angle B is 30°, and D is the midpoint in the are BC. If the 
line AD is drawn, how many degrees are there in the angle DAB? 


Ex. 10. Circumscribe a circle about a given right triangle by 
bisecting only one side of the right triangle. 

Ex. 11. Given the hypotenuse and an acute angle, construct a 
right triangle. 

[Sue. Construct a semicircle whose diameter is the given hypote- 
nuse. | ' 

Ex. 12. Given the hypotenuse and one leg of a right triangle, 
construct the right triangle. 

Ex. 13. Construct a segment of a circle which shall contain an 
inscribed angle of 120°. Of 60°. Of 90°. 
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Proposition XVIII. THEOREM 


240. An angle formed by two chords intersecting each 
other within a circle is measured by one half the sum of the 
are intercepted between its sides and the are DIRE 
between the sides of its vertical angle. 


dD 


bk 


C 


Given the chords AB and CD in the © ADBQC, inter- 
secting within the circumference at the point P. 


To prove that 7 DPS is measured by } (DB + AC). 


Proof. 1. Draw the chord AD. they JERo Ge. Ab. 
Del AD 2 Wine 
JL SOIPI EVE, Stk 1 ZZ JD). 
Sebi 4.4 eB. 3. An angle inscribed 


in a circle is measured 
by one half its inter- 
na cepted are. (§ 235.) 

4. ZDZAAC. 4. Why? 

Se i DPB 1 (DB AC). BAK 2 


Q.E.D. 


Ex. 1. In the above figure, if are DB contains 94° and are AC 
contains 38°, how many degrees are there in Z APC? In ZAPD? 


Ex. 2. Ifare 4D = 52? and Z APD = 124° find are CB. 


Ex. 3. If in Fig. 1 (p. 186) arc AC contains 112°, how many 
degrees are there in the Z A? 


ee 
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Proposition XIX. THEOREM 


241. An angle formed by a tangent and a chord through 
the point of contact is measured by one half the intercepted 


are. 
D 


IN | 
A P -B 


Given AB a tangent to the circle Oat the point P; PC 
a chord. 


Pe 


To prove 7 APC #34 PC. 


soo ik, Iie, aay  obe Dye Roste ls 


ameter PD. 
Be ve SAVIO TE EY aay & J4, lS PAKY 
aT as 
8. ZAPD 224 POD. 3. For a semicircle con- 
tains 180° of are. (§ 228.) 
4, But ZCPD =} CD. 4. Why? 
5. Hence, ZAPC 1} PC, De AXSO, Nes 


Ex. 1. In the above figure, if are PC contains 94°, how many 
degrees are there in Z APC? 

Ex. 2. If are CD = 80°, find all the angles on the figure. 

Ex. 3. If are PDC exceeds are PC by 128°, how many degrees 
are in each angle of the figure? 

Ex. 4. Draw a figure for the following theorem, letter the figure 
and state the hypothesis and conclusion in terms of the lettered dia- 
gram (but give no proof of the theorem): “If from the point in which 
the bisector of an inscribed angle meets the circle, a chord is drawn 
parallel to one side of the angle, the chord thus drawn equals the 
other side of the angle.” 
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PROPOSITION XX. THEOREM 


242. If two lines which intersect each other in a potut 
outside of a circle both meet the circle, the angle which they 
form is measured by one half the difference of the intercepted 
ares. 


I. Given the © ACDB (Fig. 1), and the 2 APB formed 
by the secants PA and PB, meeting at the point P out- 
side the circle, and intersecting the circle at C and D, 
respectively. . 


To prove that Z P is measured by 4 (AB - OD). 


Proof. 1. Draw the chord CB. doy BOstale 
ZeetheneZ ACB = 41P a7 Zip, 2. Why? 
Re FIZ IP Ph NOVAS IBY Da AG 
4, But Z ACB44 AB. 4, Why? 
5. Also 2Z2B210D. 5. Why? 
6. ti /EPee LAB OD}. 6. Ax. 9. 


II. Given the O ADB (Fig. 2), and 2 CPB formed by 
the tangent PC touching the circle at A and the secant 
PB intersecting the circle at D. 


Pome 


To prove that Z P is measured by 4 (AB —AD),. 
Proof. Let the student supply the proof. 
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Ill. Given 2 APB (Fig. 3) formed by the tangents 
PC and PD touching the circle at A and B, respectively. 
4 Ge ee 
To prove that 2 P is measured by $ (AHB— AFB). 
Proof. Let the student supply the proof. 


243. Efficiency value. — By means of Props. X VII-XX, 
angles formed by chords, secants, or tangents (or com- 
binations of these) are all reduced to central angles and 
hence may readily be compared. 


Ex. 1. If in Fig. 1 (p. 142) CD = 34° and AB = 108°, draw AD 
and find all the angles of the figure. 


Bx. 2. If in Fig. 38 (p. 142) angle P = 80°, find ares AFB and 
AEB. 


PROPOSITION XXI. THEOREM 


244. Two parallel chords of a circle intercept equal ares. 


Given the parallel chords AB and CD in the circle O. 
To prove A eB 1. 


Proof. 1. Draw CB. ik Tosti 1 
2. Then VLD ay ap 2. Why? 
3. But Lo LOE AC 3. Why? 
4, Also Ly ZEB. 4, Why? 
B. it AO = 4 BD. 5. Ax. 1. 
6. PC = 5D. 6. Why? 


Q.E.D. 
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245. Cor. 1. Jf a secant and a tangent to a given cirele 
are parallel, they intercept equal ares on the circle. 


246. Cor. 2. If two tangents to a given circle are paral- 
lel, they intercept equal arcs on the cirele. 


e 


EXERCISES: GROUP 32 


Ex.1. What new methods of proving two lines equal have been 
found in Book Two? 

Ex. 2. What new methods of proving two angles equal? Of proy- 
ing two angles supplementary? Of proving an angle a right angle? 

Ex. 3. What methods of proving two ares equal? 

Ex. 4. <A chord forms equal angles with the tangents at its 
extremities. 

Ex. 5. If anisosceles triangle is inscribed im a circle, the tangent 
at its vertex makes equal angles with two of its sides and is parallel 
to the third side. Is the converse of this 
theorem true? 

Ex.6. If two chords in a circle intersect 
within the circle at right angles, the sum of a 


pair of alternate arcs equals a semicircle. Ib 
Ex. 7. Given O the center of a circle and ENS d 


AC atangent. Prove 7BAC=i12Z0. A 

Ex.8. If one side of an inscribed 
quadrilateral is produced, the exterior D 
angle so formed equals the opposite in- \ 
terior angle of the quadrilateral. B 


Ex.9. If AB and CD are two inter- 
secting diameters in the circle O, prove A 
ADBC a rectangle. \ 
Ex.10. A parallelogram inscribed in 
a circle is a rectangle. 
Ex.11. A circle is circumscribed about the triangle ABC, and 


P is the midpoint of the arc AB. Prove that the angle ABP equals 
one half the angle C. 


Bx.12. If A, B, C, D, and EF are points taken in succession on 
a circle, and the ares AB, BC, CD, and DE are equal, prove that the 
angles ABC, BCD, and CDE are equal. 
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Ex. 13. An inscribed angle formed by a diameter and a chord 
has its intercepted are bisected by a radius which is parallel to the 
chord. 


Ex. 14. Twosecants, PAB and PCD, intersect Yas fi 
the circle ABDC. Prove that the triangles PBC ‘oa. 
and PAD are mutually equiangular. \ 

Bx. 15. Given AC a tangent and ABI CE. E 
Prove & ACD and ABE mutually equiangular. JU 

Ex.16. A straight line is drawn cutting two oH 
equal © and |I to their line of centers. Prove that 
the chords intercepted in the two © are equal. 

Ex.17. Given ASC an inscribed triangle, AH 
1 BC,andCD1AB. Prove are BD = arc BE. 


Ex.18. Tangents through the vertices of an 
inscribed rectangle form a rhombus or a square. 


S 


B 6} 
E 
247. Use of auxiliary lines. —In demonstrating theorems 
relating to the circle, it is often helpful to draw one or 
more of the following auxiliary lines: a radius, a diame- 
ter, a chord, a perpendicular from the center wpon a chord, 
an are, a circle, ete. 


EXERCISES: GROUP 33 


AUXILIARY LINES 


Ex.1. Given circle 0, AB = BC, BM 1 OA, a 
and BN 1 OC. Prove BM = BN. i 
Ex. 2. If from any point on a circle a chord No 


anda tangent are drawn, the perpendiculars drawn 
to them from the midpoint of the arc subtended by 
the chord are equal. 

Ex. 3. Given O the center of a circle, and OD 
it chond AC. Prove ZAOD= ZB. ; 

Ex.4. From the extremity of a diameter, 
chords are drawn making equal angles with the 
diameter. Prove that these chords are equal. 

[Suc. Draw Js from the center to the chords. ] 

Is the converse of this theorem true? 
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Bx. 5. If through any point within a circle equal chords are 
drawn, show that the line drawn from the center to the point of inter- 
section of the chords bisects their angle of intersection. 


Ex.6. Tangents PA and PB are drawn to a circle whose center 
is O. Prove that angle P equals twice angle OAB. 


Ex. 7. If in a circle two equal chords intersect, ea 


the segments of one chord equal the segments of the 
other chord. 


Ex.8. The chord AB equals the chord CD in a 
given circle, and the chords, if produced, intersect at 
the point P. Prove secant PA = secant PC. 

[Sue. Draw the chord AC.] 


Ex. 9. If a quadrilateral is circumscribed about a circle, the angles 
at the center subtended by a pair of opposite sides are supplementary. 

[Sue. Draw radii to the points of contact and show that there 
are four pairs of equal A at the center. ] 


Ex.10. If an equilateral triangle ABC is inscribed in a circle 
and any point P is taken in the arc AB, show that PC = PA + PB. 

[Sue. On PC take PM equal to PA, draw AM, and prove A PAB 
and MAC equal. | 


Ex.11. ‘Two radii perpendicular to each other are produced to 
intersect a tangent, and from the points of intersection other tangents 
are drawn to the circle. Prove that the tangents last drawn are 
parallel. A 

[Sue. Draw radii to the three points of contact.] 

Bx.12. A straight line intersects two concentric \ 
circles. Show that the segments of the line inter- 


cepted between the circles are equal. D 
[iSuG EroverA Bi 162). 


Ex.13. PA and PB are equal lines drawn 


P 

from an external point P to the circle O. A-/ 

Prove that PO bisects Z APB. q 
B 


[Sue. Produce PA and PB to form the 


secants PC and PD. y 
FProye PA pe AN 


S 


. AORP =A OSP, etc.] 


7 a a 


THE CIRCLE 147 


Ex.14. A common tangent is drawn to two circles which are 
exterior to each other. Show that the chords drawn from the points 
of tangency to the points where the 
line of centers, produced through 
the center of the larger circle, cuts 
the smaller circle and meets the 
larger circle, are parallel. 

Bx.15. A circle is described on 
the radius of another circle as a diameter, and a chord of the larger 
circle is drawn from the point of contact of the two circles. Prove 
that this chord is bisected by the smaller circle. 

[Suc. If the chord is bisected, a 1 from the center of the larger 
circle to the chord will also bisect the chord. ] 

Ex.16. Two circles are tangent ex- 
ternally at the point P. Through P any 
two lines APB and CPD are drawn, ter- 
minated by the circles. Show that the 
chords A.C and BD are parallel. 

[Sua. Draw the common tangent at 
P. If AC and BD are|l, what 4 must be 
equal ?] 

Ex.17. Two circles intersect at the points P and Q. Lines APB 
and CQD are drawn, terminated by the circles. Show that AC and 
BD are parallel. 

Ex. 18. If a square is constructed on the hypotenuse of a right 
triangle, a line drawn from the point where the diagonals of the 
square intersect to the vertex of the right angle bisects the right angle. 

(Sue. Describe a circle on the hypotenuse of the right triangle 
as a diameter. | 

Ex.19. If two circles are tangent externally at P, and a common 
tangent touches them at A and B, respectively, the angle APB is a 
right angle. 

Ex. 20. If in the triangle ABC the two altitudes BD and AE are 
drawn, the angle ABD equals the angle AED. 

[Sue. Describe a semicircle on AB 
as a diameter. ] 

_ Bx. 21. Two circles intersect at P 
and Q. PA and PB are diameters. 
Prove that QA and QB form a straight 4 
line, 


A 


<i, 


a 
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Ex. 22. Two equal circles intersect at P and Q; through P, a line 
is drawn terminated by the circlesat A and B. Show that QA equals QB. 

[Suc. AA and B are measured by what arcs ?] 

Ex. 23. What is meant by the expression, “the inscribed Z ABC 
is measured by 3 arc AC”? 


248. A maximum is the greatest of a class of magni- 
tudes satisfying certain given conditions, and a minimum 
is the least. 

Of the chords in a given circle, which is the maximum? 


EXERCISES: GROUP 34 
Maxima AND MINIMA 


Ex.1. Of the chords drawn through a given point within a circle, 
determine which is the greatest, and 
also which is the least. 

Ex. 2. Find the shortest line, and 
also the longest line, that can be 
drawn from a given external point to 
a circle. 

[Sua. O being the center, prove in A PCO, PA <PC; by APDO, 
IPB} TEND), fei 

Ex. 3. Find the shortest line, and also the B 
longest line, that can be drawn to a circle from a 
point within the circle. 

[Suc. O being the center, prove, by use of A 
ISAOWEXC,, JIB INES | D 

Ex. 4. If two circles intersect, show 
that, of lines drawn through a point of 
intersection and terminated by.the circles, 


that line is a maximum which is parallel 
to the line of centers. 

Suga ProventiS <0 Oe G12 DR 
AUIPTB. | 

Ex.5. Given AB 1 OB in circle O. Prove 
ZOAB the maximum of all A having their vertices 
on the circle and their sides passing through O and 
B, respectively. 

(Sua. Draw a circle on OA as a diameter. ] 


THE CIRCLE 149 


EXERCISES: GROUP 35 


Demonstrations BY INDIRECT Mrruops 
Prove the following by an indirect method (see § 179, p. 101) : 
Ex. 1. A segment of a circle which contains a right angle is a 
semicircle. 
Ex. 2. If a rectangle is inscribed in a circle, its diagonals are 
diameters. j 
Ex. 3. Prove the second part of Prop. VI by an indirect method. 


Ex. 4. A line joining the midpoints of two parallel chords passes 
through the center. 

[Suae. Draw a 1 to each chord from the center and show that 
these s are in the same line.] 

Ex. 5. Ifthe opposite angles of a quadrilateral are supplementary, 
a circle can be circumscribed about the quadrilateral. 

[Sue. Pass a circle through three vertices of the quadrilateral; if 
it does not pass through the remaining vertex, etc. ] 


249. A geometrical constant is a geometrical magnitude 
which may vary in some respect, as in position, but 
remains constant in size. 

Thus the angles inscribed in a given semicircle vary in 
position but are all of the same size; viz., a right angle. 


(See § 238.) 


EXERCISES: GROUP 36 
DETERMINATION OF CONSTANTS AND Loctr 

Bx. 1. AB and AC are tangents to a circle. P is any point on 
the circle outside the triangle 4BC. As P moves, prove that the 
sum of the Z A and 72 BPC is constant. 

Ex. 2. In the figure of Ex. 3, p. 131, if AR and BQ are produced 
to meet at 7, show that the perimeter of the triangle TRQ equals 
the sum of 7'A and TB; and hence that the perimeter of triangle 
TRQ is constant, no matter how P may vary in position between A 
and B. 

Ex. 3. Show on the same figure that, if O is the center, Z ROQ is 
constant as P varies in position. 
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Ex. 4. Two circles intersect in the 
points A and B. From any point P on A, 
one circle lines PAC and PBD are drawn, 
terminated by the other circle. Show that 
the chord CD is constant. 

[Sue. Draw BC and prove ZCBD a 
constant. ] 


Ex. 5. Given OA lL OB, and CD a line of 
given length moving so that D is always in OA 
and C in OB, and P the midpoint of CD. Prove 
that OP is constant in length. (See Ex. 6, p. 100.) 


The determination of loci is often facili- 
tated by showing that some given magnitude 
is a constant. 


Ex. 6. Find the locus of a point moving so that it is at a given 
distance a from a given circle whose radius is r. 


Ex. 7. Find the locus of the midpoints of the radii of a given 


circle. 


Ex, 8. Find the locus of the midpoints of all chords of a given 
length drawn in a given circle. 


Ex. 9, Find the locus of the vertices of all right triangles having 
a given hypotenuse as base. 


Ex. 10. Find the locus of the midpoints of all the chords drawn 
from a given point on a given circle. 

[Sue. Draw a line from the center to the given point, and perpen- 
diculars from the center upon the chords. ] 


Ex. 11. In Ex. 5 find the locus of P. 


eer 


Ex. 12, QP is a line of given length and moves so that Q is 


always in a given circle, and QP is always parallel to a fixed line. 
Find the locus of P. 
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EXERCISES: GROUP 37 


THEOREMS PROVED BY VARIOUS Mretuops 


Ex. 1. The line which bisects the angle formed by a tangent and — 
a chord bisects the intercepted arc also. 


Ex. 2. An inscribed trapezoid is isosceles. 


Ex. 3. Given TA and TB tangents, are AB= T 5 g 
80°, are BD = 95°, and are DC = 150°; find all the 
angles of the figure. B 


Ex. 4. If two tangents to a circle are parallel, 
the line joining their points of contact is a diame- 
ter. (Use § 246.) D 

Bx. 5. A rectangle circumscribed about a circle is a square. 

[Suc. Use the preceding theorem.] 

Ex. 6. Given O the center of a circle, 
PBA and POC secants, and BP = the 
radius. Prove ZAOC=32ZP. 

Ex. 7. Find the angle formed by the 
side of an inscribed square and the tangent 
through the vertex of the square. 


Ex. 8. From an external point a secant is drawn through the 
center of a circle, and also two other secants making equal angles 
with the first secant. Show that the secants last drawn are equal. 

Ex. 9. ABC is a triangle, and on the side AB the point P is 
taken and on BC the point Q, so that angle BPQ equals angle C. 
Show that a circle may be circumscribed about the quadrilateral 
APQC. 

Ex. 10. Two circles are tangent to each other externally, and a 
line is.drawn through the point of contact and is terminated by the 
circles. Show that the radii from the extremities of this line are 
parallel. 

Ex. 11. Ifa circle is described on the leg of an isosceles triangle 
as diameter, the circle will bisect the base of the triangle. 

Ex. 12. The chord of an arc is parallel to the tangent at the 
midpoint of the are. 

Bx. 13. If a triangle is inscribed in a circle, the sum of the 
angles inscribed in the segments exterior to the triangle is four right 
angles. 
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Ex. 14. Find the theorem for an inscribed quadrilateral, cor- 
responding to Ex. 13. 

Ex. 15. Find the locus of the centers of all circles passing 
through two given points. 

Ex. 16. If two unequal chords intersect in a circle, the greater 
chord makes the less angle with the diameter through the point of 
intersection of the chords. 

State also the converse of this theorem. Is the converse true? 

Ex. 17. The sum of the legs of a right triangle equals the sum of 
the hypotenuse and the diameter of the inscribed circle. 

Ex.18. The sides AB, BC, and AC of a triangle touch the in- 
scribed circle at the points P, Q, and k. Show that angle PQR and 
one half angle A are complementary. 

[Suc. Draw radii from the center O to Pand R. Then ZPQR 
= 4 IPO, Ose 

Ex. 19. From the point in which the bisector of an inscribed angle 
meets the circle, a chord is drawn parallel to one side of the angle. 
Show that this chord equals the other side of the angle. 

Ex. 20. Given AB a diameter, dP= 
the radius, AD and PC tangents. Prove 
A CED equilateral. 


‘D 

[Sue. Draw OC and CA; then in ais 

rt. A OCP, CA = radius, 2 P = 30°, ete] eS: 
Ex. 21. Perpendiculars are drawn from 8B Ee 

the extremities of a diameter upon a tan- ae, 

gent. Show that the points in which the 

perpendiculars intersect the tangent are equidistant from the center. 


EXERCISES: GROUP 38 
PRACTICAL APPLICATIONS 


Ex.1. Given a fragment of a broken wheel, 
show how to find the radius of the wheel. 


Bx. 2. Show how to find the diameter of a 
given circle by applying a rectangular sheet 
of paper to the circle. By more than one ap- 
plication, show how to find the center of the 
circle, 
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Ex. 3. Show how a pattern maker, by the use of a 
carpenter’s square, can determine whether the cavity 
made in the edge of a board or piece of metal is a semi- 
circle. 


Ex. 4. The curve in a railroad track is 
usually an are of a circle tangent to each 
straight track which it joins. If two straight 
tracks AB and CD are joined by a circular 
curve tangent to both of them, and P is the 
point where 4B and CD would meet if ex- 
tended prover PD) — 24774 C. 


Ex.5. Let AB and CD be two straight railroad tracks connected 
by an are 4 F of a circle whose center is O, and an are /'C' whose center 
is O', the ares haying a common tangent at 
F. Prove that the angle of intersection (x) 
of the two straight tracks, if produced, 
equals the sum of the central angles of the 
two tracks which are arcs of circles. 

[Sué. -e=y+2. Use Ex. 4.] 

A curve like AFC composed of two or 
more arcs of different radii is called a com- 
pound curve. Can you suggest why a com- O 
pound curve should be used in connecting railroad tracks? 


| 

| 

I 
ly 
if, 

! 

i} 

i} 


x 


Ex. 6. If the two ares which compose a compound curve lie on 
opposite sides of their common tangent, the compound curve is called 
a reverse curve. Thus on the diagram, BCD is a reye.se curve con- 
necting the straight roads AB and DE, 


Discover the relation between the angles 2, y, z. 
[Sue. Use triangle HFE, where HCF is a tangent to the arcs BC 


and CD.] 
Reverse curves are much used in architecture and ornamental work. 
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Ex. 7. What is a railroad frog? If a curved ‘A 
track crosses a straight track, show that the angle eA 
of the frog (x) equals the central angle of the a 
curved track (0). a 
Ex. 8. Prove that the latitude of a place on P 
the earth’s surface equals the elevation of the pole. HA 
(That is, on the diagram, prove Z QEA=Z PAO.) = q 
Tf at a given place the elevation of the north ee 
pole of the sky is 41° 30/, what is the latitude of 
the place? 
Ex. 9. Given the sun’s declination (i.e. dis- 
tance north or south of the celestial equator), show 
how to determine the latitude of a place by meas- Q A 
uring the zenith distance of the sun. Also by ie 
measuring the altitude of the sun above the ‘NL 
horizon. H E O 


That is, given QS and ZS (or S/Z), find QZ. 


Ex.10. How was Peary aided by the principles of Exs. 8 and 9 in 
determining whether he had arrived at the North Pole? 


Ex.11. If on April 6 (the day of the year on which Peary was at 
the North Pole) the sun was 6° 7’ north of the celestial equator, how 
high above the horizon should the sun have been, as observed by 
Peary? At what hour of the day 
was this? . 


B 


Ex.12. The diagram shows an 
instrument called the angle meter. 
This may be used for measuring 
either horizontal or vertical angles. 

O is the center of the are BC 
and MM’ is a fixed mirror. For 
instance, to measure the altitude of 
the sun the instrument is held ver- 
tically, so that a ray SO from the 
sun when reflected from the mirror 
passes into the eye (4) in a hori- 
zontal direction. 

Show that the elevation’ of the sun above the horizon = 2 Zz. 
The rim BC is graduated so that the angle x can be read on it, 
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Proposition XXII. PRoBLEM 


250. Ata given point ina straight line, to erect a perpendic- 
ular to that line. 


Given the point P in the line AB. 
To construct a L to line AB at P. 


Construction. 1. Take any tee Osta. 
convenient point O outside the 
line AB, and with OP as a 
radius describe a circle inter- 
secting AB at C. 

2. Draw CO and produce 2. Posts. 1 and 2. 
CO to meet the circle at R. 

3. Draw RP. 3. Post- 

Then #P is the L required. 

Proof. Let the student sup- 
ply the proof. QE.F. 


251. Efficiency value.— The above method of erecting 
a perpendicular to a given line is particularly useful when 
the point at which the perpendicular is to be drawn is at 
or near the end of the given line. 


Ex. 1. Draw a line 2 inches long, and on it as a side construct a 
square, making use of the method of § 250 when constructing one line 
perpendicular to another. 

Ex. 2. Using the method of § 250, construct a rectangle 2.5 inches 


long and 1.5 inches wide. 
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Proposition XXIII. PROBLEM 
252. To construct a triangle, given the three sides. 


~o 


3 
= 
i) 


A ™ B 


Given m, n, and p, the three sides of a triangle. 


To construct the triangle. 
Let the student supply the solution. 


PROPOSITION XXIV. PROBLEM 


253. To construct a triangle, given two sides and the 
included angle. 


Given m and n two sides of a triangle and P the angle 
included by them. 


To construct the triangle. 
Let the student supply the solution. 


Ex. 1. Construct a triangle in which two of the sides are 1 in. 
and 14 in., and the included angle is 135°. 


Ex. 2. Construct an isosceles triangle in which the base shall be 
1} in. and the altitude 2 in. 


Ex. 3. Construct the complement of half a given obtuse angle. 
Ex. 4, Construct the supplement of twice a given acute angle. 
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Ex. 5. How can the figure on p. 88 be constructed with the fewest 
adjustments of the compasses ? 

Ex. 6. Draw a line (segment) and mark off three fifths of it. 

Ex. 7. From a given point on a given circle, how many equal 
chords can be drawn? 

Ex. 8. Through a given point within a given circle, how many 
equal chords can be drawn? 

Ex.9. From a given point external to a given circle, how many 
equal secants can be drawn? 

Ex.10. In Prop. XXIII, is it possible to construct the triangle 
if the sum of two of the given sides is less than the third side? If 
one side is less than the difference of the other two sides? Draw 
figures to illustrate your answers. 


PROPOSITION XXV. PROBLEM 


254. To construct a triangle, given two angles and the 
included side. 


Bef X[K 


A B D 


m 


Given the 4 P and Q and the included side m. 


To construct the triangle. 
Let the student supply the solution. 


Ex.1. Construct a triangle in which two of the angles are 80° and 
45°, and the included side is 1} in. 

Ex. 2. Construct the complement of half a given angle. 

Ex. 3. Construct an angle of 120°; of 150°; of 112°. 

Ex. 4. Trisect a given right angle. 

Ex. 5. In Prop. XXV, is it possible to construct the figure if the 
two given angles are supplementary? Is it possible, if their sum is 
greater than two right angles? Draw figures to illustrate your answers. 


158 PLANE GEOMETRY. BOOK II 


PROPOSITION XXVI. PROBLEM 


255. To construct a triangle, given two sides and an 
angle opposite one of them. 


Given m and n two sides of a A and Z P opposite n. 
To construct the triangle. 


Construction. Several cases occur, according to the rel- 
ative size of the given sides and the size of the given 
angle. 


Case!I. Whenn>m (and Z P is acute). 


1. At the point A construct Z DAH = Z P. 1. § 86. 
2. On AEF mark off AB equal to m. 2. Post. 2. 
3. With B as a center and with a radius | 3. Post. 3. 


equal to n, describe an are intersecting AD at 
Cand C’. . 
4. Draw BC and BC". 4, Post. 1. 
5. Two A, ABC and ABC’, are obtained, con- | 5. Hyp. 
taining the sides m and ; but only one of the A, 
A ABC, contains Z P. 
Hence, ABC is the A required. 


CAsE II. Whenn=m (and Z P is acute). 

Make the same construction as in Case I. 

The arc drawn intersects the line AD in the points A 
and C. 

Hence, an isosceles A ABC ig obtained, which ig the 
triangle required. 
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Case III. When n<m (and Z P is acute). 


Lo CT eas TY Enea s ENF) 


Make the construction in the same way as in Case I. 

Two A, ABC and ABO’, are obtained, each of which 
contains the sides m and n and an angle equal to Z P op- 
posite the side n. 

~. AABC and ABC’ are the triangles required. ger. 


Discussion. In Case I, if 4 P is a right Z, let the stu- 
dent construct the figure and show that there are two A 
answering the given conditions. If ZP is an obtuse 
angle, let him construct the figure and show that there is 
but one answer. 

In Case II, if Z P is right, or obtuse, what results are 
obtained ? 

In) Case I1,i1f- 2 P is acute and n= the L from B to 
AD, how many answers are there? Also, if n< this 1, 


how many ? 
If 2 P is right, or obtuse, what result is obtained ? 


Ex. 1. Construct a triangle in which two of the sides are 1 in. and 
11 in., and the angle opposite the latter side is 45°. 

Ex. 2. Construct a triangle in which two of the sides are 1} in. 
and 1} in., and the angle opposite the latter side is 45°. 

Ex. 3. Construct a triangle in which two of the sides are 1} in. 
and 3 in., and the angle opposite the latter side is 30°. 

Ex. 4. Make up the data and construct a triangle in which a given 
angle is acute and there are two solutions. No solution. 
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PROPOSITION X XVII. 


PROBLEM 


256. To circumscribe a circle about a given triangle. 


Given the A ABC. 


To circumscribe a circle about the A ABC. 


Let the student supply the solution. 


(See § 214, p. 126.) 


257. Cor. The perpendicular bisectors of the sides of a 


triangle intersect in a common pornt. 


258. The circumcenter of a triangle is the point where 
the perpendicular bisectors of the three sides of the tri- 


angle intersect. 


Ex.1. Draw an obtuse triangle and cireumscribe a circle about it. 


Ex. 2. Draw any triangle, and then construct its three altitudes. 
(If the work is done correctly, it will be found that the three altitudes 


intersect in a common point.) 


Ex. 3. The line ABP points from 
the eye of the observer to the top of a 
tree. ACB is a semicircle ruled like 
a protractor, with its diameter applied 
to AP. C is the point where a plumb 
line from JB intersects the outside 
circle. 

Show that ZACB is a right Z. 
Hence, that AC is a horizontal line. 
Hence, that Z PAC, the angle of eleva- 
tion of P, is measured by } are BC. 


Iz 
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Proposition XXVIII. PrRospuem 


259. To inscribe a circle in a given triangle. 


Given A ABC. 

To inscribe a circle in A ABC. 

Construction. 1. Bisect Z BAC by line ie Seek 
AP, and Z BCA by line QC. 

2. Then AP and CQ intersect in some oe SAY: 
point O. 


3. From O, construct OR L AC. ons 129! 

4. With Oasacenter and Of as a radius) 2h, Vexolsie, ok 
describe a circle. This will be the circle ‘ 
required. 

Proof., Let the student supply the proof. QEF. 


260. Cor. The bisectors of the angles of a triangle inter- 
sect in a common point. 


261. The incenter of a triangle is the point where 
the bisectors of the three angles of the triangle inter- 


sect. 


Ex.1. Construct a right triangle and in it inscribe a circle. 

Ex. 2. Construct an obtuse triangle and in it inseribe a circle. 

Ex. 3. Construct a triangle whose incenter and circumcenter are 
the same point. 
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PROPOSITION X XIX. PROBLEM 


262. At a given point on a circle, to construct a tangent 


to the circle. 


Given P any point on the circle O. 
To construct a tangent to the circle through the point P. 


Construction. 1. Draw the radius OP. 1. Post.2: 

2. At the point P construct the line AB 2. § 250. 
OLE? 

Then AB is the tangent required. 

Proof. Let the student supply the proof. QEF. 


263. An escribed circle is a circle tangent to one side of 
a triangle and to the other two sides 
produced. Thus the circle O is an 
escribed circle of the A ABC. 

A center of an escribed circle, as 0, 
is called an excenter of the triangle. 


Ex.1. Draw atriangle and all of its escribed circles. 


Ex. 2. Construct the following designs: 
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PROPOSITION XXX. PROBLEM 


264. Through a given point outside a given circle, to con 
struct tangents to the circle. 


Given P any point outside the circle 0. 
To construct through P tangents to the circle 0. 


Construction. 1. Draw the line PO. 1 ' Bostal, 

2. Bisect the line PO at the point M. 52,\§. 128. 

3. With M as a center and MP as a | 3. Post. 3 
radius, deseribe a circle intersecting the 
given circle at the points A and B. 

4. Draw PA and PB. 4, Post. 1 

Then PA and PB are the tangents re- 
quired. 

Proof. 1. 2 PAO is inscribed ina semi- | 1. Constr. 
circle. 

2. .. Z PAO is a right angle. Why? 

3. .. PA is tangent to the circle O. Why? 

4. In like manner, it may be proved that | 4. Reasons 1-3. 
PB is tangent to the circle O. Q.EF. 


So) Ss 


Ex. 1. In the diagram of Prop. XXVII (p. 160), how many Jine 
segments occur? Namethem. How many circular segments? Name 
them, inserting additional letters on the diagram when necessary. 

Ex. 2. Two equal chords of a given circle are produced till they 
meet. The angle formed by the extended chords is 18°, and the 
smaller are intercepted by them is + of the circle. Find each angle 
of the quadrilateral formed by joining the ends of the two chords 
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PROPOSITION XXXI. PROBLEM 


265. On a given straight line as a base, to construct a cir- 
cular segment in which a given angle can be inseribed. 


Fie. 1 Fie. 2 


Given the straight line AB and 2 CDF. 


To construct on ABa segment of a‘circle in which Z CDF 
can be inscribed. 


Construction. 1. Produce CD to tee P ost. Je 
H, and from D draw DG, dividing 
Z HDF into two convenient angles 
y and 2. 

2. From A draw line AP making 2. § 86. 
AbAP = LZ y. 

3. From B draw line PB making 3. § 86. 
ZAP BA Zae, 

4, Then PA and PB intersect at 4. § 99. 
some point P. 

5. About A APB circumscribe a 5. § 256. 
circle. 

Then APB is the segment required. 

Proof.ael 62 Pissswp sol, Zaye ak, 3S ae 
(Fig. 2). 

2. But Z CDF is sup. of Zy+ Zz Pie SS Be 
(Fig. 1). 

Oe eee OD 3. § 66. QEF. 
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266. Analysis of construction problems.—The method of 
analysis (see § 173) is of especial value in the solution of 
construction problems. In general, to investigate the 
solution of a problem by this method: 


Draw a figure in which the required construction ts assumed 
as made ; 

Draw auxiliary lines, if necessary ; 

Observe the relations between the parts of this figure, in 
order to discover a known relation on which the required con- 
struction depends ; 

Having discovered the required relation, construct another 
jigure by the direct use of this relation. 


Ex. Through a given point within a circle, draw a chord which 
shall be bisected by the given point. 

Anatysis. Let A be the given point within 
the given circle O, and let PQ be a chord bisected 
at the point A. A bisected chord suggests a line Q 
OA joining the point of bisection with the center Le 
O, and that (§ 203) OA 1 PQ. 

SyntuHesis, or Drrecr Soxrution. Taking af 
another figure containing the data of the problem, connect the point 
A with the center of the circle by the line OA. 

Through A draw a line 1 OA (§ 250), and meeting the circles at 
the points P and Q. PQ is the chord required. 


EXERCISES: GROUP 39 


CONSTRUCTION OF STRAIGHT LINES 


Ex.1. Draw a line parallel toa given line, and tangent to a given 


circle. 
[Sua. Suppose the required line drawn; then the radius to the 


point of tangency, if produced, is 1 given line, ete.] 

Ex. 2. Draw a line perpendicular to a given line, and tangent to 
a given circle. 

Ex. 3. From two points on a circle, draw two equal and parallel 
chords. 
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Ex.4. Through a given point draw a line which shall make a 
given angle with a given line. 

Ex. 5. Through a given point draw a line which shall make equal 
angles with the sides of a given angle. 

[Sug. The bisector of the given Z will be 1 the required line, ete.] 

Ex. 6. Through a given point between two given parallel lines, 
draw a line of given length with its extremities in 
the two parallel lines. is 

Ex. 7. Through a given point A within a circle, 
draw a chord equal to a given line. 

Ex. 8. From a given point on a circle, draw a y 
chord at a given distance from the center. 

Ex. 9. Througha given point ona circle, draw a chord which shall 
be bisected by another given chord. 

[Sua. Draw the radius to the given point and on it as a diameter 
describe a circle, etc. When is the solution impossible ?] 


267. Construction of points and of loci. — In constructing a 
point to meet certain given conditions, it is often helpful to 
construct the locus of a point answering one of the given con- 
ditions and observe in what point or points it meets a given 
line, or meets another locus answering another given condition. 


EXERCISES: GROUP 40 


ConsTRUCTION OF Points AND Loctr 


Ex.1. Find a point P in a given line D 
AB equidistant from two given points C BE 
and D. Ca 


[Sue. Construct the locus of all points A—————\“——___-_p 
equidistant from C and PD, and observe 
where it intersects the given line AB.] 

Ex. 2. Find a point P on a given circle, which is equidistant from 
two given points, C and D. 

Ex. 3. Find a point P in a given line, which is equidistant from 
two given intersecting lines. 

Ex. 4. Find a point in a given line, which is at a given distance, 
d, from a given point. 
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Bx. 5. Find a point which is at a given distance, a, from a given 
point, A, and at another distance, }, from another given point, B. 

Discuss the limitations of this problem. 

Ex. 6. Find a point equidistant from two given points, and at a 
given distance from a given straight line. 

[Sue. Draw the locus of all points equidistant from the two given 
points, and also the locus of all points at the given distance from the 
given straight line, etc.] 

Ex. 7. Find a point equidistant from two given points, and at a 
given distance from another given point. 

Ex. 8. Find a point equidistant from two given points, and also 
from two given intersecting lines. 


On the other hand, the determination of certain loci zs 
equivalent to the construction of all points which satisfy one 
or more given conditions. 


Ex. 9. Find the locus of the center of a circle, which touches a 
given line at a given point. 

[Sue. Construct a number of circles touching the given line at 
the given point and observe the relation of their centers. ] 

Ex. 10. Find the locus of the center of a circle, with a given 
radius, r, which passes through a given fixed point. 

Ex. 11. Find the locus of the center of a circle, touching two 
given intersecting lines. 

Ex. 12. Find the locus of the center of a circle, touching two 
given parallel lines. 

Ex. 13. Find the locus of the center of a circle of given radius, 
r, which touches a given straight line. 

Ex. 14. Find the locus of the center of a circle of given radius, 
r, which touches a given circle. 


EXERCISES: GROUP 41 


CoNSTRUCTION OF RECTILINEAR FIGURES 
Construct: 
Ex. 1. An equilateral triangle, given the altitude. 


Ex. 2. An isosceles triangle, given the base and the altitude, 
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Ex. 3. An isosceles triangle, given the base and an angle at the 
base. 


Ex. 4. An isosceles triangle, given the vertex angle and the 
altitude. 


Ex. 5. A right triangle, given a leg and the acute angle adjacent. 
Ex. 6. A right triangle, given a leg and the acute angle opposite. 


Ex. 7. A triangle, given the altitude and the sides including the 
vertex angle. 

[Sue. Through the foot of the altitude draw a line L altitude and 
of indefinite length. ] 


Ex. 8. A triangle, given two sides and the altitude upon one of 
them. 


Ex. 9. A rhombus, given one angle and the diagonal passing 
through the vertex of the given angle. 


Bx. 10. A parallelogram, given a side, the altitude upon that 
side, and an angle. 


Ex. 11. A parallelogram, given the diagonals and an angle 
included by them. 


Ex. 12. <A quadrilateral, given the sides and one angle. 


268. Use of auxiliary lines in constructing rectilinear 
figures. — In constructing polygons, auxiliary lines are fre- 
quently of service. Thus it is often of especial value to 
construct, first, either the inscribed or the circumscribed 
circle, and afterward the required triangle or quadrilateral. 


Ex. Construct an isosceles triangle, given the base, b, and the 
radius, r, of the inscribed circle. 


LON 


oO A B 


Construction. Draw a circle O with radius equal tor. Drawa 
tangent at any point A. On this tangent mark off AB and AC each 
equal $6. From B and C draw tangents BF and CF to the circle. 
Then BCF is the required triangle. 
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EXERCISES: GROUP 42 


Constructions; AUXILIARY LINES 
Construct : 


Ex. 1. An isosceles triangle, given the base and the radius of the 
circumscribed circle. 

Ex. 2. A right triangle, given the radius of the circumscribed 
circle and one leg. 

Ex. 3. A right triangle, given the radius of the circumscribed 
circle and an acute angle. 

Bx. 4. A right triangle, given the radius of the inscribed circle 
and an acute angle. 

[Sue. Draw the inscribed circle and at its center construct an 
angle equal to the supplement of the given angle.] 

Ex. 5. A triangle, given the base, the altitude, and the vertex 
angle. 

[Sua. On the given base construct a segment which shall contain 
the given vertex angle. See § 265.] 

Ex. 6. A triangle, given the base, the median to the base, and the 
vertex angle. 

Ex. 7. A triangle, given one side, an adjacent angle, and the 
radius of the inscribed circle. (See Ex. 4.) 

Ex. 8. A triangle, given one side, an adjacent angle, and the 
radius of the circumscribed circle. 


The use of auxiliary straight lines may be illustrated as 
follows : 

Ex. 9. Construct a triangle, given the perimeter and two angles. 

ANALYsISs. Suppose the required A 
triangle ABC already constructed. 
Let 4 ABC and ACB be the given 
angles. Produce BC to D and #, 
making DB=AB and CE=AC. 
Then DE=given perimeter. AlsoZ D=Z DAB. «. ZABC=2 2D. 
Similarly 4ACB=22ZE. Hence, 

Construction. Take DE the given perimeter. At D construct 
an angle = } of one given angle. At / construct an angle = } of the 
other given angle. Produce the sides of these angles to meet at A. 
Construct ZDAB=ZD and ZCAE=ZE. Then AABC is the 
required triangle, etc. 
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Construct : 
Ex. 10. An isosceles triangle, given the perimeter and the 


altitude. 
[Sua. Bisect the perimeter and construct’ the altitude 1 to it at 


its midpoint. ] 
Ex. 11. An isosceles triangle, given the perimeter and the vertex 


angle. 
[Sua. If the vertex Z is known, the base 4 may be obtained. ] 


Bx. 12. A right triangle, given an C 
acute angle and the sum of the legs. | 
[Sue. Given AB the sum of the legs, dt 
construct ZA = 45°, ete.] A D B 


Ex. 13. A right triangle, given an acute angle and the difference 
of the legs. 


Bx. 14. A right triangle, given the hypotenuse and the sum of 
the legs. 


Ex. 15. A right triangle, given an acute angle and the sum of 
the hypotenuse and one leg. 


Ex.16. A triangle, given an angle, a side, and the sum of the 
other two sides. 


Ex.17. A triangle, given an angle A, the sum of the sides 4B 
and BC, and the altitude upon AB. 


269. Reduction of problems. —In many cases a problem 
may be solved by reducing the problem to a problem already 
solved. (This is a special kind of analysis.) 


Ex. Construct a parallelogram, given the diagonals and one side. 

Anatysis. Suppose the 7 ABCF to be the required © already 
constructed. Let AF be the given side. 
If the diagonals are given, half of each 
diagonal is given ($159). Hence, in the 
AQ AOF the three sides are given. Hence, 
the required problem reduces to the 
problem of constructing a triangle whose three sides are given ($ 252). 
Hence, 


B 0 


Construction. Let the student supply the direct construction. 
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EXERCISES: GROUP 43 


RepuctTion or Construction Prospiems 
Construct: 
Ex.1. A right triangle, given the altitude upon the hypotenuse 
and the median upon the same. 


Ex. 2. A rectangle, given the perimeter and a diagonal (see 
six: 14. p.170). 


Ex. 3. A rectangle, given the perimeter and an angle made by 
the diagonals. 


Ex.4. A triangle, given the three angles and the 
radius of the circumscribed circle. 

[Sua. The sides of the A are the chords of the 
segments of the © containing the given 4.] 


/ 


| 
1 
I 
Ex. 5. A triangle, given two sides and the median wie 


to the third side. 
Bx. 6. An isosceles trapezoid, given the bases and an angle. 
Ex. 7. An isosceles trapezoid, given the bases and a diagonal. 
Ex. 8. A trapezoid, given the four sides. 


Ex.9. A trapezoid, given the bases and the two diagonals. 
[Sue. Reduce to § 252, by producing the lower base.) 


270. Construction of circles.—The construction of a 
required circle is frequently a good illustration of the 
preceding method of reducing one construction problem to 
another. For the construction of a circle frequently re- 
duces to the problem of finding a point (the center of the 
circle) which answers given conditions. (See § 267.) 

Ex. Construct a circle which shall touch two given intersecting 
lines and have its center in another given line. 

This problem is equivalent to the problem of finding a point which 
shall be in a given line and be equidistant from two other given 
lines. (See Ex. 3, p. 166.) 


In some cases, however, the construction of a required 
circle must be made by an independent method. 
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EXERCISES: GROUP 44 


ConsTRUCTION OF CIRCLES 


Construct a circle with given radius r, 

Ex.1. Which passes through a given point and touches a given 
line. 

Ex. 2. Which has its center in a given line and touches another 
given line. 

Ex. 3. Which passes through two given points. 
Construct a circle 

Ex. 4. Which touches two given parallel lines and passes through 
a given point. 

Ex. 5. Which passes through two given points and has its center 
on a given line. 


Ex. 6. Which touches three given lines, two of which are parallel. 


Ex. 7. Which passes through a given 4 ve 
point A and touches a-given line BC at a oes 
given point B. Rao 


¢ 


[Sue. Draw AB and at B construct a L Camera OFT) 
to BC.] 


& 


Ex. 8. Which touches a given line and 
also touches a given circle at a given point A. 


aes 


cS 
s 
s 


a 
Ex 9. Which touches a given line AB 
at a given point A and touches a given as 
circle. eae 


EXERCISES : GROUP 45 
ProBLems Sotvep By Various MEtTHops 
Ex.1. Through a given point, draw a line which shall cut two 
given intersecting lines so as to form an isosceles triangle. 


Ex. 2. Construct an isosceles triangle, given the altitude and 
one leg. 


Ex.3. On a given circle, find a point equidistant from two 
given intersecting lines. 
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Ex. 4. Draw a circle which shall touch two given intersecting 
lines, one of them at a given point. 


Ex. 5. Draw a line which shall be terminated by the sides of a 
given angle, shall equal a given line, and be parallel to another given 
line. 


Ex. 6. Construct a triangle, given one side, an adjacent angle, 
and the difference of the other two sides. 


Ex. 7. Find a point in a given circle at a given distance from a 
given point. 

Ex. 8. Construct a parallelogram, given a side, an angle, and a 
diagonal. 


Ex. 9. Through a given point within an angle, draw a straight 
line terminated by the sides of the angle and bisected by the given 
point. 

[Sue. Draw a line from the vertex of the angle to the given point 
and produce it its own length through the point. ] 


Ex.10. Construct a triangle, given the vertex angle and the 
segments of the base made by the altitude. (Use § 265.) 


Ex.11. Construct an isosceles triangle, given the angle at the 
vertex and the base. 


Ex.12. Draw a circle with given radius which shall touch a 
given circle at a given point. 


Ex.13. Construct a right triangle, given the hypotenuse and the 
altitude upon the hypotenuse. 


Ex.14. Construct a triangle, given the base and the altitudes 
upon the other two sides. 
[Sue. Construct a semicircle on the given base as a diameter. ] 


Bx. 15. Construct a triangle, given the altitude and the angles at 
the extremities of the base. 


Bx.16. Ina given circle draw a chord equal to a given line and 
parallel to another given line. 

[Sue. Find the distance of the given chord from the center, by 
constructing a right triangle of which the hypotenuse and one leg are 
given. ] 

Ex. 17. Construct a triangle, given an angle, the bisector of that 
angle, and the altitude from another vertex. 
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Ex.18. Find the locus of the points of contact of tangents drawn 
from a given point to a series of circles having a given center. (Use 


§§ 211 and 238.) 

Ex.19. Given a line AB and two points 0 
Cand D on the same side of AB. Find a ‘oD 
point P in AB, such that ZAPC = 2 BPD. 


[Sue. Draw a 1 from C to AB and pro- A P B 


duce it its own length, etc.] 


Ex. 20. Givena line AB and two points C and D on the same 
side of AB. Find a point P in AB, such that CP + PD shall be a 
minimum. 


Ex. 21. To construct a common external tangent to two given 
circles. 


Ex. 22. To construct a common internal tangent to two given 
circles. 
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EXERCISES: GROUP 46 
PRACTICAL APPLICATIONS 


Bx.1. Show how to find the center of a given circle by use of a 
carpenter’s square. 

Ex. 2. Show how to bisect a given angle by the use of a carpen- 
ter’s square. 

Ex. 3. By use of squared paper, divide a line 1} inches long into 
5 equal parts. Into 7 equal parts. Into 3 equal parts. Can you 
make this division on paper ruled in only one direction? 

Ex. 4. Make up and work an example similar to Ex. 3. 

Ex. 5. To extend a straight 
line AB beyond an obstacle; as 
a building, we may proceed as 
follows: 

At B measure off an angle . 
ABC =60°. Produce CB to D, 
etc. Let the pupil complete the construction and prove that his 
method is correct. 

Ex.6. To find the distance between 
two points A and B, one of which (4) is 
inaccessible, we may proceed as follows: 

Extend BA to C. Measure a con- 
venient line 4D and extend AD to BE, 
making DE = AD. From £ run a line 
| AC’ and meeting BD extended at F. Measure HF’. Prove that 
EF= AB. 

Ex. 7. If two streets meet, as in the dia- 
gram, show how a curve of given radius r <enf Sean 
may be made to take the place of the angle raw 
A and be tangent with the curb of the two nage Nar, 


streets. 


Ex. 8. Draw an easement cornice (AB) tan- 
gent to the rake cornice BC, and passing through 
a required point A. (The same construction is 
used in laying out the easements of stair rails, 
etc.) (Use Ex. 7, p. 172.) 
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Ex. 9. <A segmental arch is acompound curve composed of the ares 
of three circles. The method of constructing a segmental arch is as 
follows: Let AB be the span and CD the altitude of the required 
arch. Complete the rectangle GADC. Draw 
the diagonal AC. Bisect the angles GAC and 
GCA. Let the bisectors meet at EH. Draw 
EH perpendicular to AC, meeting AB at N 
and CD produced at H. Make DK equal, to 
DN. Then show that NV is the center and NA 
the radius, H the center and HF the radius, 
and K the center and AB the radius for the arcs composing the arch. 
(See Hanstein’s Constructive Drawing.) 

[Sue. At # draw a line perpendicular to HH. Then ZNEA 
=ZNAE. (Complements of equal angles are equal), etc. ] 


Ex.10. What is called a Persian arch may be constructed as fol- 
lows: Let AB be the span and CD the altitude of the required arch. 
Draw the isosceles triangle ADB. Divide AD 
into three equal parts at H and G. Construct 
Tk 1 AG at H, and meeting AB produced at 
kK. Produce KG to meet HF which has been 
drawn through D|l AB. With & as a center 
and KA as a radius, and lv as a center and LG 
as a radius, describe arcs meeting at G. Prove 
that these arcs haye a common tangent at G, 
and therefore form a compound curve. (See Hanstein’s Constructive 
Drawing.) 


Ex.11. Construct a Persian arch in which the are DG = arcen Gre 
[Suc. Bisect line AD, instead of trisecting it] 


Ex.12. Construct Persian arches in which the chords NG and 
DG have various ratios, and decide which of these arches you think 
is the most beautiful. 

Ex.13, Construct segmental arches of 
various shapes and decide which of these you 
think is the most beautiful. 

Ex. 14. Construct the adjoining orna- 
mental design by first constructing the trefoil 


involved and locating the center of the equi- 
lateral triangle used in constructing the AY 
trefoil. (See Ex. 6, p. 120.) ; : 
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Ex.15. Inscribe a trefoil in a given equilateral triangle. 

[Sue. Bisect the angles of the triangle and inscribe a circle in 
each of the three triangles thus formed.] 

Bx.16. The instrument ABCD is used as a means of quickly 
finding the center of a circular disc 
or end of a cylindrical roller. 

The edge AB = edge AC. 


Also the edge AD bisects the SS 

Siew Y 
angle BAC, ee 

Prove that AD must pass through D_ oe UY 


the center O when the points B and 
C are on the circle. (See Ex. 13, 
p- 146.) 
In how many different positions 
must the instrument be applied to a circle in order to determine the 
ceuter of the circle? 


EXERCISES: GROUP 47 
Review EXercises 


Make a list of the properties of 


Ex.1. Ares of a circle. Ex. 4. Central angles. 
Ex. 2. Chords. Ex. 5. Inscribed angles. 
Ex. 3. Diameters. Ex.6. Tangeuts. 


Bx. 7. How many points determine a circle? How many deter- 
mine a straight line? Two parallel lines? An angle? 

Ex. 8. How many inscribed circles can a given triangle have? 
How many circumscribed circles? How many escribed circles? 

Ex. 9. What is the difference between an incenter and a circum- 
center ? 

Ex.10 When is an inscribed angle a right angle? An acute 
angle? An obtuse angle? 


State the efficiency value of 


xt) Propelx. ix 15.) Lrop, AV AL 
Bxat2e lrop. Ll, Ex.16. Prop. XX. 
Ec 3 eo ae LV 1ibg GY, Ledvo joy 2<Ol 
bx 145) Propex Vi. Ex.18. Prop. XXII. 


. (ax 
Ex.19. Explain the meaning of the following: Z ABC. AC. 


BOOK THREE 


PROPORTION; SIMILAR’ POLYGONS 
THEORY OF PROPORTION 


271. Ratio has been defined, and its use briefly indicated, 
in §§ 225, 226 (pp. 182, 133). 


272. A proportion is a statement that two ratios are 
equal. 


Bx.1. 12= 2. Thus, when a fraction is reduced to its lowest 
terms, a proportion is formed. 
aw 
Bx. 2. ee ee aed 
The last example is read “ the ratio of a to 6 equals the 


ratio of ¢ to d,” or “a is to 6 as ¢ is to d.” 


273. The terms of a proportion are the four quantities 
used in the proportion. In a proportion, 

the antecedents, are the first and third terms ; 

the consequents are the second and fourth terms; 

the extremes are the first and last terms; 

the means are the second and third terms. 


274. A fourth proportional is the fourth term of a pro- 
portion in which the first three terms are three given 
numbers taken in order. 


Thus, in 2:3 = 10:2, x is the fourth proportional to 2, 8, and 10. 
In a:b =c:d, what is the fourth proportional? 
178 
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275. A third proportional is the fourth term of a propor- 
tion in which the first three terms are two given numbers, 
the second of these being used twice as a mean. 

Thus, in2:6=6:y, y is the third proportional to 2 and 6. 

In a:b =b:c, what is the third proportional ? 


276. A mean proportional is a term in a proportion 
used twice as a mean between two given numbers. 
Thus, in 4:6 = 6:9, 6 is the mean proportional between 4 and 9. 


In a:b=b:c, what is the mean proportional ? 


277. A continued proportion is a statement of the equal- 
ity of two or more ratios, in which each consequent and 
the next antecedent are the same. 


Thus a:b =b:¢ =c:d =d ie is a continued proportion. 


USEFUL PROPERTIES OF PROPORTIONS 
278. Property I. Jn any proportion, the product of the 
extremes is equal to the product of the means. 
Given the proportion a:b=e:d. 
To prove ad = be. 


Proof. 1 Gree 1. Hyp. 
ae? b a 
2. Multiplying each member by 2. °AxYS, 
bd, ad = be. Q.E.D. 


279. Cor. The mean proportional between two quantities 
is equal to the square root of their product. 

For, if a:b =0:c, then 6? = ae (§ 278); 
or b=Vac. (Ax. 6.) 


280. The efficiency value of §§ 278 and 279 is that these 
principles enable us to convert any given proportion into 
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an equation, and often enable us to find the value of an 
unknown term in the proportion by solving the equation. 


Ex. Find the value of z in the proportion 3:5 = @: 25. 
Using § 278, we obtain 52 =3 x 25. 
Hence, me iby Alas 


Ex. 1. Construct a proportion in which the mean proportional is 
z, the third proportional is a, and the other term is 5. 


Find the value of x 


lab, A, Iba abo By) = ape 0), abe, S, 1h 3G) = 40 sb, 
isch lie ORG sen, japan teh Ital CUS APG — dh se Shah, 
bx.4. Ina:ip=q:«. Nag 7h lente BAB DY) gsi 


Jap, {8} lal 0%) 9 aha) law) Bae 
Ex. 9. Find the fourth proportional to 2,3, and 6. Also to 3, 4, 3. 
[Sua@. Denote the required fourth proportional by z.] 


Ex.10. Find the mean proportional between 3 and 6. Between 
4 and .016. 


Ex. 11. Find the third proportional to 8 and 5, To 4.5 and .5. 
Ex.12. Find the mean proportional between 3 p and 27 p’. 


Ex.13. Find the mean proportional between a + ) and a — b. 


281. Property II. Jf the product of two quantities is 
equal to the product of two other quantities, one pair may be 
made the extremes and the other pair the means of a pro- 


portion. 
Given ad = be, 
To prove a:b=e:d. 
Proof. 1; ad = 066, Ae 2s Gy cx 
2. Dividing each member 2. Ax. d. 
Ch oe 
by bd, an ar 


Or atb=crd. Q.E.D, 
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282. Cor. 1. If the antecedents of a proportion are 
equal, the consequents are equal. 

“Thus, if a:¢=a:y, then #=y. 

Let the student supply the proof. 

283. Cor. 2. If three terms of one proportion are equal 
to the corresponding three terms of another proportion, the 
Sourth terms of the two proportions are equal. 

Phus 3fa.6==¢ 2, and a 2O= cy, then «= y. 

Let the student supply the proof. 


Ex. 1. Write ab = pq as a proportion in eight different ways. 

Bx. 2. Write 2(« + 1) = 6 as a proportion in which z is the first 
term. Write x? = 15 asa proportion in which 3 is the first term. 

Ex. 3. Write 3x=4y as a proportion in which z and y are the 
first two terms. 

Find the value of x: y if 

ibe Ch OP = CE Eee eae Bx. 6. az + bx = py + qy. 

Ex OCU, Bx. 7. az — by =caz — dy. 


284. Property III. Jf four quantities are in proportion, 
they are in proportion by alternation ; that 2s, the first term 
is to the third as the second is to the fourth. 


Given the proportion a:b=e: d. 
To prove. @ : c==0=.d. 


Proof. 1..a:0 = ¢ xd. Ta El yp. 
2 55 OKO i foes The, SS Palsy, 
oe OO =D 0h 3.9 Zl. Q.E.D. 


285. Property IV. Jf four quantities are in proportion, 
they are in proportion by inversion ; that is, the second term 
is to the first as the fourth is to the third. 

Given the proportion a: b=c: d. 

To prove b:a=d:e. 

Proof. Let the student supply the proof. 
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Ex. 1. Transform z:a = 6:c so that a shall be the third term. 


Ex. 2. Transform the proportion of Ex. 1 so that ¢ shall be the 
third term. 


Ex. 3. So that zx shall be the last term. 


Bx. 4. Write r=” asa proportion in which z is the last term. 
c 


Do the same with 2 = ke 
_ (8 


Ex. 5. Write «2 = 3 as a proportion in which z is a mean propor- 
tional. Do the same with 2 = Va? — 02. 


286. Property V. Jf four quantities are in proportion, 
they are in proportion by composition; that is, the sum of 
the first two terms ts to the second term as the sum of the 
last two terms is to the last term. 

Given the proportion a:b=e:d. 

To provea+6:b=c+d:d. 

Proof. 1. art gene 
2. Adding one to each member of the Papp P74 


equality, ao = : +1, 


ie at+b_e+da 
b d 
Thatis,a+b:b=c+d:d. Q.E.D. 


Let the student show also that a+ b:a=e+d:e. 


By use of composition, transform 

Ts, dle ARG) = hae, 

Bx 2.) 20,58) = dal TT 

Bx. 3. V2+3—5:5=V2e2—1-—7:7. 


Ex. 4. What is the efficiency value of composition when applied 
to certain proportions ? 


Ex. 5. Make up and solve an example similar to Ex. 2. To 
Ex. 3. 
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287. Property VI. 


as to the last. 


183 


If four quantities are in proportion, 
they are in proportion by division; that is, the difference of 
the first two is to the second as the difference of the last two 


Given the proportion a: b=e: d. 


To provea—b:b=c—d:d. 


Proof. Let the student supply the proof. 


« 


By use of division, transform 


usb, Ob) (Rey = ho 


Bx.2. 274+5:5=3247:7. 


Bx.3. 72+v32—5:v38e—5=4274vV22r4+1:vV2r4+1. 


Ex. 4. What is the efficiency value of division when applied to 


certain proportions ? 


Bx. 5. Make up an example similar to Ex. 2. 


To Ex. 3. 


Ex. 6. Transform 32+ 2y:2y=10:2 so that only one term in 
the result shall contain y. 


288. Property VII. 


Tf four quantities are in proportion, 


they are in proportion by composition and division; that is, 
the sum of the first two ts to their difference as the sum of 
the last two is to their difference. 


Given the proportion a: 6=c: d. 
To provea+b:a—b=c+d:c—d. 


Proof. 1. 


2. By composition, 
3. Also by division, 


4, Hence, 


That is, 


a+b: 


DSO 
a+b _c+d 
ha ae 
a—b c—d 
b ad 
a+b c+d 
owen. 
a—b=c+d 


:¢ —d. 


| 
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Apply composition and division to 
Bx.1l. 34+2y:32—2y=10:2. 
VETS — Dated 
vart—v5 2%-1 
Ex. 3. What is the efficiency value of composition and division as 
applied to certain proportions ? 


abeg, 24 


Ex. 4. Make up and solve an example similar to Ex. 2. 


289. Property VIII. Jn a series of equal ratios, the sum 
of all the antecedents is to the sum of all the consequents as 
any one antecedent is to its consequent. 

Given'a: =e: d. =e. 

To proveatete:b+d+f=a:b. 


Proof-me.: ab = ab. 1. Ident. 

2 ROO =a.6.20 >. OC == G0. 2. Hyp. § 278. 

oe OO es fe. be = GF. 3. Hyp.s 2. 

4. Adding, ba+ce+e)=aib+d+f). | 4. Ax. 2. 

5. Hence,a+e+e:b+d4+f=a:b. OES ols 
Q.E.D. 


By use of § 289, transform 
isk ab, bet) es IB oS) aatsie 2) 
labs, PA, ai i pete lel 


r 


y+3 q-2 5-¢q 


Ez) ind the valueor at Cee 
y y—-b—-—5 6b 5 


290. Property IX. The products of the corresponding 
terms of two or more proportions are in proportion. 


Given a: b=¢: d,e@ufog-h, and 7. k=) om, 
To prove ae): bfk = cgl: dhm. 


Prof. 1. %=%, oe hal eee i) 
RCN A TE Te eae 


2. Oe eee 9 
bfk dahm’ oe 


or aej : bfk = cgl: dhm. QED. 
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Bx.1l. Ifx:y=10:5 and p:q=3:7, find the value of pa: qy. 
Peo 2 lh): gi dee anid Seat 5, find the value of p. 
g 


291. Property X. Like powers or like roots of the terms 
of a proportion are in proportion. 


Given the proportion a: b=e: d. 
eS ae 


To prove a”: "=": d", and a”: =": a”. 


me 
Proof. 1. —=—, LL yp. 
‘toh 
2. Raising both members to the n™ power, | 2. Ax. 6. 
Cee 
pee hes 
or a Dem ere. 
2S WA ees 
oe iilike manner, 07 5b" == 6"? d* | 5; Ax. ©, 


Ex. 1. Ifa: y=2: 3, find the value of 2°: 93. 

Ex. 2. If Va: Vb =2:5, find the value of a:b. 

Bx.3. If Vz:2=Vy:7, find the value of «: y. 

Ex.4. If Vz: Vz + 1=3:5, find the value of x. 

Ex. 5. If Vy: V¥6=Vy +5: V10, find the value of y. 

Ex. 6. State some of the efficiency values in the principle of § 291. 


292. General principle. — Sometimes the two terms in a 
ratio have a common unit of measure (see § 226); some- 
dette eon 

Lava: 
of measure common to the antecedent and the consequent 


< x ; ISS ati 
is 1 inch. But the terms of the ratio ——— have no 


RS 


times they do not. Thus, in the ratio ,& unit 


common unit of measure. 
However, by the method of limits it may be shown that 
of two ratios, in each of which the terms have @ common unit 
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of measure, are equal, under like circumstances two ratios 
whose terms have no common unit of measure (that is, are 
incommensurable) are equal. For instance, see § 229 


(p. 185). 


Bx.1. Find the fourth proportional to a, 2a, 32. 

Ex. 2. Find the third proportional to a +6 and a — 0. 

Ex. 3. Find the value of z in the proportion, 4:5 = #: 15. 

Ex. 4. Find a short method of determining whether a given pro- 


portion is true or not. Use this method to determine whether the 
following proportions are true: (1) 4;:6=3:9. (2) 5a:2a=15:6. 

Ex. 5. Transform the proportion «+1:2—1=7:5 by compo- 
sition and division, and afterwards find the value of z. 

Ex. 6. Given dr:y=bp:q. Provexr:y=p:q. 

Ex. 7. PW isa lever and Fa fulcrum. The lengths of the arms 
of the lever are denoted by 
Land 1. 

W=weight to be lifted 
(expressed in pounds). 

P =no. |b. of force applied 
at P, which will raise the 
weight W. 

hens? ee We 

Express this formula as a 
proportion. 


vab2; (8h, Mig Tbe iG, an 1G = OO) Moy, fa th at, 16, ee 5) iii, Taal J. 

Ex.9. What is the efficiency value of the law of the lever stated 
in Ex. 7? 

Ex. 10. Make up and work an example similar to Ex. 8. 

Simplify the following proportions as far as you can by use of the 
properties of proportions : 

Date 4 x 
6+2Vl+2 8—-4Vi-« 
Bx.120 i 3e@+5e—-7_ 2284 42?9-3244 
Ce SG Oe See die eee aA: 


Jatbe dak. 


Ex. 13. Ve+2_VBat+ 5 


Vip 2 OUND Go 8 
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PROPOSITION I. THEOREM 


293. A straight line parallel to the base of a‘triangle 
divides the other two sides proportionally. 


Given the triangle ABC and the line DE || base BC and 
intersecting the sides AB and AC'in the points D and F, 


respectively. 
To prove ey = =e 
SbNo WKS! 
Proof. 1. Take any common unit of ds 15 22%, 


measure of AD and DB, as AK, and let it 
be contained in AD m times and in DB n 


times. 
AD _m(AK)_m 

ee Taeene Vg) ee 

2. Through A and the points of division 
of AD and DB draw lines || BC and meet- 
ing AC. 

8. These lines will divide AH into m ay, (SAIS) 
parts, and EC into n parts, all equal. 


bo 
7) 
we) 
Or 


AE _m(AL)_m | 
; al =. . Why? 
4, Hence, Om aL) ae 4, Why 
AD _ AE Bo Ae oD, 
5. Hence, DB EC ee 


294. Cor. 1. By composition (§ 286), 
AD+ DB: AD= AE+4+ HC: AL. 
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Or ABAD =AC VASE. 

In like manner, AB: DB = AC: EHC. 

In general language, if a line parallel to the base cuts 
the sides of a triangle, a side is to a segment of that side as 
the other side is to the corresponding segment of the second 
side. 

As a matter of convenience in. making references, the 
principle stated in § 298 will be regarded as covering also 
the properties stated in § 294. 


295. Cor. 2. On the adjoining di- 


agram, 


PB_AP 
QC AQ’ 
IDIP NIP 
Ac ——— 
EQ AQ 
Poems 
OCHO ss 


Hence, if two lines are cut by a number of parallels, the 
corresponding segments are proportional. 


296. Cor. 38. A line drawn through the midpoint of one 
sede of a triangle and parallel to the base, bisects the remain- 
ing side; and a line drawn through the midpoint of one leg 
of a trapezoid parallel to the base, bisects the other leg. 


If the diagram of Prop. I were so constructed that 

Bz. 1. AD=12%, DB=8, and AC = 15, find AB and EG. 
Bz. 2. AH =2 DB, AD =5, and EC = 10, find DB. 

13 Ch, ALD) ah IDE) = Uh, JBC! = @, vatingol AUB 


Bx. 4. If, on the diagram for § 295, AD = Ss IOP = (0, 213 = 2 
AC =12, find AE, EQ, QC. ss 
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PROPOSITION II. PrRoBiEeM 


297. To construct the fourth proportional to three given 
straight lines. 


nr 


m 155 Cpa ae aes * Ee 
Given the lines m, n, p. 
To construct a fourth proportional to m, n, and p. 
Construction. 1. Draw two lines AP and ile. Jeo ab. 


AQ, making a convenient angle A. 
2. On AP mark of AB=m, BC=n; 2. Post. 2. 
on AQ, AD = p. 
3. Draw DB. 3. Post. 4 
4. Through C draw CE || DB and meet- 4. § 95. 
ing AQ at LH. 
Then D# is the fourth proportional re- 


quired. 
Proof. (12 AB. bC = AD: DE. LESS 298: 
2. Hence, We tex p> DE. ie 3M ics) 
QEF. 


Bx.1. Construct a fourth proportional to three lines, 3 in., 1 in., 
and 1} in. long. 

Ex. 2. Construct a third proportional to two lines, 2 in. and 1} 
in. long. 

Ex. 3. Construct a third proportional to any two given lines, a 
and b. 

Ex. 4. Given three lines a, b,c; and a:b=c+a2:e~—2; construct 


the line z. 
[Sue. Apply § 288 to the given proportion. ] 
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Proposition III. 
298. To divide a given straight line into parts propor- 
tional to two given straight lines. 

m A F B 

a i a ae ae a Sc ges Gas = ie aie: acid 2 alee 

‘“ i ‘ 

ye ; H 

n "Re . / ‘ 

m>, / f 

Ss / i 

Sc7 eta 

e / 

. ! 

< i 

ONS ey 
Ds. 


Given the lines AB, m, and n. 
To divide AB into parts proportional to m and n. 
1 Postel: 


1. Drawthe line AP, 


Construction. 
making any convenient angle with 
2. Post. 2. 


AB. 
2. On AP mark off AC=m, and 
3. § 95. 


CD=n. Draw DB. 
3. Through C draw CF'|| DB and 


meeting AB at F. 
Then AF and FB are the required 
1. Why? 
2. Why? Q.E.F. 


parts of AB. 
Proote! oe AH EBA CeO: 
2. Hence, AF: FB=m:n. 


Ex.1. Draw a line 2 in. long and divide it into two parts which 


shall be in the ratio of 5 to 3. 
Ex. 2. Draw any two lines and denote them by a and b. 
Then draw a line 14 in. long and divide it into parts which shall be 


in the ratio of a to 0. y 


proportional to three other given straight lines, denoted by m, n, p. 


Ex. 3. Divide a given straight line into parts which shall be 
Bx. 4. Draw a line of conyenient length and divide it into parts 


proportional to 2, 3, and 4, 
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Proposition IV. THEOREM 


299. If a straight line divides two sides of a triangle 
proportionally, it is parallel to the third side. 


A 


dD 
i eS 
Given the A ABC and the line DF intersecting AB and 
AC'so that AB: AD= AC: AF. 


To prove DF || BC. 


Proof. 1. Through D draw the tLe § Qiay. 
line DK || BCand meeting AC at K. 
2... Tien, AB: AD= AC?AK. 28.293: 
Sa Dube Bree A CTA Br 3. Hyp. 
4, w AK = AF. 4, § 283 
5. Hence, the point # falls on F, ly Uae 
and the line D& coincides with the 
line DF. 
6. But then, D& |i BC. 6. Constr. 
(Ga ss IOYE | IBOS 7. DF coincides with 
DK which || BC. Q.£.D. 


300. Cor. The line which joins the midpoints of two 
sides of a triangle is parallel to the third side. 


If the diagram of Prop. IV were so constructed that 

Ex.1. AD=12,DB=4, AF =15, and FC = 5, would DF||BC? 

B= 2. AB=20, 2D=16, AC=25, and-AF=18, would 
DF || BC? 

Ex.3. AD=3 DB, and AF =8 FO, would DF || BC? 
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PRoposITION V. ‘THEOREM 


301. The bisector of an angle of a triangle divides the 
opposite side into segments proportional to the adjacent sides. 
F 


C D B 
Given the A ABC, with the line AD bisecting the 
4 BAC and meeting BC at D. 
To prove CD: DB= AC: AB. 


Proof. 1. Draw the line CF'|| AD, 1. § 95 
and meeting BA produced at /. 

Zo then, CD 2Dp — fA BAB, 2. § 295. 

3. But Zr Zp 3. § 96, 

4. LS ees Nie 

5) iNNSO) EZape =e ip 5. Hyp. 

6. Re AS ee OA 6. Why? 

t <:4 ACF is isosceles, and 7.. Why ? 

AG = AF. 
8. aC Lb = AC AB. 8. Ax. 9. Q.E.D, 


If the diagram of Prop. V were so constructed that 
Bx, Ly AG —6,-4 B10) andsC) = 4 im dep Be 
Lape, AIC = PE Aas ao Chath JOYS — shady siuaol (CVD) 


lap Ch 40/5) 1G}, AUC aly hail EKO! == IE, viel CUD) eumvel IDE, 
[Sue. Let DC =z, DB =14 — zg, etc.] 


Ee AO landy@) ==" 21 finds OuDrande Ee 
[Sue. Solve orally by separating 21 into two parts which are as 
soe 


Ex. 5. Solve similarly, if AC = 7, AB = 21, and CB = 20. 
Ex.6. Also, if AC =6, AB=9, and CB =10. 
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SIMILAR POLYGONS 


302. Similar polygons are polygons having their corre- 
sponding angles equal and their corresponding sides pro- 
portional. 

Thus, if the figures ABCDEH and A'B'C'D'E’ are 
similar, the angles A, B, C, etc., must equal the angles 
A!', B', C', etc., respec- 


tively; also. AB: A'B' x 
=BO:B'=CD:0'D’, R 
ete. - A OM oy! o! 
Hence, it is constantly 
to be borne in mind that E hy! 
E D 


similarity in shape or 
form of rectilinear figures involves two distinct properties : 
1. The corresponding angles are equal. 
2. The corresponding sides are proportional. 
It should also be clearly realized that one of these 
properties may be true of two figures, and not the other. 
Thus, in the rectangle A and the rhomboid B, the cor- 
responding sides are proportional but the corresponding 
angles are not equal. 


[se diel 


Also, in the rectangle C’ and the square D, the corre- 
sponding angles are equal but the corresponding sides are 
not proportional. 

However, it will be found that, in the case of triangles, 
if one of the two properties is true, the other must be true 
also. 


303. The ratio of similitude in two similar figures is the 
ratio of any two corresponding sides in those figures. 
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Ex. 1. Are any two squares similar ? 

Ex. 2. AandBarerectangles. Are eee {oe | 
they similar? . 10 12 

Ex. 3. If, in the similar pentagons of § 302, AB = 30, BC = 47, 
CD = 36, ED = 33, AE = 24, and A’B’ = 21, find the other sides of 
the second pentagon. j 


Ex. 4. Make up a problem similar to Ex. 2, and answer it. 


PROPOSITION VI. THEOREM. 


304. Jf the angles of two triangles are respectively equal 
to each other, the triangles are similar. 


A 
A 


iT; 
B Co B' GC! 
Given the A ABC and A'B'C’ with ZA=2A', ZB= 
Zep andl OZ. Of; 
To prove the A ABC and A’ B'C’ similar.. 
Proof. 1. Place A A’B’/C’ upon 1..Geom. Ax. 2. 
A ABC so that Z A’ shall coincide 


with its equal, 7 A, and B/C’ shall 
take the position WH. 


Ze Ueno A Fea 0Z B- Vib oN ty 5 0 

3. o MARBC. 3. Why? 
A. 4B AR= AG: AL, 4. § 293. 
5. Hence, AB: A’BR’ = AC: A’C'. Dn AXA: 


6. In lke manner, by placing 6. Reasons 1-5 
A A’B'O’ upon A ABC so that Z B’ | above. 
shall coincide with its equal 2 B, it may 
be proved that AB: A’B’ = BC: B’C’. 
bee Cee BO, 
AUB eA ON ia BOL 
8. Hence, A ABC and A’B’C’ are 8. § 302. 


simila ac | 0.E.D. 


7. Henee, 
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305. Cor. 1. If two triangles have two angles of one equal 
to two angles of the other, the triangles are similar; also, 

If two right triangles have an acute angle of one equal to 
an acute angle of the other, the triangles are similar. 


306. Cor. 2. Jf two triangles are each similar to the 
same triangle, they are similar to each other. 


307. The efficiency value of the principles arrived at in 
§§ 304-306 is that by them the labor of proving two‘ tri- 
angles similar is reduced to that of proving two angles of 
one triangle equal to two angles of the other; or, in the 
case of two right triangles, of proving only one pair of 
angles equal. 


308. Symbol. — It is often convenient to use the symbol 
~, as a substitute for the words “is similar to.” 


Ex. 1. Are two rhombuses ever similar? Are two rhomboids 
always similar ? 

Ex, 2. Construct two similar rectangles in which the ratio of 
similitude is 2:3. 

Ex. 3. ABCD isa quadrilateral inscribed in a circle. The sides 
AB and DC are produced to meet at H, and the chords AC and BL 
are drawn. Prove that the triangles ACH and BDE are similar. 

Can you point out another pair of similar triangles on the figure ? 

Ex. 4. The three sides of a given triangle are 8, 10, and 12 inches, 
respectively. If a line 9 inches long, parallel to the longest side, is 
terminated by the other two sides, find the segments into which it 
divides them. 

Bx. 5. Draw a figure for the following theorem and state the 
hypothesis and conclusion in terms of the lettered diagram (but give 
no proof): “ The perpendiculars drawn from the vertices of a triangle 
to the opposite sides are the bisectors of the angles of the triangle 
formed by joining the feet of the perpendiculars.” 

Ex. 6. Write out a list of the theorems used in proving the 
theorem that if the opposite sides of a quadrilateral are equal, the 
figure is.a parallelogram. 
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Proposition VII. ‘THEOREM 


309. If the corresponding sides of two triangles are pro- 
portional, the triangles are similar. 


=F H 
B C 


Given the A ABO and A’ BC’, in which AB: A’ B'= 
AC: AC =BC: BC. 

To prove AABC~ A A'B'C. 

Proof. 1. On AB mark off AF 1 ePostez: 


equal to A’B’, and on AC take 
AH= A’'C’. Draw FH. 


Det henks Bey Al =A GA. 2. Hyp. 
3 . FH WBC. Sango: 
LN ere Aa af MIU RP AU) = At OF 4. Why? 
5. «A AFH ~A ABC. 5. § 304. 
6. Hence, AB: AF = BC: FH. 6. § 302. 
(a thawis; ABSA B = BO tE HR: yaees ba» 
Se Dubwel base b= BOD Oe 8. Hyp. 
a: SLE, = 9. § 283. 
10. Hence, A AFH =A A’ B'C. 10. § 83. 
ial we ABO SA ACBIC? Aca) Q.E.D. 


Bz. lo InAABC, AB =9,AC=12, BC= lotralso im A AB'C. 
A’'B' = 6, A’C’= 9, B’C'’=10. Are the two triangles similar? 

Ex. 2. In proving Prop. VII, why cannot AA’B’C! be applied to 
A ABC as in the proof of Prop. VI? 


Ex. 3. The bases of two isosceles A are 6 in. and 4 in., and their 
legs are 12 in. and 8 in., respectively. Are the A similar? 


Ex. 4. Make up an example similar to Ex. 1. To Ex. 3. 
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EXERCISES: GROUP 48 


Ex.1. Given AB a diameter of the ie 
circle O; AB produced to C and PCL Q 
AC; AFP a line intersecting the circle in 
Q. Prove A APC ~ AAQB. ie 

Ex. 2. Draw a triangle and a line 4 (6) 


parallel to one of its sides and meeting 
the other two sides produced. Prove 
that the two triangles thus formed are 


similar. Q 
Ex. 3. Given the triangle PQR, Qa right A 
angle; AB and FH1PR. Prove that the 
diagram contains three similar triangles. 
Fe B 7 ya 


Ex. 4. ABis the hypotenuse of the right 
triangle ABC. At A and B perpendiculars to AB are erected to 
meet BC and AC produced at P and Q respectively. Proye 
APAC~ABCQ. 

Ex. 5. ABCD isa parallelogram. FP is any point on the side CD; 
AP produced meets the side BC produced at Q. Prove that the 
figure contains three similar triangles. 


Ex. 6. In a given circle draw two chords AB and CD inter- 
secting at F. Draw lines joining the extremities of the chords. 
How many pairs of similar triangles does the figure contain? Give 
proof. 

Ex. 7. From a given point outside a circle two secants are drawn 
to the circle. Lines are drawn connecting the points where the 
secants cut the circle. Prove that two pairs of similar triangles are 
thus formed. 

Ex. 8, The line which joins the mid- 
points of two sides of a triangle is equal 
to one half the third side. (Use § 300.) 

Ex. 9. To determine the distance AL 
across a stream, construct any convenient 
line BD, and DF'||BA. Determine the 
point C' where FA crosses DB. 

Then prove A FDC ~ A CAB. 

If CB = 240 yd.. DC = 160 yd., and 
DF = 248 yd., compute AB. 
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State the efficiency value of similar triangles which is illustrated by 
the preceding problem. 


Ex. 10. Extend the non-parallel sides of a trapezoid until they 
meet. Then prove that the two triangles thus formed are similar. 


Proposition VIII. THEOREM 


310. Jf two triangles have an angle of one equal to an 
angle of the other, and the sides including these angles pro- 
portional, the triangles are similar. 


C B' ay 


Given the A ABC and A’ B'C’, in which Z A= 2 A’ and 
AB: AlB!=AO:AlC". 


To prove AABCTY~ A A'B'C. 


Proof. .1. Place A A’B’C’ upon A ABC | 1. Geom. Ax. 2. 
so that Z A’ shall coincide with its equal, 
ZA, and B’C’ take the position FH. 

ce then ABs AR AC yA. 2. Hyp. 

ee lience tH IB CO. 3. Why? 

AS CAPA = ZB, and ZAP = ZO, 7A Why 

5. .. AABCW~A AFH. 5. Why? 

Om eA. BG A TAB OT, 6. Why? 


Q.E.D. 


311. Cor. Two isosceles triangles in which the vertex 
angles are equal are similar. 


Ex. In the A ABC, AB=6, AC =8, BC =10; in the similar 
LVACEICOSACE GNA. ose ind AL Cuanden on 


SIMILAR POLYGONS 199 


EXERCISES: GROUP 49 


A 
Ez.1. Given AABC with AF=} AB and 
AH=}34AC. Prove A AFH ~AABC. 
[Sue. If AF=i AB, then 4%~=1 (ax. 5), PEA 
etc.] ae 
Ex. 2. A and A’ are corresponding vertices in 
a pair of similar triangles. Prove that medians e oO 


drawn from A and A’ divide the tri- 
angles into two pairs of similar tri- 
angles. 


Bx. 3. Given FH and CD 1 straight 
line AB; FQICP. Prove AQrH ~ 
ACPD. 


Ex. 4. Given P any point within the 
[NGAP AGB Cv midpoints of PA, Q jap Te D 
PB, and PC, respectively. Prove B 
AA'BC’~ K ABC. 

Ex. 5. State and prove the theorem 
similar to that of Ex. 4 when P is a 
point outside of the triangle ABC. 


BR 


Ex. 6. Prove the theorem of Ex. 4 
when P is a point on one of the sides ree 
of AABC. a aes 

Ex. 7. A certain tree casts a shadow 132 ft. long. At the same 
time a rod 10 ft. high casts a shadow 12 ft. long. Compute the height 
of the tree. (See Ex. 3.) 

Ex. 8. To find the distance AZ, a convenient 
position C’ is taken and C'A and CB are drawn. D 
On CA, CD is measured off = 4 CA, and on CB, CF 
is measured off =}CB. Prove ACDF~ACAB. 
(See Ex. 1.) If DF is measured and found to be 217 ft., how long 
is AB? 

Ex. 9. In a triangle ABC, the bisectors of the angles B and C 
meet the sides opposite these angles in Q and R, respectively. If AQ, 
QC, AR, and RB are 9, 15, 8, and 10 inches, respectively, find BC. 


ee \ 


OF Ek 


Ex. 10. If one of two similar triangles is isosceles, prove that the 
other is isasceles also. 
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Proposition IX. ‘THEOREM 


312. If two polygons are similar, they can be decomposed 
into the same number of triangles similar, each to each, and 
similarly placed. 


B 


E D E’ Di 


Given the similar polygons ABCDE and A'B'C' DE’, 
divided into triangles by the diagonals AC, AD, and A’ C’, 
A'D', drawn from the corresponding vertices A and A’. 


To prove that A ABC, ACD, ADE are similar to the 
AA! B'C', A'C'D', A! D'E’, respectively. 


Proof. 1. B/E lS 302: 

2.9A180\ 7 ABA BR == BCT B Oa Dee cO2: 

, Pa AB OLA! BG at oe ia Le 
Sealine 2.) 5 ar OL) ae 


3 
4 § 302. 
5. Also LZe=Zxu', db. S802, 
6. Subtracting, Zy= Zy’. 6. Why ? 
(obute ~ BCU Oe CDEC iD aie iat seauen 
Scand) BO BG earA CsA! OC oma 
DyLuence,, AC eA! C=C C1) are mace 
10. Be ACDim A AOD ae amar o LU: 
11. In hke manner, 11. Reasons 1-3 above. 
AADE~AA'D'E’. Q.E.D. 


Ex. Construct two rectangles whose bases are 8 and 10, and alti- 
tudes 4 and 5, respectively. Show that the rectangles are similar 
according to § 302. Draw a pair of corresponding diagonals and 
show by § 310 that the corresponding A formed are similar, 

* 
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Proposition X. THEOREM (CONVERSE OF Prop. IX) 


313. Jf two polygons are composed of the same number of 
triangles, similar, each to each, and similarly placed, the 
polygons are similar. 


B 


pe 


'D E Ds 


Given the two polygons ABCDE and A'B'('D'F’, in 
which the A ABC, ACD, ADE are similar, respectively, 
to the A A'B'C"”, A'C'D', A' D'E', and are similarly placed. 

To prove ABCDE~ ABCD E'. 


Proof. 1. Ya 8 iy ad 3 1. Corr. 4 of sim- 
ilar Aare =. (§ 302.) 
2. Also PE oe 2. Why? 
3. And Lif Loy", 3. Why? 
MA VAdding. 22 BOD = Z7B' CLD. 4, Why? 
5. Likewise, 5. Reasons 1-4. 


LOD Baal! DE", 
ZORA He ZB! A’ IG ete. 
AR” SRC 6. Corr. sides .of 


6. Also ‘A'B’ BO’ | similar A are propor- 
tional. (§ 302.) 

i BOs, and oa. 7. Why? 

8. Henee, oa-Gy|  %& Why? 

SueDO, CD _ DE AE 9. Reasons 6-8. 


C'D'’ D'E’ AB 
10, ». ABCDE~ A'B'C'D'E'. |‘ 10. § 302. aun 
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314. Abbreviated form of statement. —It is often con- 
venient to write a series of equal ratios, like those used in 
the preceding proof, as follows: 


AB OBO ACR. ODS. (PAD\ a DE 
ALB! Bea NAOT” ODO OAD DE AE 


in which we inclose in parenthesis a ratio that is used 
merely to show the equality of two other ratios. 


315. Drawing to scale.— A rectangular building lot is 
measured and found to be 50 ft. wide and 150 ft. deep. 
The diagram P represents this lot, a hne 1 in. long on the 
diagram standing for a line 
100 ft. long on the lot. This |, 
method of drawing is called 
drawing to scale. 

Drawing to scale is making a drawing of an object so that 
every line on the drawing is a given fractional part (or 
multiple) of the corresponding line on the object. 


Thus, if the scale of the drawing is 75, each line on the drawing 
equals #5.of the corresponding line on the object. 

Maps and architects’ drawings of buildings are familiar examples 
of drawings to scale. 


The scale of a drawing should always be indicated on 
the drawing. The following shows a convenient method 
of indicating the scale of a drawing. 


Scag, 1 Ince To 100 Mines 


1 
OR SCALE = —1_\. 
( 6,336,000 


Ex. 1. Construct a drawing scale 3 inches long, similar to the one 
just given, but to the scale of 1 inch to 20 ft. Of 1 in. tol yd. Of 
1 in. to 40 miles. 
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Ex. 2. Using a scale of j,, draw a line to represent 18 in. -To 
represent 30 in. To represent 2 yd. 


Ex. 3. Using a scale of 7, construct a 
drawing to represent a rectangle 30 in. long 
and 15 in. wide. 


Ex. 4. The adjoining diagram represents 
the plan of a cellar. The scale of the diagram 
is gty. Find the perimeter of the cellar in feet. 


Ex. 5. State some of the advantages of being 
able to make drawings to scale. 


Ex. 6. Using a convenient scale, make a 
drawing of the school grounds. On this drawing represent the main 
school building. 


PROPOSITION XI. THEOREM 


316. The corresponding altitudes of two similar triangles 
have the same ratio as any two corresponding sides. 


B 


A D Cc Aer Dp Od 


Given the similar A ABC, A'B'C’, and fh, h', any two 
corresponding altitudes in these A. 
joey Aa Or. LOM, 
DAB eB CA) Ot 
Proof, 1. Injthewt. A ABD and | 1. -Why? 
ING ODP OE eV AL 


To prove 


OPN ABD ~ KA BD’. 2. Why? 
h_«AB_ 3. Why? 
h’ A'B’ 
4. Why? 
Aaa at AB ALBC SSAC y 


AB! BIC! AO 
h AB IBC). LG! Why? 
5. Hence, MS? Gere en | Q.E.D. 


Or 


904. PLANE GEOMETRY. BOOK Iil 
Proposition XII. THEOREM 


317. The perimeters of two similar polygons are tn the 
same ratio as any two corresponding sides. 


d 


Given the similar polygons I and II with the sides a, 6, 
e, etc., of I corresponding to the sides a’, 0’, ce’, ete., of IL; 
the perimeter of I being denoted by P, and that of II 
byte. 


To prove P: P! =a: a'. ¥ 
Qe Oe Cane : 
Proof. 1. ae ie nae ts 1. Why? 
at+b+e+d+e a 
2. Hence, aiek Uist a 2. § 289. 
92 
Or —=—, 
Las Oy Q.E.D. 


318. Cor. In two similar polygons, any two correspond- 
ing lines are to each other as any other two corresponding 
lines; and the perimeters are to each other as any two cor- 
responding lines. 


Ex. 1. If the perimeter of a given field is 210 rods and a side of 
this field is to a corresponding side of a similar field as 3:2, find the 
perimeter of the second field. 


Ex. 2. One farm is twice as large, in length and width, as another 
farm. How many times longer is the fencing inclosing the first farm 
than that inclosing the second ? 
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EXERCISES: GROUP 50 
Ex. 1. Prove that any two given squares are similar to each other. 
Ex. 2. On a given map, two places A and B are represented as 
23 inches apart. How many miles is it from A to B if the scale of 
the map is 50 miles to the inch? 


Ex. 3. How many miles apart are A and B (Ex. 2) if the scale 
of the map is —=——_ ? 
1,000,000 

Ex. 4. Prove in full (without using § 318) that the perimeters of 
two similar polygons are to each other as any two corresponding 
diagonals. 

Ex. 5. To find the distance AB, take a conyen- 1 
ient point C and measure AC and CB. Produce AC i 
to F, making CF =3AC. Also produce BC to D, (.@ } 
making CD=}CB. ProveACDF~AACB. 

If DF is measured and found to be 136 yd., how / 
long is AB? A 

Ex. 6. On the diagram of Ex. 4, p. 199, let A’ be any point on 
PA, A'B'\|AB,and B'C'||BC. Prove 
AGMA G. 

Ex. 7. AB and CD are two rods 
fastened together at O, and each able 
to rotate about O. If BO=1, AO 
and DO = 1 CO, prove that in every 
position of the rods BD = 7; AC. 

Ex. 8. If, on the diagram of Prop. XI, AC = 18, A’C' = 12, amd 
BD = 15, find B! D!. ; 

Ex. 9. Two sides of a triangle are 8 and 12 and the altitude on 
the third side is 6. In a similar triangle the side corresponding to 8 
is 10. In the second triangle compute one of the other two sides and 
the altitude corresponding to the altitude 6. 

Ex.10. In the triangle ABC, AM bisects the angle BAC, CM is” 
perpendicular to AM and when produced meets AB in K. D is the 
midpoint of BC. Prove DMI|BK. If AB= ly XC =x, fine! 
AC = 4.6, find the length of BK and of DM. 

Ex. 11. Using a convenient scale, make a drawing to represent 
the outline of the schoolroom floor. On this drawing can you repre- 
sent the teacher’s desk? The other desks in the room? 


206 PLANE GEOMETRY. BOOK III 


Proposition XIII. THEOREM 


319. If, in a right triangle, a perpendicular is drawn 
From the vertex of the right angle to the hypotenuse, 


I. The two triangles thus formed are similar to each other 
and to the original triangle ; 


II. The perpendicular is the mean proportional between 
the segments of the hypotenuse ; 


Ill. Hach leg of the given right triangle is a mean pro- 


portional between the hypotenuse and the segment adjacent 


to that leg. = 


A H C 
Given the right A ABC and BF the perpendicular from 
B to the hypotenuse AC. 
To prove I. AABF~ A BFC~AABC. 
PALS pea pec, 
Wis AC e=Sc: AF AandACsa=a7FC. 


Proof. J. 1. Inthe rt. A ABF and 1. Ident. 
ABC, LN Lees 


NA BE A BC, 2. § 305. 
3. In the rt. A BFC and ABC, 3. Why ? 
Loy = Lye 

4°, A BEC m~ 2 ABC, 4. Why? 

5. «. AABF~ A BFO~A ABC. 5. § 306. 

IL 1. In the A ABF and BFC, 1. § 302. 
APF psp HC. 

III. 1. Inthe A ABC and ABF, 1. Why? 
AC Ve = 0 Ai. 

2. In the A ABC and BFC, 2. Why? 


AC:a=a:FC. | QED. 
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320. Cor. The perpendicular to the diameter from any 
point on a circle isa mean proportional be- 
tween the segments of the diameter; and 
the chord joining the point to an extremity 
of the diameter is a mean proportional be- 
tween the diameter and the segment of the diameter adjacent 
to the chord. 


On the diagram of Prop. XIII, 
Ec Let Au 4a AC. OS find Br. Kind AB and Bes 


xyes lt Be = 12yand AOC 6 ind CO, Ar and=B FP. 
Exo lta —.08 and Bil —.16,4ind BC. 
PRoposITION XIV. PROBLEM 


321. To construct the mean proportional between two given 
straight lines. 


mm 


Given the lines m and n. 
To construct the mean proportional between m and n. 


Construction. 1. Drawa line AP and on it eee Osus: 
mark off AB = mand BO =n. 1-and 2. 

2. Bisect AC at O. Dos SIGS 

3. With O as a center and AO as a radius, 3. Post. 3. 
describe the semicircle ARC. 

4. At Berect BRL AC, meeting ARCat R. A, § 250. 

BR is the mean proportional required. 

Proof, LAB bee BR: BC. § 320. 

2. Substituting m for AB, and n for BC, Ax, 9. 

jap). 9 Jb uae a 1BsTas Be Q.E.F. 


aa 


bo 
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Ex.1. Construct the mean proportional between two lines 1 in. 
and 2 in. long, respectively. Also between lines of $ and 14 in. 


Bx. 2. Taking any line as 1, construct a line equalto V2. Also V6. 


Ex. 3. Construct a line V5 inches long. 


PRoposItIion XV. THEOREM 


322. The product of the segments of a chord that passes 
through a fixed point within a circle is the same for all direc- 


tions of the chord. 
D 


Given the circle O, # any point within the circle, AB a 
chord passing through F in any direction. 

To prove that AF x #B always equals the same quantity. 

Proof. 1. Through #' draw the chord DC Ts Posts ls 


and denote DF by p and FC by g. Draw 
also DA and BC. 


2. Then, in the A ADF and FBC, Wh WS ABT 
Ds B: 
3. Also LA =k, 3. Why? 
4. LAD eB. 4. Why? 
5. ALE Ch en EES 5. Why? 
Oeutence, LAL xer Bi yd: 6. Why? 
7. But p and q are constants. 7. Position of 
DC is fixed. 
8. Hence, in whatever direction AB is Oop Xin isa 
drawn through Ff, AF x FB =a constant. constant since p 
and q are. 


Q.E.D, 
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323. Cor. Jf two chords in a circle intersect, the prod- 
uct of the segments of one chord is equal to the product of 
the segments of the other chord. 


If the diagram of Prop. XV were so constructed that 
iebig dh, ale We 1805s Sheesh JO aU shold DV Ee 
Bxi2 aie 2 Mb Ne 9 and B= 8, nnd Ak and HB. 


Bxs3. fC —6, Dr = 4, and AB = 11, find AF and FB. 
[Sue,” Let Ad’ = x, ete} 


bc 2, AH oo; PB = band 2h =e, tind FC. 


Ex, Se HC =p, Di 9, and AB = 7, tid Ar. 
How do you interpret the + sign in your answer? 


Proposition XVI. THEOREM 


324. If, through a point outside a given circle, a tangent 
and a secant are drawn to the circle, the length of the tangent 
is the mean proportional between the whole secant and its 


external segment. 
A 


Given AB, a tangent, and AC, a secant, to the circle 
BOF, and AF, the external segment of the secant. 


To prove AC: AB= AB: AF. 
Proof. Let the student supply the proof. 
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325. Cor. Jf, from a given point without a eirele, a 
secant is drawn, the product of the secant and its external 
segment is constant, in whatever direction the secant is drawn. 


For the product of each secant thus drawn and its ex- 
ternal segment equals the square of the tangent, which is 
constant. ‘ 


If the diagram of Prop. XVI were so constructed that 

Exo 4 Ge Janded = 45 fndvAB: 

labs, Hh, ANC ee 4h Wal navel Alera PY, aihiaxel ZO 

Ex.3. AC = .64 and AB = .82, find AF. 

Bx. 4. O isthe center, radius = 15, and AO = 21, find AC x AF. 


EXERCISES: GROUP 51 


SimiLarR TRIANGLES 


Let the student make a list of all the conditions that make 
two triangles similar. (See §§ 304, 305, 306, etc.) 


Ex.1. Given ADLEC,and BF LAC. Prove AADC and BFC 
similar. WK 

Ex. 2. In the figure of Ex. 1, prove the A AOF 
and BFC similar. What other triangle on this 
figure is similar to ABFC? F 


Ex. 3. Two isosceles triangles are similar if a SSS 


base angle of one equals a base angle of the other. D 5 


Ex. 4. Prove that the diagonals and bases of a trapezoid together 
form a pair of similar triangles. 


Ex.5. Given 4C’= BC. Prove A APC and 
AFC similar. 2 
Ex.6. AB is the diameter of a circle, BD isa A B 
tangent, and AD intersects the circle at E. Prove 
the triangles ABH and ADB similar. 
Ex.7. BC isachord in a circle, AQ is the di- 
ameter perpendicular to BC’ and meeting it at NV; ¢ 


AP is any chord intersecting BC in M. Prove the AAMN and APQ 
similar. 
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Ex. 8. The triangle ABC is inscribed in a circle; the bisector of 
the angle A meets BC in D and the circle in P. Prove the triangles 
BAD and APC similar. 


Ex. 9. Prove that two rectangles are similar if two adjacent 
sides of one are proportional to the corresponding sides of the other. 


Ex.10. Two circles intersect in the points A and B. AC and AD 
are each a tangent in one circle and a chord in the other. Prove the 
& ABC and ABD similar. 

[Sue. Prove 72BAD = ZACB, etc.] 


326. Proof that lines are proportional.—In order to 
prove that certain lines are proportional, or have propor- 
tional relations, it is usually best to show that the given 
lines are corresponding sides of similar triangles. 


In order to find the required pair of triangles, it is a help to mark 
the four lines (which are to form the required proportion) in some 
special way, as by brackets or colored crayon or pencil, and then to 
select the two triangles which contain these four lines as sides, 


Sometimes, however, other methods of proof are used 
(as the theorems of §§ 322 and 324); but these, if investi- 
gated, are usually found to be the method of similar tri- 
angles in disguise. 


EXERCISES: GROUP 52 
PROPORTIONAL LINES 


Ex. 1. On the figure of Ex. 1, p. 210, prove ADx BC=BFx AC, 
and BC x OD= BO x FC. 

Ex. 2. On the figure of Ex. 5, p. 210, prove CP: CA = CA: CF. 
(Hence, as P moves, the product of what two lines is constant?) 

Bx. 3. The diagonals of a trapezoid divide each other into pro- 
portional segments. 

Ex. 4. In the isosceles triangle ABC, AB = AC; on the side AB 
the point P is taken so that PC equals the base. Prove AB x PB= Bes 

Bx. 5. In a triangle the median to the base bisects all lines 
parallel to the base and terminated by the sides. 
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Ex. 6. If PQ is any line through F, the midpoint of the line 4B, 
and AP and BQare perpendicular to PQ, show that the ratio PF: FQ 
is constant. 

Ex. 7. The triangle ABC isinscribed in acircle. Fis the midpoint 
of the arc AC, and BF intersects the line AC in E. Prove AB: BC= 
AE:EC. (Use §301.) 

Ex. 8. If two circles intersect, the common chord, if produced, 
bisects the common tangent. (Use § 824.) . 

Ex. 9. If two circles intersect, tangents drawn to the two circles 
from any point in the common chord produced are equal. 

Ex.10. Given AD, PT,and BC|l; prove 4 
IPQ) = 1S 


; IPQ TRAP 12 
Sue. Show that —*=—., by show- 
[Sua ow tha BC BC y show 

ing them equal to a common ratio. ] B 


Ex.11. Lines are drawn from a point O within the triangle, to 
the vertices of the triangle ABC. From Bb’, any point in OB, B’A’ is 
drawn parallel to BA and meeting OA in A’, and B’C’ is drawn par- 
allel to BC and meeting OC in C’. Prove A’B’: AB = B’C’: BC, and 


the triangles 46C and A’B’C’ similar. ‘o} _ 
Hx.12. Given ABCD a, and ones. 


P any point in BC produced. Prove 
Pie Oe RP. 

[Sue. Compare the similar A ABR A D 
and RQD; also the similar 4 ARD and RBP.] 


EXERCISES: GROUP 53 
AUXILIARY LINES 


Ex. 1. Prove that lines joining the midpoints of the sides of a 
quadrilateral taken in order form a parallelogram. 

[Sua. Draw the diagonals of the quadrilateral and use § 300.] 

Ex. 2. Lines joining the midpoints of the sides of a rectangle in 
order form a rhombus. 

Ex. 3. Lines joining the midpoints of the sides of a rhombus in 
order form a rectangle. 

Ex. 4. The common tangent of two circles divides the line of 
centers into segments which have the same ratio as the diameters of 
the circles. 

[Suc. Draw radii to the points of contact.] 
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Ex. 5. AB and AC are the legs of an isosceles triangle and BF is 
an altitude. Prove that 240 x FC = BC". 

Ex.6. AJC is an inscribed isosceles triangle of which AB and 
AC are the legs. AD is a chord meeting BC in E. Prove that 
AB’ = AD x AE. 

“ Hx. 7. The line joining the midpoints of the legs of a trapezoid 
is parallel to the bases and equal to half their sum. 

Ex. 8. Two circles touch at the point 7. PTP’ and QTQ’ are 
lines drawn meeting the circles in P, Q and P’, Q’ respectively. 
Prove the triangles PT'Q and P’TQ’ similar. 

{[Sue. Draw the common tangent at T.] 

Ex.9. Two circles touch at the point 7, and through 7 three 
lines are drawn meeting the circles in P, Q, R and P’, Q’, R’, re- 
spectively. Prove the triangles PQR and P’Q’R’ similar. 

Ex. 10. If A is the midpoint of CD, an arc of a circle, and AP is 
any chord intersecting the chord CD in Q, prove that dP x AQ isa’ 
constant. 

Ex. 11. In an inscribed quadrilateral, the prod- Von as oO 
uct of the diagonals is equal to the sum of the prod- 2 A 
ucts of the opposite sides. \ 


[Suc. Draw BF so that ZOBF=ZABD and \\W A \ 


use similar triangles.] ANS gD 


EXERCISES: GROUP 54 
TurorEMS PROVED BY VArtious MretHops 


Ex.1. In the figure on p. 206, show that AB x BF = BC x AF. 


Ex. 2. Inthesame figure, if *C=38 AI’, show that AB’: BO’ =1:3. 

Ex. 3. AB is the diameter of a circleand PBisatangent. If AP 
meets the circle in the point Q, prove that AP x AQ= LUE 

Ex. 4. In similar triangles, corresponding medians have the same 
ratio as corresponding sides. 

Ex. 5. A diameter AB is produced to the point C; CP is perpen- 
dicular to AC; PB produced meets the circle at Q. Prove the tri- 
angles AQB and PCB similar. 


Ex.6. If PA and PB are chords in a circle, and CD is a line 
parallel to the tangent at P and meeting PA and PB at C and D, 


the triangles PAB and PCD are similar. 
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Ex. 7. Given ABa diameter and ADand BC D 


tangents, AC and DB intersecting at a point / 
on the circle. Prove AB a mean proportional 
between the lines AD and BC. 

Ex. 8. A line drawn through the intersection 
of the diagonals of a trapezoid parallel to the 


bases and terminated by the legs is bisected by 4 


the diagonals. 
[Sue. See Ex. 10, p. 212.] 


Ex 9. Ifachord is bisected by another chord, 


each segment of the first chord is a mean proportional between the 


segments of the second chord. 


Ex. 10. If two circles are tangent externally, and a line is drawn 


through the point of contact and terminated by 
the circles, the chords intercepted in the two 
circles are to each other as the radii. 

Ex. 11. Find the locus of the midpoints of 
lines in a triangle parallel to the base and termi- 
nated by the sides. 


Ex. 12. Given AB the diameter, AP, PQR, 


Bk, tangents. Prove PQ x QR a constant (= radius squared). 


Ex. 13. O is the center of a circle and A 
is any point within the circle; OA is produced 
to B, so that OA x OB equals the radius 
squared. If P is any point in the circle, the 
angles OPA and OBP are equal. (Use § 310.) 


mx14, Given AF = FB, and Coat Asb.ay 
Prove PhP = 71K 1K, 


C 


[Sue. HP: FP = CH: FB, etc.) K 


EXERCISES: GROUP 55 


Given three lines a, 3, c, 


Ex. 1: Construct x aie also x = abe 
c c 


Ex. 2. Construct 2 = Va? — 0?, ie, V(a + b)(a — BD). 


Ex. 3. Construct x = V3 ab, i.e, V(3a)b. 


Ex. 4. Given a line denoted by 1, construct V3; also 1V5. 
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Ex. 5. Divide a line into three parts proportional to 2, 4, 2. 


Ex. 6. Divide one side of a triangle into segments proportional 
to the other two sides. 


Ex. 7. Divide a line into segments in the ratio 1: V2. 


Ex. 8. Given a point P in the side AB of a triangle ABC; draw 
a line from P to AC produced so that the line drawn may be bisected 
by BC. 

[Sue. Suppose the required line, PQR, drawn meeting BC in Q 
and AC in R. From P draw PL|| AC and meeting BC in L. 
Compare the A PLQ and QRC.] 


Ex. 9. Through a given point P in the are 
subtended by the chord AB, draw a chord which 
shall be bisected by AB. we 
[Sua@. Suppose the required chord drawn, viz., A er, ‘B 
PRQ. Join the center O with P and Q. What Sie 
kind of angle is OQP, ete. ?] 


Ex. 10. In an obtuse triangle draw a line from the vertex of the 
obtuse angle to the opposite side which shall be a mean proportional 
between the segments of the opposite side. 

[Sue@. Circumscribe a circle about the triangle and reduce the 
problem to the conditions of Ex. 9.] 


R 


Ex. 11. Find a point P in the are subtended by the chord AB 
3uch that chord PA :chord PB = 2:38. 5 

[Sua. Suppose the required construction made, and also the chord 
AB divided in the ratio 2:3 at the point Q. How do the angles dPQ 
and QPB compare ?] ; 

Ex. 12. Given the perimeter, construct a triangle similar to a 
given triangle. 

Ex. 13. Given the altitude of a triangle, construct a triangle 
similar to a given triangle. 

Ex. 14. In a given circle inscribe a triangle similar to a given 
triangle. 

Ex. 15. About a given circle circumscribe a triangle similar to a 
given triangle. 

Ex. 16. By drawing a line parallel to one of the sides of a given 
rectangle, divide the rectangle into two similar rectangles. 
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Ex. 17. Inscribe a square in a given tri- 
angle. 

[Sue. If ABC is the given triangle, suppose 
DGFE the required inscribed square. Join 
BE and produce it to meet AH || BC. Prove 
Alig] = AWK, @veo| 


327. Algebraic analysis of problems. — The conditions of 
a problem may often be stated as an algebraic equation. By 
solving the equation, the length of a desired line in terms of 
known lines may be obtained, and the problem may be solved 
by constructing the algebraic expression thus obtained. 


Ex. Find a point P in 


the line AB, such that AP’ meee amet Loa a 


= 3 BP’. A ye B Fp’ 


ANALYSIS AND ConsTRuCTION. Denote AB by a, AP by z, and 
PBbya—sz. Then x? = 3(a— x)? 
Bat av3. 


-. 222-6 ax=—-3a%, and c= - 


9 
= 3a 
Construct a V3; whence construct 2 


= MB. Lay off the tine ob- 


tained, as AP, on AB. This gives the point P of internal division. 


3a + av3 
2 


Similarly, the construction of gives P!, the point of external 


division. 
EXERCISES: GROUP 56 


ProBLEMS SOLVED BY ALGEBRAIC ANALYSIS 


Bx.1. Finda point P inagiven line AB, such that AP” = 2 BP’, 
Ex. 2. Construct a right triangle, given one leg 
a, and the projection, 2 a, of the other leg on the 
hypotenuse. a 
[Sue. Denote the projection of a on the hypote- 
nuse by x. Then a? = z(# + 2.4), etc.] Ae sf 
Ex. 3. Inscribe a square in a given semicircle. 
Ex. 4. From a given line cut off a part which shall be a mean 
proportional between the remainder of the line and another given line, 


SIMILAR POLYGONS 2h 


EXERCISES: GROUP 57 


Ex. 1. Construct two lines, given their sum (a line 4B) and their 
ratio (m:n). 

Ex. 2. Construct two lines, given their difference and their ratio. 

Ex. 3. Divide a trapezoid into two similar trapezoids by drawing 
a line parallel to the bases of the trapezoid. 

[Sue. Suppose the figure drawn, and compare the ratio of the 
bases in the two trapezoids formed. ] 

Ex. 4. Construct a mean proportional between two given lines by 
use of § 324. 

Ex. 5. Construct a circle which shall pass through two given 
points and touch a given line. 

Ex. 6. From a given point draw a secant to a circle so that the 
external segment shall equal half the secant. 

[Sue. Draw a tangent to the © and use the algebraic method. ] 

Ex. 7. From a given external point P, draw a secant meeting a 
circle in A and B so that PA: AB=™m:n. 

[Sua. Draw a tangent to the circle from the point P and denote 


its length by t. Denote PA by mz and AB by nz. Then m(m + n)x? 
= {2,09 tmnt = mois pee etc. ] 
m+n 

Bx. 8. Through a given point P draw a straight line so that the 
parts of it included between that point and perpendiculars drawn to 
the line from two other given points, shall be in a given ratio. 

[Sue. Join the last two points, and divide the line between them 
in the given ratio. ] 

Ex. 9. Construct a straight line so that the perpendiculars on it 
from three given points shall be in a given ratio. 

[Sue. Let P, Q, R be the given points and m:n:p the given 
ratio. Divide PQ in the ratio m:n and QR in the ratio n: p, ete. ] 

Ex.10. Upon a given straight line construct a polygon similar to 
a given polygon and similarly placed. 

Ex.11. Upona given line as hypotenuse, construct a right triangle 
in which the bisector of the right angle shall divide the hypotenuse 
into parts having a given ratio, 
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EXERCISES: GROUP 58 
PRACTICAL APPLICATIONS 


Ex. 1. In case the sun is not shining and shadows cannot be 
used, the height of an object, such as a tree or a steeple, can often be 
determined by a method 
indicated in the drawing. 
What distances must be 
measured and why, to de- 
termine the height of the 
tree ? 


Ex. 2. Show how to 
find the height of a tree 
by placing a mirror in a 
horizontal position on the 
ground and standing so 
as to see the reflection of 
the top of the tree in the mirror. If the observer’s eye is 5} ft. from 
the ground, the observer stands 6 ft. from the mirror, and the mirror 
is 120 ft. from the tree, how high is the tree? 


Ex. 3. Foresters often determine the height of a tree by an in- 
strument called Faustman’s Height Measurer. The principle on 
which this instrument is con- 
structed is shown in the diagram. <e 

If the distance from A to the 
foot of the tree is 150 ft.. BC =6 
inches, and CF’ = 41 inches, find 
the height of the tree. 


Ex. 4. The distance from A to 
B in Ex. 5, p. 205, might have been 
determined by a graphical method 
as follows: Measure AC, CB, and 
angle ACB. On paper make a 
drawing of the triangle ACB to a convenient scale. On this drawing 
measure the line which represents AB and hence determine the length 
of AB. 

By use of this method, we are saved the labor of marking out and 
measuring the lines CD, CF, and DF. 

Apply this method to the measurement of two objects in your 
neighborhood which are separated by an impassable barrier. 


TO FOOT OF TREE 
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In like manner, show how the distance between two objects, only 
one of which is accessible, may be determined. 


ze I8 
Ex. 5. Show how to find, by use of the graphical ey, 
method, the distance between two places both of which 
are inaccessible. 


Ex. 6. The strongest beam which can be cut from ae 
a given round log is found as follows: T'ake AB, a “~-——~# 
diameter of the log, and trisect it at C and D. Draw CE and 
DF 1 AB and meeting the circumference at E and F respectively. 
Draw AF, FB, BE, and AE. 

Prove AFBE a rectangle. Also that FB: AF=1: V2, or ap- 
proximately as 5:7. 

[Sue. /'B is a mean proportional between DB and AB. There- 
fore FB? = 1 AB? (§ 820.) In like manner, FA? = 2 AB, ete.] 

Ex 7. A sphere S weighing 100 lb. rests on the inclined plane 
AB. AC contains 8 units of length, BC 6 units. A force which 
prevents S from rolling down the plane would 
be equivalent to a lifting force of how many 
pounds exerted on S and parallel with AB? 

[Sue. Resolve the weight of S (repre- 
sented by SP) into two forces, one perpen- 
dicular to AB and the other parallel to AB. 
Prove the triangles ACB and SPR similar, 
and obtain AB: BC = SP: SR, or 10:6 = 100 
Ib.: SA.] 

The principle involved in this example is of great practical impor- 
tance. Thus in many machines useful results are often obtained by 
representing a force by the diagonal of a rectangle (or parallelogram), 
and separating this force into two component forces represented by 
the sides of the rectangle (or parallelogram), only one of these com- 
ponents being effective. This principle makes possible the action of 
the propeller of an aéroplane or steamboat, of the best water wheels 
and windmills, and indeed of all turbine wheels. It also determines 
the lifting power of the planes of an aéroplane. 


Ex. 8. A wagon weighing 1800 lb. stands on-the side of a hill 
which has a rise of 18 ft. for every 100 ft. taken horizontally. 
What force must a horse exert to keep such a wagon from running 
down hill, friction being neglected ? 


Bx. 9. Make up and work an example similar to Ex. 8. 
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Ex. 10. Show how the diameter of the earth may be determined 
by the following method: Drive three stakes into a level piece of 
ground (or into a shallow piece of water) in line, each two succes- 
sive stakes being a mile apart, and let each stake project the same dis- 
tance above the ground (or water). By use of a leveling instrument, 
determine the amount by which the middle stake projects above a 
horizontal line connecting the tops of the end stakes. This distance 
will be found to be 8 in. 

[Sue. Use § 320. An arc a mile long on the earth’s surface may 
be taken as equal to its chord. Then from the diagram of § 320 we 
obtain the following proportion, 

the diameter of the earth: 1 mi.=1 mi.: 8 in.] 


Ex. 11. Also show that the distance that the middle stake projects 
aboye the horizontal line connecting the top of the two end stakes 
varies as the square of the distance between the end stakes. Thus, if 
the two end stakes were placed three times as far apart as in Ex. 10 
(that is, 6 mi. apart instead of 2 mi.), the bulge of the earth between 
them would be 3%, or 9, times what it was originally. 

Hence, determine the projection of the middle stake (or bulge of 
the earth) when the end stakes are 4 mi. apart. When they are 8 mi. 
16 mi. 32 mi. 


Ex.12. At the seashore an observer whose eye was 10 ft. above 
sea level observed a distant steamboat whose hull was hidden for a 
height of 12 ft. above water level by the bulge of the earth. About 
how far off was the steamboat? 


Ex.13. A seaman ina lookout 42 ft. above water level conld barely 
see with a glass the topsail of a distant ship, and estimated this top- 
sail to be 45 ft. above sea level. Estimate the distance of the observed 


vessel from the seaman. Q 
EBx.14. In the triangle B 

OAB, A is aright angle, and 

OAisl. By amethod which 839 

is beyond the scope of this ‘ 

book, the length of AB is O 1 A z aor. © 


computed and found to be .839+. Using this fact, find RQ in the 
second triangle. 


Ex. 15. By use of the table on the following page, find RQ if angle 
Pis 10°52. TU on 
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Tables giving the other sides of all possible right triangles when one 
side is unity have been computed, and when used as in Exs. 14 and 15, 
form the basis of the subject of trigo- 
nometry. By use of this science, after 
measuring the length of a single line a 
few miles long on the earth’s surface, we 
can determine the distances and relative 
positions of other places thousands of 
miles away, without measuring any in- 
tervening lines. By use of these results 
as a basis, the distance of the moon is 
determined as approximately 240,000 
miles; of the sun as 92,800,000 miles; 
and of the nearest fixed star as 20,000,- 
000,000,000 miles. 

A knowledge of these distances has led 
to important improvements in methods of 
navigation and has thus facilitated travel 
and commerce and increased their benefits 
for us all. 

Ex.16. On the diagram, given AB 
6000 ft. long, and the angles as indicated ; 
compute the length of CD, by use of the 
table given in Ex. 15. 

Ex.17. To the diagram in Ex. 16 an- 
nex another triangle CFD, giving it 
angles which are multiples of 10°, and 
compute the length of CF. 


EXERCISES: GROUP 59 
REVIEW QUESTIONS 


Ex.1. Write a proportion which contains a third proportional. 

Ex. 2. Write a proportion in which a given number is used twice 
as a term. 

Ex. 3. Write a proportion which can be simplified by the use of 
composition and division. 

Ex. 4. What is the difference between a ratio and a proportion? 
Show this by an example. 
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Ex.5. Are two mutually equiangular polygons necessarily similar’ 
Draw two polygons which illustrate your answer. 


Ex. 6. Are two polygons whose corresponding sides are propor- 
tional necessarily similar? Draw two polygons which illustrate your 
answer. 

Give a list of the properties proved in Book Three concerning 

Ex. 7. Chordsin a circle. Ex. 9.. Polygons. 

Ex. 8. Secants and tangents. Ex.10. Triangles. 


Ex.11. In making a drawing of an object, what is meant by a 


scale of a? By a scale of 1 in. to 100 ft.? 
5 


Ex.12. On the diagram on page 206, how many lines must be 
measured in order to determine the others? Illustrate your answer 
numerically (i.e., express in numbers the lengths of the fewest possible 
lines and then determine the remaining lines). 


Ex.13. What is the efficiency value of Prop. V? Of Prop. XII? 


Ex.14. On the diagram of Prop. XV, how many of the line-seg- 
ments AF’, FB, DF, FC, AB, CD, must be measured in order to 
determine the others? What, then, is the efficiency value of this 
theorem ? 


Ex.15. Make up and answer an example similar to Ex. 14 con- 
cerning Prop, XVI. 


BOOK FOUR 
AREAS OF POLYGONS 


328. A unit of surface is a square whose side is a unit 
of length; as a square inch, a square yard, or a square 
centimeter. 


329. The area of a surface is the number of units of 
surface which the given surface contains. 


330. Efficiency principle. —It is important for the 
student to grasp firmly the fact that area means not merely 
a vague largeness of surface, but that it is a number. 
Being a number, it can be resolved into factors; it may be 
determined as a product of simpler numbers; and may be 
handled with ease and precision in various ways. (See 


Mascon Pots un) 
EXERCISES:. GROUP 60 


Ex.1. Draw a rectangle 6 inches long and 4 inches wide, and 
divide the rectangle into inch squares by drawing lines parallel to the 
sides. Obtain the area of the rectangle by counting the number of 
small squares composing the figure. Do you know of any shorter way 
of getting the area of the rectangle than this? 


Ex. 2. Obtain the area of the triangle ABC by counting the 
number of small squares composing it 
(piece together the parts of the squares). 
Do you know of any shorter way of get- 
ting the area of the triangle 4BC? 


On squared paper, locate the triangle 
or quadrilateral whose vertices are as fol- 
lows (p. 224), and determine the area of 
each figure. 

Each pair of numbers inclosed in a parenthesis represents a point 

223 
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Thus in (4, 3) the first number, 4, represents a distance of four spaces 
to the right of the vertical line YY’ (see diagram of Ex. 4) and the 
number 3, a distance of three spaces above the horizontal line XA’. 
If the first number in a parenthesis is negative, the number represents 
a distance to the left of the line YY’; and if the second number is 
negative, it represents a distance below the line XX’. 
pe eh (i, ID), 5 ah Gyadke 
Bx. 4. (4,3), (4, —1), 
(— 2,3), (—2, —1). 
Fixe Ss (0510), (a 2) CO, 0) 
(10, 4). 
jab 3, (OSA) (EG By (Gs 1 
Bis 7 5) Gel), (ays 


Gxt): 
Fix. 8.5 (2,3) (070), x=); 
(51,0). 


Ex.9. (1,0), (4,3), (7, —3), 4, —68). 
Ex 10, (2; 6), (10,2), Gant), (= 22). 
Ex. 11. On squared paper, construct a square each side of which 
is 21 linear spaces, as on the adjoining diagram. De- 
termine the number of small squares composing it 
(that is, its area) by counting the small squares. Then 
determine the area by multiplying 21 by 21. Com- 
pare the amount of work in the two methods of de- 
termining the area of the square. 


Ex. 12. On squared paper, construct a square each side of which 
is 3.5 and determine the area of the square. 


Ex.13. Treat in like m&nner a square each side of which is 
Qe os. 

Ex. 14. On squared paper, construct a square 
each side of which is V8, as in the adjoining dia- 
gram, and determine its area by counting the small 
squares. Then determine the area of the square by 
multiplying V8 by V8. Compare the amount of 
work in the two methods. 


Ex.15. Treat in like manner a square whose side is V32._ V18. 
Ex.16. Also a rectangle whose sides are V8 x V2. ViI8x V8 
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Ex.17. In Ex. 2, what is the area represented by the triangle 
ABC, if each linear space on the squared paper represents 1 yard? 
If it represents 1 mile? 10 miles? 


331. Fundamental principle of areas.—The preceding 
examples illustrate the fact that the area of a rectangle 
equals the product of the number of units of length in the 
base by the number in the altitude. Some of the examples 
also illustrate the fact that this is true when the numbers 
involved are fractional or irrational, as well as when they 
are integers. We shall now treat the matter of areas from 
another point of view, for the sake of special advantages 
thus obtained. 


332. Equivalent plane figures are plane figures having 
equal areas. 

Construct a square whose side is 3 in.; also a right triangle whose 
legs are 6 in. and 3 in. ‘The area of each of these figures is 9 sq. in. 

Hence, the two figures are equivalent; but they are not congruent 
(or equal) figures, since they are not of the same shape. 

Construct two triangles which are equivalent but not congruent. 

In dealing with plane figures, it is often convenient to use the 
word “equal,” or the sign =, and let the neighboring words deter- 
mine whether congruence or equivalence is meant. 

Similarly, when we say “bill of a bird” or “a five-dollar bill,” we 
let the words next to the word “bill” determine what kind of bill is 
meant. 


333. Certain abbreviations are often used when speak- 
ing of areas. Thus, instead of ‘area of a rectangle,” 
for example, it is often convenient to say simply ‘“ rec- 
tangle.” Similarly, instead of “the number of linear 
units in the base,” we may say “the base.” In like 
manner, for “product of the number of linear units in 
the base by the number of linear units in the altitude,” 
a common abbreviation is “product of the base by the 
altitude.” 
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Proposition I. THEOREM 


334. If two rectangles have the same altitude, they are 
to each other as their bases. 


B_L Cc EF G 


AK D E Val 


Given the rectangles ABCD and EFGH, having their 
altitudes AB and HF equal. 
To prove ABCD: EFGH= AD: FH. 


Proof. 1. Take some common unit of meas- | 1. § 227. 
ure of AD and EH, as AK, and let it be con- 
tained in AD m times and in HA vn times; 
ANON CZ0@ Mae 
the = = . 
1 EH (AK) 1 
2. Through the points of division of the | 2. § 85. 
bases of the two rectangles draw hnes the 
bases. 
3. These lines will divide ABCD into m, | 3. §§ 92, 149, 
and HF'GA into n small rectangles, all equal. 165. 
4. Hence, ABCD  MABLE) _ Mm 4. Why? 
EFGH n(ABLK) vn 
5. CE a 5. Why? 
HFGH EH OED. 


If in the above proof the two lines AD and HH should 
be found to heve no common unit of measure, like AA, the 
above theorem may still be proved true by a method of 


proof called the method of limits, which is beyond the scope 
of this book. 


335. Cor. Jf two rectangles have equal bases, they are 
‘0 each other as their altitudes. 
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Proposition II. THEOREM 


336. The areas of any two rectangles are to each other as 
the products of their bases and their altitudes. 


b b! b 


Given the rectangles R and &’, having the bases 6 and 
6’, and the altitudes a and a’, respectively. 


Proof. 1. Construct a rectangle, S, 1. § 85, Post. 2. 
having its base equal to that of R, and 
its altitude equal to that of R’. 


2. Then 2=<. 2. § 336. 
3, Also a=5. Sead. 
TE ONE 
4, ee ee 
Hence, Rael 4, Ax. 4, OLD: 


Ex.1. Find the ratio of the area of a rectangle whose dimensions 
are 12 x 8 in. to that of one whose dimensions are 9 x 2 in. 

Ex. 2. How many bricks, each 8 x 5 in., will it take to cover a 
pavement 60 x 9 ft.? 

Ex. 3. Jind the ratio of the areas of two rectangles, one of which 
is 1.2 ft. by 4.2 ft., and the other 1.68 ft. by 10.24 ft. 

Ex. 4. The ratio of the areas of two rectangles is 2 to 5. The 
base of the first rectangle is 32 feet, and tKe altitude is 5} feet. If 
the altitude of the second rectangle is 6} feet, find its base. 
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Proposition III. THEOREM 


337. The area of a rectangle is equal to the product of its 
base and its altitude. 


o 
6 1 
Given the rectangle R, with a base containing 6, and an 
altitude containing / units of linear measure. 
/ ; 
To prove area of Rk = bh. 


Proof. 1. Let U be a square each 1. § 328. 
side of which contains 1 lnear unit; 
then U is the unit of surface. 
yg ete lie mes 2. §:336: 
(Gl he< ak 
3. But s is the area of R. om § a7) 
4, Hence, area of R = bh. ALwGAK A Q.E.D. 


338. Efficiency value.— By use of this theorem, the 
problem of finding the area of a rectangle is reduced to the 
simpler problem of measuring the two linear dimensions of 
the rectangle and taking their product. Hence, the state- 
ment in the theorem of § 337 may be taken as the definition 
of the area of a rectangle, if the teacher so desires. 


Ex.1. Find the area of a rectangle whose base is 83 yd. and whose 
altitude is 24 yd. 


Ex. 2. The area of a given rectangle is 54.95 sq. rd. and the 
altitude is 3.14 rd. Findgthe base of the rectangle. 


Ex. 3. The perimeter of a given square is 1 ft. Find the area of 
the square in square inches. 
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PRoOposITION IV. THEOREM 


339. The area of a parallelogram is equal to the product 
of its base and its altitude. 
TUB: ip? 1G 


A b 


Given the (7 ABCD with the base AD (denoted by 6) 
and the altitude DF (denoted by h). 

To prove area of ABCD = bh. 

Proof. 1. From A draw AK || DF, AS} 9b8 Post: 2 


and meeting CB produced at A. 
2; Then, AK _L CK. Foe, AOD, 


3. .. AKFD is a rectangle with 3. § 149. 
base b and altitude h. 
4, Inthe rt. A AXBand DFC, 4. Why? 
as =, 
5. And AK = Di: 5. Why? 
6. Hence, A AK B= A DFC. 6. Why? 
_7. Subtract each of these equal A &;* Wihy ? 


in turn from the figure AACD ; then, 
[LJ ABCD = rectangle AKFD. 
8. But area of rectangle AK FD 3a). Why? 
= bit j 
9%: area of () ABCD = bh. 9. Why? Q.E.D. 


340. Cor. 1. Parallelograms which have equal bases and 
equal altitudes are equivalent. 
341. Cor. 2. Parallelograms which have equal bases are 


to each other as their altitudes ; 
Parallelograms which have equal altitudes are to each other 


sg their bases. 
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342. Cor. 3.. Any two parallelograms are to each other 
as the products of their bases and altitudes. 


Ex.1. The base of a parallelogram is 1 ft. 8 in. and the altitude 
is 1 ft. Find the area of the parallelogram in square inches. 


Ex. 2. The area of a parallelogram is 255.78 sq. ft. and the base 
is 12.6 ft. Find the altitude. 
Proposition V. THEOREM 


343. The area of a triangle is equal to half the product of 
its base and tts altitude. 


A b Oo 


Given the A ABC with the base AC (denoted by 6), and 
the altitude #B (denoted by h). 


To prove area of AABC= 1} dh. 


Proof. 1. Draw BD || AC, and CD || AB. 1. § 95. 
2. Then ABDC is a parallelogram and BC ts | 2. § 146. 
one of its diagonals. 


3. aed BDC = 27 BC. 3. § 156. 
4. But area ABDC = dh. 4, Why? 
5. Hence, 2A ABC= bh. bon Axe), 
6. .:. area of A ABC =1 dh. Aiwa 'b:65 75 

Q.E.D. 


344. Cor. 1. Triangles which have equal bases and equal 
altitudes (or which have equal bases in the same straight line 
and their vertices in a line parallel to the base) are equivalent. 


345. Cor. 2. Triangles which have equal bases are to 
each other as their altitudes ; 
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Triangles which have equal altitudes are to each other as 
their bases. 
346. Cor. 38. Any two triangles are to each other as the 
products of their bases and altitudes. 
347. Cor. 4. A parallelogram is equivalent to twice a 
triangle having the same base and altitude. 


Ex.1. Find the area of a triangle whose base is 17.06 in. and 
whose altitude is 8.9 in. 

Ex. 2. The area of a given triangle is 180 sq. in. and the base is 
1 ft.3 in. Find the altitude in feet and inches. 


PROPOSITION VI. THEOREM 


348. The area of a rhombus is equal to half the product 
‘of the diagonals of the rhombus. 


— 
ALN, 


Given the rhombus ABCD with the diagonals AC and 
BD. 
To prove area of ABCD=}3 AC x BD. 


Proof. 1. AB = BC. tls Salas}. 
2. AD = DC. 2. Why? 
ot Pp AC: sar alah 
4, Area of A ABC =1 AC x BO. 4, § 348. 
5. Area of AADC =4 AC x OD. 5. Why? 
6. «. AABC+ A ADO= 1 AC(BO + OD). | 6. Why? 
X. .. Area of ABCD =4.AC x BD. Uhied AWG: 
Q.E.D. 


349. Cor. Jf the diagonals of a quadrilateral are per- 
pendicular to each other, the area of the quadrilateral .is 
equal to half the product of the diagonals. 
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Bx.1. The diagonals of a rhombus are 1 yd. and 1 ft. Find the 
area of the rhombus in square feet. 


Ex. 2. The area of a given rhombus is 206 sq. in. oud one diago- 
nal is double the other, Find the diagonals. 


EXERCISES: GROUP 61 


Ex.1. D is the midpoint of the base AC of the triangle ABC. 
The altitude of the triangle is 10 in. and the base is 14 in. Construct 
the figure and find the area of the triangle ABD, and of the triangle 
DBC. 


Ex. 2. Given PTR astraight line; Q 
PT=TR. Prove the APQT and 
TQR equal in area. 


Ex. 3. Prove that the diagonals 
of a parallelogram divide the paral- 
lelogram into four equivalent  tri- 
angles. 


Je T ‘RB 


Ex. 4. If the area of a triangle is 96 sq. in. and its altitude is 
1 ft., find the base in feet and inches. 


Ex. 5. The base of a given triangle is 14.4 ft. and the altitude is 
3.2 ft. Find the side of a square whose area is equivalent to that of 
the given triangle. 


Ex. 6. Why is a square whose side is some unit of length (as 
1 ft. or 1 in.) a more convenient unit of area than an equilateral tri- 
angle whose side is a unit of length ? 


Ex. 7. Find the area of each of the following cellar floors by 
dividing them into rectangles. 


20! caf 


) @) (8) 
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PROPOSITION VII. THEOREM 


350. The area of a trapezoid is equal to the product of its 
altitude and half the sum of its parallel sides. 


B vo! C 


A 5 D 


Given the trapezoid ABCD with the bases AD and BC 
(denoted by 6 and 6’), and the altitude #B (denoted by h). 


To prove area of ABCD=1h(6+40'). 


Proof. 1. Draw the diagonal BD. i, Post. 1. 

2. ABCD= A ABD +A BCD. 2. (Ax. T. 

3. his the altitude of both A ABD Dasadooe 
and A BCD. 

4. Area of A ABD = i bh. 4, Why? 

5. Area of A BCD =1 0h. 5. Why? 

6. «. AABD+ABCD=1h(b+4+0’). 6. 2Ax. 2: 

ré Area of ABCD =th(b +0’). in AK Q.E.D. 


351. The area of a polygon of four or more sides can 
usually be found in one of several ways; as: 

By dividing the polygon 
into triangles and taking the 
sum of the areas of the tri- 
angles; or, 

By drawing the longest 
diagonal of the polygon and 
drawing perpendiculars to 
this diagonal from the vertices which it does not meet, and 
obtaining the sum of the areas of the triangles, rectangles, 
and trapezoids thus formed. 
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EXERCISES: GROUP 62 


Ex.1, The bases of a trapezoid are 3 ft. 6 in. and 2 ft. 8 in., and 
the altitude is 2 ft. 2 in. Find its area in square inches. 

Ex. 2. If the area of a trapezoid is 135, and its bases are 12 and 
18, find its altitude. 

Ex. 3. Find the altitude of a trapezoid in which the bases are 
1.4 ft. and 2.5 ft. and the area is 4.368 sq. ft. 

Ex. 4. By solving the formula K=4+h (6+ b'), find the value of 
b in terms of the other letters. 

Ex. 5. The cross section of a railroad cutting is a trapezoid, the 
width at the bottom being 12.4’, the width at the top 32.4’, and the 
depth 7.5’. Find the area of the cross section. 

Ex. 6. The measurement of the area of a parallelogram reduces to 
the measurement of what two straight lines? 

Bx. 7. The measurement of the area of a triangle reduces to the 
measurement of what lines? 

Bx. 8. The measurement of the area of a trapezoid reduces to the 
measurement of what lines ? 

Ex.9. The perimeters of two triangles are 12 in. and 3 in. respec- 
tively, and each of the triangles has a base of lin. Is it possible for 
these triangles to have the same area? Draw a rough sketch to illus- 
trate your answer. 

Ex.10. Make up and work a similar example concerning two 
parallelograms. 


Ex. 11. Can two squares with 
different perimeters have the same 
. . . . o ' 
area? Give a numerical illustration * 


of your answer. 


Bx.12. Find the area of the 
adjoining figure. patel. Domes 7, 
Ex.13. The supporting power 
of a wooden beam (of rectangular cross section 
and of given length) varies as the area of the 
cross section multiplied by the height of the beam. 
If the cross section of a given beam is 4” x 8”, 
compare the supporting power of the beam when 
it rests on the narrow edge (4’’) with its supporting power when it 
rests on its wide edge (8’’). 
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Ex.14. The diagonal PR of the parallelogram PQRS is produced 
to the point 7. Prove that the triangles PQT and PST are equal in 
area. 


Ex.15. On squared paper, loeate the polygon whose vertices are 
(0, 0), (8, 6), (7, 2), (10, 8), (12, 0), (8, — 4), (4, — 4), and deter- 
mine its area. 


What is this area, if one linear space on the squared paper repre- 
sents 10 ft. ? 


Proposition VIII. THEOREM 


352. The areas of two similar triangles are to each other 
as the squares of any two corresponding sides. 


oO 


A EF B A’ Ya TBY 


Given the similar A ABC and A'B’'C’ with ABand A'B' 
corresponding sides. 


7 BARC VoOAL 
0 prove | ABO arp 
Proof. 1. Draw the corresponding iy Sal). 
altitudes h and hi’. 
PCALB LO BAG 5c eA aie 
h AB ; 
oi ———- Bye Seo plley 
es Tay 
4, Substituting aah for its equal ae 4. Ax. 9. 
DGABC AB 7 AB Pet AB } 
AA'B'C'! A'B' A'B! AB” Q.E.D. 


Ex. If a pair of corresponding sides of two similar triangles are 
4 ft. and 5 ft., find the ratio of the areas of the triangles. 
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Proposition IX. THEOREM 


353. The areas of two similar polygons are to each other 


as the squares of any two corresponding sides. 


Given two similar polygons with their areas denoted by 
JE and K', and a and a! any pair of corresponding sides. 


To prove Wah =.0720'. 


Proof. 1. From’ any pair of correspond- | 1. Post. 1. 
ing vertices, draw the corresponding diago- 
nals fand f’, and h and h'. 
2. These diagonals will divide the poly- | 2. § 312. 
gons into pairs of similar triangles, denoted 
byd, 1’; 12,10 ; and 1, IIT’, respectively. 
Lema 
&, But T — a? ° os § SOL 
Le i a ae oe 
4, Then T’ = e a) TI’ = Gr)= jaa aes 302, AX HL: 
16 ER GEE 
5. oS 
TH! ug 0. enol 
6 Hence ee en ee § 289, Ax. 1 
AY eT! Ae TEES OE a? 
” ae a 
Ora ot Ax, e 


Q.E.D. 


354. Cor. The areas of two similar polygons are to each 
other as the squares of their perimeters, or of any two of 


their corresponding lines. 


- 
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PROPOSITION X. THEOREM 


355, The square on the hypotenuse of a right triangle is 
equivalent to the sum of the squares on the other two sides. 


Given AD the square on AC’ the hypotenuse of the rt. 
A ABC, and BF and BK the squares on the legs BA and 


BC, respectively. 


To prove AD = BF + BK (or AC’ = AB’ + BO”). 


Proof. 1. Through B draw BLI|| AZ| 
and meeting HDat LZ. Draw BE and FC. 

2. 4 ABC and ABG are rt. A. 

3. .. GBC is a straight line. 

4. In ABAE and FAC, AB= AP, 
AE = AC. 

5. WA = 2 BAG, 

6. ZCAH = ZFAB. 

7 ao Ae =e FAC, 

8 ok BAH = ANFAC, and 

2A BAH =2AFAC. 

9. Rectangle AZ and ABAE have 

the base, AZ, and the altitude, HL. 


10. .. Rectangle AZ = 2A BALE. 
LES So, square BF = 2A FAC. 
12. .. Rectangle AL = square BF. 


13. In like manner, LC = BK. 
14. .. AL+LC,orAD=BF+ BK. | 


oe 


bo 


$ 95, Post. 1. 


Why? 
Why? 
Why? 


Why? 
Why? 
WSR, 
Why? 
§ 158. 


§ 347. 


. $§ 158, 347. 


PAX ad 


; Reasons 1-12. 
14. 


Axs,2,7. QED 


. 
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If the teacher prefers, the following proof of Prop. X may 
be used ; 
(0) 


ee ERR ENTE IED 
Cc 
Given the rt. A ABC with the hypotenuse AB denoted by ¢, 
and the legs by a and b. 
To prove ? =a’? + b* 


Proof. 1. Draw CF | AB. Ab, SSR). 
2. Then OL OLS © 9 IVR Zee Solis 
3. Seely Hea Cl—=10iz5 Sy S FAfkey: 
4, Also Cel De Diczad 4. Why? 
o: PAN SC 02) 5. Why? 
6. BF Xc+ AF xX c=@ + G2. Gap AKeZe 
Or (BF + AF)c= a? + 0B. 

1. buts BH AP' ='¢; ToneW Tyee 
8. 4 GaP ae fo), Nox; 


Q.E.D. 
356. Cor. The square on either leg of a right triangle 


is equivalent to the square on the hypotenuse diminished by 
the square on the other leg. 


Ex.1. Find the hypotenuse of a right triangle in which the legs 
are 12 in. and 5 in. 

Ex. 2. A certain ladder is 17 ft. long and is placed with its foot 
8 ft. from the bottom of a building. How far up the side of the 
building will the top of the ladder reach ? 


Ex. 3. Find the area of a rectangle whose diagonal is 20 in. and 
one of whose sides is 16 in. 


Ex. 4. Find the area of a square whose diagonal is 10 in. 


Bx. 5. Find the altitude of an equilateral triangle whose side is 
24 in. 
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Ex. 6. Two sides of a parallelogram are 20 ft. and 10 ft., and the 
angle between them is 60°. Find the area of the parallelogram. 

Ex. 7. Two sides of a triangle are 24 in. and 18 in., and the angle 
between them is 45°. Find the area of the triangle. 

Ex. 8. Find the area of a rectangle whose diagonal is }, and one 
of whose sides is a. 

Bx. 9. Two poles are 20 ft. and 38 ft. high, respectively. The 
distance between the poles is 60 ft. Find the distance between their 
tops. 


EXERCISES: GROUP 63 


THEOREMS CONCERNING AREAS 


Ex.1. Any straight line drawn through the point of intersection 
of the diagonals of a parallelogram divides the parallelogram into two 
equivalent parts. 

Ex. 2. If, in the triangle ABC, D and F are the midpoints of 
the sides A 5 and AC, respectively, the area of A DI’ equals one fourth 
the area of ABC. (Use § 352.) 

Ex. 3. If the midpoints of two adjacent sides of a parallelogram 
are joined, the area of the triangle so formed equals one eighth the 
area of the parallelogram. 

Ex. 4. If, in the triangle ABC, D and F are the midpoints of the 
sides AB and AC, respectively, the triangles ADC and AFB are 
equivalent. 

Bx. 5. In aright triangle show, by obtaining expressions for the 
area of the figure, that the product of the legs equals the product of 
the hypotenuse by the altitude upon the hypotenuse. 

Ex.6. If two triangles are equivalent, and the altitude of one is 
three times the altitude of the other, find the ratio of their bases. 

Ex. 7. If two isosceles triangles have their legs equal, and if half 
of the base of one is equal to the altitude of the other, the triangles 
are equivalent. 

Ex. 8. The area of an isosceles right triangle equals one fourth 
of the square on the hypotenuse of the right triangle. 

[Suc. Denote the hypotenuse by h and aleg by x. Then show 
that $2? = +h?.] 

Ex.9. The line joining the midpoints of the parallel sides of a 
trapezoid divides the trapezoid into two equivalent parts. 
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Ex.10. Given AOC and BOD straight B 


lines and OB = OD. Prove the & ABC and oa 

ADC equivalent. . 4 G 
Ex.11. Given QR and 7S passing through Ge: 

P, any point on the diagonal 4 C of a J, QL || 


AD,and TS\| AB. Prove the &/QBTP and D 
C ivalent. 
PRDS equivalen ee oO 
R 


Ex.12. The lines joining the midpoint’ of 
one diagonal of a quadrilateral to the vertices (One 
not joined by the diagonal divide the quadri- “Le=7_ 


lateral into two equivalent parts. s p 


bo 


EXERCISES: GROUP 64 
Numericat Prorerries oF Lines (oR AREAS) 
Ex.1. If AD is the altitude of the triangle ABC, AB’ — AC’ = 
BDDC. 
Ex. 2. If the diagonals of a quadrilateral are perpendicular to each 


other, the sum of the squares of one pair of opposite sides equals the 
sum of the squares of the other pair of sides. 


Ex. 3. The square of the altitude of an equilateral triangle is 
three fourths the square of one side. 

Ex. 4. If ABis the hypotenuse of aright triangle, and the leg BC 
is bisected at K, AB’ — AK” = 3 CK’. 

Ex. 5. PQ isa line parallel to the hypotenuse A B of aright triangle 
ABC, and meeting ACin PandBCinQ. ProveA@’+ BP’= AB’ + PQ’. 


Ex. 6. In the right triangle ABC, BE and CF bisect the legs 4 C 
and AB in the points Z and F. Prove 4BE? +4 CE? 
= 5 BC’. =? 


Ex. 7. Prove geometrically that (a +)? = a? + }? 
+ 2 ab. 

Ex. 8. Similarly, prove (a — 6)?= a? + 0? — 2 ab. 

Ex. 9. Similarly, prove (a + b)(a — hb) = a? — b% 


Ex.10. Two beams of the same length and material have cross 
sections which are 2’ x 4’ and 3” x 8’, respectively. Find the ratio 
of the greatest supporting power of the two beams. 


Ex.11. Ona given map, a certain country occupies an area of 123 


sq. in. Ifthe scale of the map is 1 inch to 50 miles, find the area of 
the country in square miles. 
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EXERCISES: GROUP 65 


Use or AvuxiLiary Linzs 
Ex.1. Given ABCDa Cand P any point B Sh ar C 
inside ABCD. Prove APAD+ APBC = 
A PAB+APCD. aS. 


_ Bx. 2. Given ABCD a rectangle. Prove 
PALSPC = PE > PD. 


Ex.3. The area of a triangle is 
equal to one half the product of its 
perimeter by the radius of the inscribed 
circle. 

[Sue. If the A is ABC and O isthe 
center of the inscribed circle, draw OA, 
OB, OC and find the sum of the areas 
of the A AOC, AOB, BOC.] 


Ex. 4. If the extremities of one leg of a trapezoid are joined to the 
midpoint of the other leg, the middle one of the three triangles thus 
formed is equivalent to half the trapezoid. 


Ex. 5. The area of a trapezoid is equal to the product of one leg 
by the perpendicular on that leg from the midpoint 
of the other leg. 


Ex.6. Given the chords AB and CD perpen- 4 
dicular to each other and intersecting at O. Prove 
OA? + OB’ + OC” + OD" =(diameter)?. 

[Suce. Draw the diameter BE and the chords 
AC, BD, DE, “Proye AC = ED, etc.) D 


Cc 


JACOBS 


Ex. 7. If the midpoints of the sides of a quadrilat- 


eral are joined in order, the parallelogram thus formed SC] 
is equivalent to one half the quadrilateral. 4 

Ex. 8. A quadrilateral is equivalent to a triangle C4] 
two of whose sides are equal to the diagonals of the 


quadrilateral, the angle included by these sides being equal to one of 
the angles formed by the intersection of the diagonals. 
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EXERCISES: GROUP 66 
TuHroremMs PROvED BY VARIOUS METHODS 


Ex.1. If through the midpoint of one leg of a trapezoid a line is 
drawn parallel to the other leg to meet one base and the other base 
produced, the parallelogram so formed is equivalent to the trapezoid. 

Ex. 2. If the midpoints of two sides of a triangle are joined to any 
point in the base, the quadrilateral so formed is equivalent to half the 
triangle. 

Ex. 3. If P is any point on AC, the diagonal of a parallelogram 
ABCD), the triangles APB and APD are equivalent. 


Bx. 4. If the side of an equilateral triangle is denoted by a, the 
area of the triangle equals ae 


Ex. 5. Find the ratio of the areas of two equilateral triangles, if 
the altitude of one equals the side of the other. 

Ex.6. If perpendiculars are drawn from any point within an 
equilateral triangle to the three sides, their sum is equal to the altitude 
of the triangle. 


Ex. 7. If,in the quadrilateral ABCD, the triangles ABC and A DC 
are equivalent, the diagonal AC bisects the diagonal BD. 

Ex. 8. If two triangles have two sides of one equal to two sides 
of the other, and the included angles supple- 


mentary, the triangles are equivalent. r 


Ex. 9. If two triangles have an angle of one 
equal to an angle of the other, the areas of the 
triangles are to each other as the products of the 


D 
sides including the equal angles. ef 
[Sue. Let ABC and ADF be the given tri- B GC 


angles. 
RADE MAD Als 
NABOW@AB AC 

Draw BF, and compare each of the given 
A with ABF.] x 


Ex.10. FP is any point in the side BC of 
the parallelogram ABCD and DP produced 
meets 4B produced in Q. Show that the tri- 
angles BPA and CPQ are equivalent. 


Then it is required to prove that 
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EXERCISES : GROUP 67 
PROBLEMS IN CONSTRUCTING AREAS 


Ex. 1. Construct a square equivalent to the sum of two given 
squares. 

Ex. 2. Construct a square equivalent to the difference of two given 
squares. 

[Sue. A side of the larger of the two given squares may be taken 
as the hypotenuse of a right triangle of which a side of the other given 
square is one leg. ] 

Ex. 3. Construct asquare having twice the area of a given square. 


Ex. 4. Construct a square having three times the area of a given 
square. 

Ex. 5. Construct a square equivalent to the sum of three given 
squares. 

Ex. 6. Transform a given triangle into an equivalent isosceles 
triangle having the same base. 

Ex. 7. Transform a given triangle into an equivalent triangle 
having the same base, but having a given angle adjacent to the base. 

Ex. 8. Transform a triangle into an equivalent triangle with the 
same base, but having another given side. 


Ex. 9. Transform a parallelogram into an equivalent parallelo- 
gram having the same base, but containing a given angle. 

Ex. 10. Construct a triangle similar to a given triangle and con- 
taining twice the area. 

How is the construction changed to construct a similar triangle 
containing five times the area? 

Bx.11. Bisect the area of a given triangle by a line parallel to 
the base. 

Ex. 12. Bisecta parallelogram by a line perpendicular to the base. 

Ex. 13. Through any given point draw a line bisecting the area 
of a given parallelogram. 

Ex. 14. Construct a square equivalent to a given parallelogram. 

[Sue. If } denotes the base and h the altitude of the given par- 
allelogram, and x denotes a side of the required square; then 4? = bh, 
etc.] 
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EXERCISES: GROUP 68 


PRACTICAL APPLICATIONS 


Ex. 1. Find the ratio between the supporting power of a 2” x 6” 
beam when placed on a 6” side and the supporting power of the same 
beam when placed on a 2” side. Treat similarly a beam a” x b”. 

Ex. 2. How many beams, each 14” x 6”, must be placed on their 
wide edges to equal in supporting power one beam of the same size 
when placed on its narrow edge ? 

Ex. 3. Given a log 12 in. in diameter, find the ratio of the strength 
of a beam cut from it by the method described in Ex. 6, p. 219, to the 
strength of a square beam cut from the same log. 

Hx. 4. Find the ratio of the strength of a beam cut from the 
same log by the method of Ex. 6, p. 219, to the strength of a beam 
cut so that its width equals + the diameter of the log. 


Ex.5. When an irregular area like A D 
ABCD is calculated by means of equidistant + ae 
offsets (like AB, DC and the lines || to them 
in diagram), the following rule is used. B C 


To the half sum of the initial and final offsets add the sum of all 
the intermediate offsets, and multiply the sum 
by the common distance between the offsets. 

Prove this rule. 

Ex. 6. Show how the rule of Ex. 5 could be 
used to calculate an area whose entire boundary 
is an irregular curved line. 


Ex. 7. Surveyors often determine the area of a 
piece of land, as of ABCD, by taking an auxiliary 
line as VS, measuring the perpendicular distances 
from A, b,'C, D, E to NS, and the intercepts on 
NS between these perpendiculars, and combining 
the areas of the various trapezoids (or triangles) 
formed. Supply probable numbers for the lengths 
of lines on the diagram, and compute the area of ABCDE. 

Ex. 8. Frequently (as in the case where the center of the curve 
cannot be seen from the curye) a rail- 
road curve is laid out by constructing A Boh Q2 Os 1 


a series of equidistant offsets perpen- b; ; 
dicular to the tangent of the curve. ave ON¢ 
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Thus, if ABT is a straight track and BC isa curve to be laid out 
tangent to AB at B, mark off Ba,, aay, a,ag, all = d, and construct 
the 1 offsets a,b,, a,b), a3), by using the formula anb, =r — Vr? — n2d? 
where r is the radius of the curve. Prove that this formula is correct. 


Ex. 9. A steamboat is traveling at the rate of 12 mi. an hour, and 
a boy walks across her deck at right angles to her line of motion at 
the rate of 3 mi. an hour. Draw a diagram to show the direction of 
the boy’s resultant motion. From this, determine the speed at which 
he is going. 

Ex.10. Make up and work a similat example concerning a mail 
bag thrown from a train. 


Ex.11. Also concerning a breeze blowing into a window of a 
moving trolley car. 


Ex. 12. Two forces, one of 300 lb., the other of 400 lb., act at 
right angles on the same body. Find their resultant. 


Ex.13. Make up and work an example similar to Ex. 12. 


Ex.14, A river is flowing at a rate of 4.25 mi. per hour, and a man 
is rowing at right angles with the current at a rate of 3.75 mi. per 
hour. What is the resultant velocity of the man? 


BEx.15. If astar has a velocity of 15 mi.a second toward the earth 
and a velocity of 20 mi. a second at right angles with a line drawn 
from the star to the earth, find the velocity of the star in its own 
path. 

Bx.16. Using the fact that a triangle whose sides are 3, 4, and 5 
units of length is a right triangle, show how, by stretching a 100-ft. 
tape, to construct a right angle as accurately as possible. (Among 
the ancient Egyptians a class of workmen existed called rope stretchers, 
whose business it was to construct right angles in this general way.) 


Bx.17. It is customary for carpenters to 
express the pitch of a roof as the quotient ob- 
tained by dividing the height (BD) of the peak 
above the span (AC) by the span. 

has ete C2. D:D eethes pitch ise 45 1b A D O 
AC = 38 BD, the pitch is 4, ete. 

If the pitch of a given roof is } and the span is 20 ft., compute the 
length of the rafters, projections at the eaves being neglected. Also 
show how, if the rafters are 8 in. by 2 in., by use of the carpenter’s 
square the bevel lines at B may be cut. Also those at A. 


B 
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EXERCISES: GROUP 69 


REVIEW QUESTIONS 


Ex. 1. Construct two triangles which are equivalent but not con- 
gruent. 

Ex. 2. Construct two rectangles which are equivalent but not 
congruent. ' 

Give a list of the properties proved in Book IV concerning 


Ex. 3. Triangles. Ex. 6. The rhombus. 
Ex. 4. Rectangles. Ex. 7. The trapezoid. 
Ex. 5. Parallelograms. Ex. 8. Similar polygons. 


ibe lia geometry, the expression “the product of the base by 
the altitude” is an abbreviation for what? In general, “the product 
of two lines” is an abbreviation for what? 

Ex.10. “The area of a rectangle divided by the base” is an ab- 
breviation for what? 

Ex.11. How many sides of a right triangle is it necessary to 
measure in order to determine all of the sides of the right triangle ? 
What, then, is the efficiency value of Prop. X? 

Ex.12. State the efficiency value of Prop. 1V. Of Prop. V. 

Ex.13. State the efficiency value of Prop. VII. Of Prop. VIII. 

Ex.14. Prop. X is sometimes called the Pythagorean Theorem. 
Find out and state why it has this name. 

Ex. 15. In order to find the area of a quadrilateral whose sides 
taken in order are a, b, c, and d, the ancient Egyptians used the for- 


mula ($°) (Cts). State for what classes of quadrilaterals this 


formula will give the correct area. When the formula is incorrect 
does it give an area which is too large or too small? 


BOOK FIVE 


REGULAR POLYGONS; MEASUREMENT OF THE 
CIRCLE 


357. A regular polygon is a polygon that is both equi- 
lateral and equiangular. 


358. Efficiency principle.— Many of the properties of 
regular polygons are best obtained by the aid of circles. 
On the other hand, certain important properties of circles 
are derived to the best advantage by the use of regular 
polygons. 

PRoposITION I. THEOREM 


359. An equilateral polygon inscribed in a circle is a 
regular polygon. 


B C 
A D 
K 
Given ABC. . . Kan inscribed polygon, with its sides 


AB, BO, CD, etc., equal. 
To prove that ABC... Kis a regular polygon. 


Proof) 1. AB = BO = CD, ete, 4.- § 198. 
<a eo ae Leeeinss 
9. , ABC = BOD = CDE, ete. 2. Ax. 2. 
Pe BO BCD =z CDE aete, 13, § 237. 
al. 1S BY. Q.E.D 


4, Hence, polygon ABC... # is regular. 
247 
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Proposition II. PROBLEM 


360. To inscribe a square in a given cirele. 


gS 


Given the circle 0. 
To inscribe a square in the circle 0. 


Construction. 1. Draw any diameter, AB, | 1. Post. 1. 
of the circle O. 

2. At O construct the line CD_LAB and | 2. § 85 
meeting the circle at the points Cand D. 

a& Draw the chords AC, CB, BD, WDA 73 Posted 

Then ACBD is the square required. 

Prootw 4. 1, § 63. 

ZAOC=ZCOB=ZBOD= Z DOA. 

2. AO=CB= BD = DA. lee. hs 

on chord 4 Ci==.chord)C15, ene, 3. § 200. 


4. Hence, ACBD is regular; that is, is a | 4. §§ 359, 150. 
square inscribed in the circle O. QEF 


361. Cor. By bisecting the arcs AO, CB, BD, ete., and 
drawing chords, a regular octagon may be inscribed in the 
circle; by repeating the process, regular polygons of 16, 32, 
64, ... . and 2” sides may be inscribed, where nis a positive 
integer greater than 1. 


Ex. In the shortest way, find the ratio of the areas of two squares 
whose diagonals are 9 in, and 24 in., respectively. (Use § 354.) 
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Proposition III. Propupm 


362. To inscribe a regular hexagon in a given circle. 


Given the circle 0. 
To inscribe a regular hexagon in the circle 0. 


Construction and Proof. 
1. Draw any radius OA. 1, Post. 1. 
2. With Aasacenterand AO | 2. Post. 3. 
as a radius, describe an are inter- 
secting the circle in B. 
3. Draw BO. on Bost, 1 
4. Then A ABO is equilateral. | 4. Ax. 1, § 73. 
bee ZO 2260: 5. § 106. 
6. Hence, AB= 60°, or 1 of | 6. §230. 
the circle. 
7. With B as a_center and aj} 7. Post. 3. 
radius = AB, describe an arc in- 
tersecting the circle in @. 
8. Then BO = AB = 60°. 8. § 198. 
9. In like manner, construct | 9. Reasons 7-8, Post. 1. 
arcs OD, DE, EF, and FA, each 
= 60°, and draw their chords. 
10. Then ABCDEF isa regular | 10. § 359. 
hexagon inscribed in the circle O. QE.F, 


363. Cor. 1. The side of a regular inscribed hexagon 
equals the radius of a circle. 
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364. Cor. 2. By joining the alternate vertices of a regu- 
lar inscribed hexagon, an equilateral triangle can be inscribed 
in a given circle. 


365. Cor. 3. By bisecting the arcs AB, BC, CD, ete. 
and drawing chords, a regular polygon of 12 sides can be 
inscribed in a given circle; by repeating the process, regular 
polygons of 24, 48, ... 3 x 2” sedes can be inseribed. 


366. A regular pentagon or decagon can be inscribed in 
a circle by the use of the ruler and compasses, but the 
consideration of these cases lies beyond the scope of this 
book. 

A regular polygon of seven, nine, or eleven sides can- 
not be inscribed in a circle by the use of the ruler and 
compasses. 


Proposition IV. THEOREM 


367. A circle may be circumscribed about any regular 
polygon, and a circle may also be inscribed in tt. 


Fic. 2 


Given the regular polygon ABODE. 


To prove that a © may be circumscribed about, or in- 
scribed in, ABCDE. 


REGULAR POLYGONS 


Proof. I. 1. Through 4,B, and C 
(Fig. 1), any three successive vertices 
of the polygon ABCDE, construct a 
circle, with center O. 

2. Draw the radii OA, OB, OC. 
Also draw OD. 
3. Then,in A OBC, OB= 00. 


4, eet ee LY 
5. But Z ABC =Z BOD. 
6. Hence, Z OBA= Z OCD, 
7. Hence,inthe AOABand OCD, 

OB=0C 

8. AB = CD. 
s Z OBA 22 260CD. 
a0: eV ABO = OCD: 

ays =. OD 0A. 


12. Hence, the circle which passes 
through the vertices A, B, and C 
will pass through D also. 

13. In like manner, it may be 
proved that this circle will pass 
through the vertex LH. 

14. Hence, a circle will be circum- 
scribed about the polygon ABODE. 

Tia whersides: AB. BO, CD, 
etc. (Fig. 2), of the given polygon 
are chords in the circumscribed circle. 

2. Construct OF L AB. 

3. With O as a center and OF as 
a radius, describe a circle. 

4. This circle will touch all the 
sides of the given polygon. 

5. Hence,a circle will be inscribed 
in the polygon ABCDE. 


di 


Eo 


To: 


14. 


aU Oy Cees 


251 


§ 214. 


Post. 1. 


Why ? 
Why? 
§ 357. 
oe, Gh 
Why? 


Why? 
Step. 6. 
Why? 


. Why? 


§ 180. 


Reasons 2-12. 


Q.E.D. 


Ex.1. How many degrees in each angle of a regular pentagon ? 


Ex. 2. Prove that the diagonals of a regular pentagon are equal. 
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EXERCISES: GROUP 70 


In a circle whose radius is one inch, inscribe 

Ex.1. A square. Ex. 3. <A regular octagon. 

Ex. 2. A regular hexagon. Ex. 4. An equilateral triangle. 

Ex. 5. Ona given line as a side, construct a regular hexagon. 

Ex.6. Ina circle whose radius is 12”, inscribe a regular polygon 
of 12 sides. 

Ex. 7. In a circle whose radius is 3 inches, inscribe a square. 
Find the length of a side of the square. Also find the area of the 
square. 

Ex. 8. Ina given circle, the side of an inscribed square is 1.5 in. 
Find the radius of the circle. 

Ex. 9. A log is 14 inches in diameter. Find a side of the largest 
square piece of lumber that can be cut from the log. 

Ex.10. The diagonals of a regular quadrilateral are perpendicular 
to each other. 


Ex.11. A square inscribed in a circle is greater than any other 
inscribed rectangle. 

[Sue. Let the inscribed square and any inscribed rectangle with 
which it is compared have the same diagonal. Show that this diagonal 
is a diameter, ete. | 


Ex. 12. A cooper, in fitting a head to a barrel, adjusts a pair 
of compasses till, when applied six times in succession in the chine, 
they will exactly complete the circumference. He then takes the 
distance between the points of the compasses as the radius of the head 
of the barrel. Why is this? 


368. T'he center of a regular polygon is the common 
center of the inscribed and circumscribed circles ; as the 
point Oin Fig. 2, p. 250. 


369. The radius of a regular polygon is the radius of the 
circumscribed circle; as OA in Fig. 2, p. 250. 


370. The apothem of a regular polygon is the radius of 
the inscribed circle; as OF in Fig. 2. 


371. The angle at the center of a regular polygon is the 


REGULAR POLYGONS aoe 


angle between two radii drawn to the extremities of any 
side; as the angle AOB. 


372. Cor. The angle at the center of a regular polygon 
ts equal to four right angles divided by the number of sides. 


Hence, if n denotes the number of sides in the polygon, 


the angle at the center of a reyular polygon equals 4 rt. 4. 
n 


EXERCISES: GROUP 71 


Find the number of degrees in the central angle of 

Ex.1. A regular pentagon. 

Ex. 2. A regular hexagon. 

Ex. 3. <A square. 

In a circle whose radius is 10 in., find the apothem and area of 

Bx. 4. The inscribed square. 

Ex. 5. The regular inscribed hexagon. 

In a circle whose radius is b, find the apothem and area of 

Ex. 6. The regular inscribed hexagon. 

Ex. 7. The inscribed square. 

Ex. 8. In a given circle, a side of the in- 
scribed square is 8 in. Find the apothem of Cc 
this square. 

Ex. 9. Prove that in any circle the apothem 
of the regular inscribed triangle equals half 
the radius. 

[Sua. Produce the apothem OD to meet  ; fs 
the circle at F. Then use § 121.] 

Ex. 10. Find the apothem and area of an FP 
equilateral triangle whose side is 6 in. 

Ex.11. Find the radius of an equilateral triangle whose side is 
4 V3. 

Bx.12. Diagonals drawn from a vertex of a regular polygen of n 
sides divide the angle at the vertex into n — 2 equal parts. 

Bx.13. Using a scale of 1 in. to 20 ft., construct a drawing to 
represent a regular hexagonal flower bed each side of which is 15 ft, 
Also find the area of the flower bed. 
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PROPOSITION V. ‘THEOREM 


373. If a circle is divided into any number of equal parts, 

I. The chords joining the successive points of division form 
a regular polygon inscribed in the circle ; and 

Il. The tangents drawn at the points of division form a 
regular polygon circumscribed about the circle. 


Given the circle ABC divided into the equal arcs AB, 
BO, CD, etc., the chords AB, BC, etc., and PQ, QR, etc., 
lines tangent to the circle at B, C, ete. 


To prove ABCDE a regular inscribed polygon, and 
PQRST a regular circumscribed polygon. 


Proof. I. 1. 4B=BC= CD, ete. 1. Why? 
Dee =. BC CD enc. Why? 
3. Hence, ABCDE is a regular 3. §§ 359, 222. 
inscribed polygon. 
IT. 1. Inthe A APB, BQO, CRD, 1. Why? 
ete, AB = BC = OD, ete: 


bo 


2. 2PAB= 2 PBA=Z QBC 2. § 241. 
= Z QCB, ete. 

3. AP =) Do also. BO = OO, ete 3. § 115. 

4, AAPB=A BQC=A ORD, ete. A. § 80. 

Ose eee 4 ara) be, 5. Why? 
624A 1D .BO=OC— Chrcie. 6. BAX AL; 

tC VePO = OR = RS; ete. (Goya 

8. .. PQRST is a regular circum- 8. §§ 357, 223. 


scribed polygon. Q.E.D, 
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374. Cor. 1. Jf the vertices of a 


B 
regular inseribed polyyon are joined eZ SNe 
with the midpoints of the arcs sub- f \ 
tended by the sides of the polygon, the . 0 


Joining lines will form a regular 
inscribed polygon af double the num- 


ber of sides. SSN 2 
. D 


375. Cor. 2. If, at the midpoints 
of the arcs joining the adjacent points 
of contact of the sides of a regular ctr- 
eumscribed polygon, tangents are drawn, 
a regular circumscribed polygon of 
double the number of sides will be 
Sormed. 


EXERCIS£S: GROUP 72 


About a circle whose radius is one inch, cireumscribe 

Ex.1. An equilateral triangle. Ex.3. <A regular hexagon. 

Ex. 2. A square. Ex.4. A regular octagon. 

For a circle whose radius is 10 in., find the area of 

Ex. 5. The circumscribed square. 

Ex. 6. The inscribed and circumscribed regular triangles. 

Ex. 7. Prove that in a given circle the area of the inscribed 
regular hexagon is double the area of the inscribed regular triangle. 

Ex. 8. In any circle, find the ratio of the area of the inscribed 
square to that of the circumscribed square. 

Ex. 9. Find the ratio of the area of the in- 
scribed regular hexagon to that of the area of the 
circumscribed regular hexagon. 

Bx.10. Construct a six-pointed star (called a 
hexagram). 

Bx.11. By the aid of squared paper, construct 
the adjacent design, which shows one of the ways 
in which a mosaic or pavement may be formed 
out of regular polygons. 
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Proposition VI. ‘THEOREM 


376. Two regular polygons of the same number of sides 
are similar. 


Given K and K’' two regular polygons, each of n sides. 
To prove K and A’ similar. 


Proof. 1. Each Z of K= pS te 1. § 168. 
n 

Oy Haelecot et eee 2. Why? 

n 

3. Hence, K and K’ are mutually equiangular. | 3. Ax. 1. 

4, Also AB = BC =.CD, ete. 4. Why? 

5owAnd > A’B = BIC = C'D’, ete: 5. Why? 
AB RBO ee OD 

6.) Hence, WB BO OD” etc. Oompa. 

7. .. Hand #’ are similar. 7. §302. 

QED. 


Ex.1. For a circle whose radius is 8 inches, find the area of the 
circumscribed regular hexagon. . 


Ex. 2. Prove that in a given circle the side of a regular cir- 
cumscribed triangle is double the side of the regular inscribed 
triangle. 


Ex. 3. In any circle prove that the ratio of the area of the in- 


scribed equilateral triangle to the area of the circumscribed equilateral 
triangle is 1 to 4. 


Ex. 4. Prove that the altitude of an inscribed equilateral triangle 
is to the diameter of the circumscribed circle as 3 is to 4. 
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Proposition VII. THEOREM 


377. The perimeters of regular polygons of the same num- 
ber of sides are to each other as the radii of the circumscribed 
circles, or as the radit of the inscribed circles. 


B mee 48}! L! ‘A’ 


Given AC and A’C” two regular polygons, each of n 
sides, with centers O and O’, with apothems OZ and O'L/, 
and with perimeters denoted by p and p’, respectively. 

OA OL ; 

To prove oe O'Al = OTT 

Proof. 1. Polygon AC ~ polygon A’C’. |1. § 376. 

2. psp = AB: AR’. 2. § 317. 


§ 372, Ax. 1. 


3. L£BOA=tTS_ vy Bord’ 


3 
n 
A, OA = OB, and O'A! = O'R", 4. § 188. 
be AOABYT AO AB. Ho soLL: 
GABA SB BOA: OM = OL, OL’, |6, $$ 302, 316, 
{f ep wm OAL Al = 0OL:0'L',. Tete OED: 


378. Cor. The areas of regular polygons of the same 
number of sides are to each other as the squares of the radit 
of the inseribed, or cireumscribed, circles. 


Ex.1. If the sides of two regular octagons are 3 in. and 6 in,, 
respectively, find the ratio of the perimeters of the octagons. Also 
the ratio of their areas. 

Ex. 2. Find the ratio of the areas of two regular hexagons whose 
sides are 14 in. and 2} in. Also find the ratio of their perimeters. 


Of their apothems. 
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Ex. 3. The sides of two regular polygons of the same number of 
sides are 2.4 in. and 3.6 in. The area of the first polygon is 184.3% 
sq. in. Find the area of the second polygon. 


Ex. 4. Two logs are 12 in. and 15 in., respectively, in diameter. 
Find the ratio between the area of the cross section of the largest 
square beam that can be cut from the first log and that cut from the 
second log. Also of octagonal beams thus cut. 


379. Deriving properties of circles from those of regular 
polygons. — By methods which are beyond the scope of 
this book, it may be shown that, if 
the number of sides of a regular in- 
scribed or regular circumscribed 
polygon is repeatedly doubled, the 
polygons remaining regular, the 
perimeter of each of these polygons 
approaches nearer and nearer to the 
length of the circle: and also the 
area of each of these polygons ap- 
proaches nearer and nearer to the area of the circle. 

Hence, we employ the following principle (the proof of 
which lies beyond the scope of this book) as a means of 
deriving the properties of circles from those of regular | 
polygons: 

Any property of regular polygons which does not depend 
on the number of the sides of the polygon is true also of 
circles. 


Ex.1. In a circle whose radius is 10, find the side of the inscribed 
regular triangle. 

Ex. 2. In a circle whose radius is r, show that a side of the 
regular inscribed triangle is r V3. 

Ex.3. In a circle whose radius is 10 in., find the difference be- 
tween the perimeters of the regular inscribed hexagon and triangle. 
If the radius of the circle were increased to 20 in., by use of propor- 
tion find what the perimeters would become, and then find their 
difference. 
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Proposition VIII. THrorEem 


_ 380. The circumferences of two circles are to each other 
as the radii. 


Given the circles O and O! with circumferences denoted 
by e and e’, and radii by r and r’, respectively. 

To prove c:c’ =r:7'. 

Proof. 1. In the given circles, let regular poly- | 1. § 361. 


gons of the same number of sides be inscribed, and 
denote their perimeters by p and p’. 


a Dip .= ner: 2 SOL, 
oO. Hence,.c: cea r', SOU: 
Q.E.D. 


381. Cor. The circumferences of two circles are to each 
other as their diameters. For, denote the circumferences 
by cand ec’. Then 


2 d 
f= = ($880) = oye (§ 227) = 5(§ 189). 


Ex.1. If the diameter of the earth is approximately 8000 miles 
and that of the moon is 2000 miles, find the ratio of the lengths of the 
equators of the two globes. 

Ex. 2. In acircle whose radius is 6 in., find the difference between 
the areas of the inscribed regular hexagon and triangle. Also the 
difference between the areas of the inscribed square and equilateral 
triangle. 

Ex. 3. Ona line 1} in. long as a chord, construct a segment of a 
eircle which shall contain an angle of 45°, Also a segment containing 
an angle of 60°, Of 120°. 
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PROPOSITION IX. THEOREM 


382. The ratio of the circumference of any cirele to its 


diameter ts constant. 


Given the circle O with its circumference denoted by ¢ 
and its diameter by d. 


Cc 


To prove that the value of F is always the same, no 
matter what the size of the given circle. 


Proof. 1. Construct another circle O' to be 1, Post. 3. 
used as a standard of reference, and denote 
its circumference by c! and its diameter by a’. 


2. ee es o% § 3oi5 
B ad 
CumnCh 
Rs es 3. § 284. 
S aa § 


! 
4, Hence, ; has the same value as = in 4. § 249, 
C 


the standard circle; that is, © is constant. 
d QED. 


383. Formulas for the circumference. —If we denote 


the constant a by the symbol 7, rin a; hence, e = md. 


Also, since d= 27, e=or(2r)=2 ar. 

384. Numerical value of .—By means of methods 
which are beyond the scope of this book, it is found that, 
when expressed as a number, a = 3.141592+. A convenient 
approximation to this value is 7 = 22. 
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385. Formula for length of arc of a circle. — 


are _ central Z . central Z 9 
circumference 360° aaa eo i 860°. « 
+. are = central Z ier 
180° ; 


EXERCISES: GROUP 73 

Using 7 = 32, find the circumference of the circle in which 

Bx. 1. r= 14 in. Bx. 3. r= 13 ft. Ex. 5. d = 3.25 ft. 

abe, = 21 in. Ex. 4, d = 2} yd. x..6. 7, = Los ams 

Ex. 7. To how many decimal places is 32 a correct value for 7? 

Find the radius and diameter of the circle in which the circumfer- 
ence is 

Ex. 8. 88 in. Ex.10. 22 in. 

Ee Oe 13-2 ini. Exell 18). 

Ex.12. The diameters of two wheels are 22 in. and 33 in., 
respectively. Find the ratio of their circumferences. 

“Ex.13. The circumferences of two hot-air pipes are 25 in. and 
55 in., respectively. Find the ratio of the diameters of the pipes. 

In a circle whose diameter is 14 in., find the length of an arc of 

Exel 4-602 xe LS. fon. gabe, OWS Uy Ex, 17. (22° 45". 

Ex.18. A wheel with 6 cogs is geared to a wheel with 48 cogs. 
How many revolutions will the smaller wheel make while the larger 
wheel revolves once ? 

Ex. 19. In a circle whose radius is 21 in., a certain are is 33 in. 
long. How many degrees are there in this arc? 

Ex, 20. How many degrees are there in an are 5.5 ft. long, if the 
radius of the circle is 14 ft.? 

Ex. 21. How many degrees in an are 25 ft. long, if the radius of 
the circle is 10 ft.? 

Bx. 22. If the radius of a circle is multiplied by 38, by what 
number is the circumference multiplied ? 

Ex. 23. In a circle whose radius is 1} in., construct a segment 
which shall contain an angle of 45°. Of 60°. 

Ex. 24. Draw two circles whose radii are 1 and 1} in., respec- 
tively, and in each circle construct a segment containing an angle 
of 120°. 


262 PLANE GEOMETRY. BOOK V 


PROPOSITION X. ‘THEOREM 


386. The area of a regular polygon is equal to half the 
product of its perimeter and its apothem. 


Given the regular polygon ABCD with area denoted 
by K, perimeter by p, and apothem by a. 
To prove K=} ap. 


Proof. 1. Draw the radi OA, OB, 1? Post 
OC, etc., dividing the polygon into as 
many A as the polygon has sides. 

2. All of these A have the same Dh, S Utetey. 
altitude, a. 

3. Area of each A = product of 3. § 348, 
its base by a. 


4, Hence, sum of areas of A=} 4, Axs. 2, 7. 
(sum of bases of A) xX a= dap. 
5. ==. Op. De AsO: QED. 


387. A sector of a circle is the figure formed by two 
radii and the arc intercepted by them. 


388. Similar sectors are sectors in different circles which 
have equal angles at the center. 


389. Similar segments are segments in different circles 
whose ares subtend equal angles at the center. 


Ex. Ina given circle construct a segment which is greater than 
the sector with the same are. 
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PROPOSITION XI. THEOREM 


390. The area of a cirele is equal to half the product of 
tts circumference and its radius. 


Given a © with circumference denoted by ¢, radius by 7, 
and area by K. 


To prove K= i re. 


Proof. 1. Circumscribe a regular 1. §§ 362, 373. 
polygon about the given circle, and 
denote its perimeter by p, and its 
area by I’. 

2. The apothem of the circum- 2. § 370. 
scribed regular polygon is the radius 
of the given circle, or 7. 

3 K= trp. 3. § 386. 

4, ..K=%}70¢. 4, § 379. Q.E.D. 


391. Formulas for the area of a circle. — Substituting for 
e its value 2 7r (§ 383), 
Ges Comh)1, OF Le Ts, 
Again, n=sa. aK = fad’. 


392. Cor. 1. The area of a circle is equal to the square 
of the radius, multiplied by 7;,0r to one fourth the square 
of the diameter, multiplied by 7. 

393. Cor. 2. The areas of two circles are to each other 
as the squares of their radii, or as the squares of their diam- 
eters. ‘The reason for this is as follows: 
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Denoting the areas of any two circles by A and K’, 
their radii by x and 7’, and their diameters by d and ad’, 


respectively, 
gh ine 2 
Woe Supe lk Paleo ate : 
DiC fei ha KI.  tard'4~ a® 


394. The area of a sector zs equal to one half the prod- 


uct of its radius by its are. 


Hence, area of sector = (oes 


x mr) (§ 385.) 


central Z 


2 
360° Se ee 


Or area of sector = 


395. Cor. 3. Similar sectors are to each other as the 
squares of their radit. 


EXERCISES: GROUP 74 


Using 7 = 4, find the area of a circle in which 


(oben th, (Pee ee ihe, Bx, 3, = 014 ttt Bx. 5. d= 2? in. 
1b Gl == AMO Tab Ge C/E 2s) hime Ex, O46 7e— lois 
Aspe Uh, TPs Chany Bx.8, d=4ta ft. 


Find the area of the circle in which the circumference is 


Bx.9. 176ft. Bx.10. 1382in. Ex.11. 2,7 in. Ex. 12. 367. 
Ex.13. The circumference of a hot-air pipe is 22.5 in. Find the 


area of a cross section of the pipe. 

Ex. 14. If the radius of one circle is 10 times as great as the 
radius of another, find the ratio of the areas of the circles. Also of 
their circumferences. Of their diameters. 

Ex. 15. Assuming that the amount of water flowing through a 
pipe is proportional to the area of the cross section, a 2-in. pipe will 
discharge how many times as much water in a given time as a 1-in. 
pipe? 

Ex.16. The side of a square inscribed in a given circle is 6 in. 
Find the area of the circle. 

Find the radius of a circle of which the area is 


Bx.17. 1386. Bx.18. 1670% Ex.19. 4007. Ex. 20. 100 sq. ft. 
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Ex. 21. In a circle whose radius is 14 in., find the area of a 
sector of 60°. Of 80°. Of 21°. 

Find the area of a cirele 

Ex. 22. Whose radius is d ft.; 15 ft.; 20 ft. 

Ex. 23. Whose radius is}R; 2R; RvV3. 

Ex. 24. Whose diameter is 1 R; RV2; 1Rv2. 

Ex. 25. In heating a house by a hot-air furnace, the area of the 
cross section of the cold-air box should equal the sum of the areas of 
the pipes conducting hot air from the furnace. If a given furnace 
has three hot-air pipes, each 6” in diameter, and one pipe 8” in di- 


ameter, and the width of the cold-air box is 15’, how deep should the 
box be? 


Ex. 26. What is the most convenient way of determining the 
diameter of a hot-air pipe if you have no callipers and the ends of the 
pipe are not accessible ? 


Ex. 27. A belt runs over two wheels one of which has a diameter 
of 3 ft. and the other of 6 in. If the first wheel is making 120 revolu- 
tions per minute, how many is the second wheel making. How many 
revolutions per minute must the first wheel make in order that the 
second may make 300 revolutions in the same time? 

Assuming (what is not-strictly true, owing to friction against the 
sides of the pipe, etc.) that the rate of flow through a cylindrical pipe 
is proportional to its area of cross section : 


Ex. 28. If a 1i-in. pipe is replaced by a 1-in. pipe, how much is 
the flow of water decreased ? 

Ex. 29. A 3-in. pipe is to be replaced by one which will deliver 
not less than twice as much water per minute. Find, to the nearest 
quarter of an inch, the diameter of the new pipe. 


Ex. 30. A city of 40,000 people is barely supplied with water by 
12-in. mains from the reservoirs. If these mains are torn out, and 
18 in. mains substituted, what future population of the city is allowed 
for? 

Bx. 31. The weight which a round (cylindrical) bar of metal will 
sustain suspended from its end is proportional to the area of the cross 
section of the bar. A steel bar 1 in. in diameter will hold up 50,000 
Ib. What load would be sustained by a bar of the same material 
$ in. in diameter? What would be the diameter of a cylindrical bar 
which is to sustain 150,000 Ib, ? 
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MAXIMA AND MINIMA 
PROPOSITION XII. THEOREM 


396. Of all triangles which have two sides equal, that 
triangle in which these sides include a right angle ws the 
maximum. 


ry 
(6; C 


U yas 
Howes; BA 


Given the A ABC and A’B’(’ in which AB =A'B', CA 
= O'A', ZA’ isart. Z, and ZA an oblique Z 
To prove A A'/B'C > AABC. 


Proof. 1. Construct CD_L AB. ie SI): 

2. Then CD 210A. 2. Why? 

3. PCD =e GA". 3, ARS 9: 

4, JIB) =e AVIS 4. Hyp. 

5. .. area A ABO: area A_A’B’C’ 5. § 345. 
=O0D:C'A'. 

6. LA! BC! > NWABC: 6; (For CATS CD: 


Q.E.D. 

397. Maximum plane figure of given perimeter. — By 
methods which are beyond the scope of this book, it may 
be shown that, for regular polygons having a given per- 
imeter, the greater the number of sides, the greater the 
area; and hence that, of all plane figures having a given 
perimeter, the circle is the maximum. 


EXERCISES: GROUP 75 
Ex.1. Find the minimum line that.can be drawn having an end 
in each of two given parallel lines. 


Bx. 2. Find the length of the largest stick that can be placed on a 


rectangular table 12 x 5 ft., and not have an end projecting over a 
side of the table. 
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Ex. 3. A grazier has a movable and flexible fence, } mile long, 
with which he incloses his sheep when grazing. Find the difference 
between the amount of ground inclosed when the fence is arranged 
in the form of a square and of a circle. 

Ex. 4. Find the area of a triangle in which two of the sides are 6 
and 12 in., and the included angle is 90°. Find the area of another 
triangle having two sides of 6 and 12 in., and the included angle 60°. 

Ex. 5. How long is the fence about a garden 60 x 40 ft.? How 
many square feet are there in the area of the garden? Find also the 
length of fence and area of a garden 50 ft. square. 

Ex. 6. Find the area of an equilateral triangle, a square, a hexa- 
gon, and a circle, in each of which the perimeter is 1 ft. 

Ex. 7. Find the perimeter of an equilateral triangle, a square, and 
a circle, in each of which the area is 24 sq. in. 


SYMMETRY 


398. Symmetry of polygons. — Many of the properties 
of regular figures can be obtained in a simple and expedi- 
tious way by the use of the ideas of symmetry. 


The principles of symmetry are also useful in treating of such 
properties of physical bodies as their centers of gravity. ' 


399. An axis of symmetry is a line such that, if part of 
a figure is folded over upon the line as an axis, the part 
folded over will coincide with the rest of the figure. 


EXERCISES: GROUP 76 
Ex.1. How many axes of symmetry has an 
isosceles triangle? An equilateral triangle? 
Ex. 2. How many has a square? A regular’ 
pentagon ? 
Ex. 3. How many has a regular hexagon? 
Ex. 4. How many has a regular heptagon? A 
regular octagon? A regular polygon of n sides? A circle? 
Ex. 5. Which capital letters have an axis of symmetry ? 


400. A center of symmetry for a polygon is a point such 
that any line drawn through the point and terminated by 
the perimeter is bisected by the point. 
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EXERCISES: GROUP 77 


Ex.1. Has an equilateral triangle a center of symmetry? Has a 
square ? 

Ex. 2. Has a regular pentagon a center of symmetry? Has a 
regular hexagon ? 

Ex. 3. In general, which regular pelyerns have a center of sym- 
metry, and which do not? 

Ex. 4. Has a circle a center of symmetry? 

Ex. 5. Which is the most symmetrical figure studied thus far? 

Ex.6. A rhombus has how many axes of symmetry? Has it a 
center of symmetry ? 

Ex. 7. _ What axis of symmetry has a quadrilateral which has two 
pairs of equal adjacent sides? Has sucha figure a center of symmetry ? 

Ex. 8. Prove that a parallelogram is symmetrical with respect to 
the point of intersection of its diagonals. 

Ex. 9. A segment of a circle is symmetrical with respect to what 
axis ? 

Bx.10. Has a trapeziim a center of symmetry? An axis of 
symmetry ? 

Ex.11. How many axes of symmetry have two equal circles taken 
as one figure? Have they a center of symmetry? 

Ex.12, What axis of symmetry have any two circles? 

Ex. 13, Which capital letters have a center of symmetry? Small 
letters? . 


EXERCISES : GROUP 78 


THEOREMS 


Ex.1. If ABCDE isa regular pentagon, the triangles ABK and 
ABC are similar. 


B 
Ex. 2. In the same figure, BC = KC. 
Ex. 3. Show that the area of a regular inscribed A Cc 
tri - 8Vvare 
riangle is a 
E D 


Ex.4. In a circle whose radius is 7, find the 
difference between the area of an inscribed square and that of an 
inscribed equilateral triangle. 
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Ex. 5. Ina circle whose radius is r, prove that the side of the 


inscribed regular octagon is rV2 — V2. 
Ex. 6. In a circle whose radius is r, prove that the side of an in- 


scribed regular polygon of twelve sides is rV2 — V3. 

Ex. 7. From a log whose diameter is a inches a rectangular beam 
is to be cut so as to have a cross section of the greatest possible area. 
Find a side of the beam. 

Ex. 8. The diagonals joining the alternate vertices of a regular 
hexagon form another regular hexagon. Find also the ratio of the 
areas of the two hexagons. 

Ex. 9. If squares are erected on the sides of a regular hexagon, 
the lines joining their exterior vertices form a regular dodecagon. 
Find also the area of this dodecagon in terms of b, a side of the hexagon. 

Ex.10. The area of a circle equals four times the area of a circle 
described on its radius as a diameter. 

Ex.11. The area of a circular ring equals the area of a circle 
whose diameter is the chord of the outer circle tangent to the inner 
circle. 


Ex,12. Given AaBbC, AcB BAC, somicir- B ee 
cles; prove that the sum of the two crescents Gs 
AcBa aud BdCb equals the area of the right tri- 
angle ABC. A C 


Ex.13. An equiangular polygon inscribed in a circle is regular if 
the number of its sides is odd. 

[Sue. In the figure of Prop. V, p. 254, are AE DC = are EDCB. 
.. arc AH = are BC, .:. side AE = side BC, etc. ] : 

Ex. 14. An equiangular polygon circumscribed about a circle is 


regular. 
[Sua. Draw radii from the points of contact, and lines from the 


vertices of the polygon to the center. ] 
Ex.15. An equilateral polygon circumscribed about a circle is 


regular if the number of its sides is odd. 
[Sca. See figure of Prop. V, p. 254. Prove AT=BQ. Draw 


radii and prove 2 T = Z Q, etc.] 
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EXERCISES : GROUP 79 
PROBLEMS 


Ex.1. Construct a circumference equal in length to the sum of 
two given circumferences. 

Ex. 2. Construct a circumference equal in length to the difference 
of two given circumferences. 


Ex. 3. Construct a circle whose area is beat to the sum of the 
areas of two given circles. 


Ex. 4. Construct a circle whose area is equal to the difference of 
the areas of two given circles. 


Bx. 5. It is desired to plant 8 trees so that eee shall be equidis- 
tant from a given point, and also so that each two successive trees 
shall be 20 ft. apart. Draw a diagram to some definite scale, showing 
the relative position of the trees. 


Ex. 6. Bisect the area of a given circle by drawing another circle 
concentric with the given one. 


Ex. 7. Inscribe a circle in a given sector. 


Ex. 8. Inscribe a square in a given 
segment. 

Ex. 9. Ina given equilateral triangle, 
inscribe three equal circles, each of which 
touches the other two circles and a side 
of the triangle. 


Ex.10. In a given circle, inscribe 
three equal circles which shall touch 
each other and the given circle. 


Ex.11. Inscribe a regular octagon in a given square. 


Ex.12. Construct a circle whose area shall be equal to the area 
of a given semicircle. 
EXERCISES: GROUP 80 
PRACTICAL APPLICATIONS 


Ex.1. A half-mile running track is to have equal semicircular 
ends and parallel straight sides. The extreme length of the rectangle 
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together with the semicircular ends is to be 1000 ft. Find the width 
of the rectangle. ; 


[Sua. Denote the length of the radius of the semicircular ends by 
zx and that of one of the parallel side straight tracks by y, and obtain 
a pair of simultaneous equations. ] 


Ex. 2. If, in laying a track, a rail 10 ft. long is bent through an 
are of 5° 10’, what is the radius of the curve? 


Ex. 3. <A given revolving wheel is liable to fly to pieces if the 
speed of its outer rim exceeds 5000 ft. per minute. If the diameter 
of the wheel is 27 in., how many revolutions can the wheel safely make 
per minute? 


Ex. 4. Construct a circular basket by the method indicated by 
the adjoining diagram. Thus, after 
drawing two concentric circles, locate 
the vertices of 1, 2, 3, etc. of the regular 
hexagon inscribed in the smaller circle. 
Draw the straight lines as indicated. 
Cut out the notches A1B, C2D, EBF, etc. 
Fold up the parts of the outer circular 
ring which are left, so that B a 
with A, D with C, ete. 

Ex. 5. If the center of symmetry of 
a flat, homogeneous object is the center 
of mass, find the center of mass of a square. Of a rectangle. Regular 
hexagon. Circle. 


Bx. 6. If a box has a square end, subject to the same pressure 
at all points, at what single point on the end must a supporting pres- 
sure be applied ? 

Ex. 7. The cross section of a cylinder is a circle. The weight- 
supporting strength of a horizontal solid cylindrical beam of given 
material and length varies as the area of the cross section times its 
radius, 

Compare the weight-supporting power of two solid horizontal iron 
cylindrical beams of the same length and quality of iron, the radii 
being 3 in. and 6 in. respectively. (Point out and use the short way 
of getting the desired result.) 

Ex. 8. The cross section of a hollow cylinder (i.e. of a tube) is a 
circular ring. Denote the outside radius of the tube by & and the 
inside radius by r. Then it may be shown that the weight-support- 
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ing power of a hollow cylindrical tube of given length and material 
varies as the area of the cross section (¢.e. of the ring) times 
R24 72 
aoe 
If R =4 in. and r=3 in., compare the weight-supporting power 
of the tube with that of a solid cylindrical beam of the same length 
and the same cross-sectional area. 
In general, a cylindrical tube is stronger than a solid cylindrical 
beam of the same length and containing the same amount of material. 
Hence, in a framework, as in that of an airship where the maxi- 
mum strength must be obtained from a given 
amount of material, the metallic rods and posts are 
all tubular. In like manner, bamboo rods, since 
they are hollow, are used in an aéroplane instead of 
solid wooden rods wherever possible. For the same 
reason, the bones of flying birds, and many bones 
in men and animals, are hollow and not solid. 


Bx. 9. Adjoining is a picture of the drawing in- 
strument called a 60-degree triangle. By use of this 
instrument (or by constructing equilateral triangles 
and constructing lines parallel to their 
sides) form several sheets of paper 
ruled similarly to squared paper ex- 
cept that the lines on them intersect 
at angles of 60° instead of 90°, thus: 

Ex.10. By the aid of paper ruled 
as in Ex. 9, construct the following 
designs, which illustrate the way in 
which a mosaic or pavement may be 
formed of regular polygons. 


Ex. 11. To construct a square which shall be approximately 
equivalent to a given circle O, diyide the radius OA into four equal 


REGULAR POLYGONS; CIRCLES 273 


parts, produce each end of two perpendicular di- 
ameters a distance equal to one fourth of the 
radius, and connect the extremities of the lines 
thus formed. Show that taking the square thus 
formed as equivalent to the circle is the same as 
taking 7 = 3}. Also find the per cent of error in 
taking this square as equivalent to the circle. 


Bx. 12. A short way to construct a regular inscribed pentagon 
and also a five-pointed star (or pentagram) is as follows: Draw a 
circle O and two diameters AB and CD at 
right angles. Bisect the radius OB at F, C 


and with F as a center and FC as a radius 
describe an arc cutting AO at H. Then 
CH is the length of a side of the regular 
inscribed pentagon. By joining the alter- 4 B 
nate vertices of this pentagon, the penta- 
gram (or 5-pointed star) may be formed. 
Take each 


Ex.13. Construct a square. 
vertex of the square as a center and one half 
a side of the square as a radius and outside of the square describe 
arcs which meet. Erase the square and you have a quatrefoil. By 
drawing other circles and ares of circles, elaborate the quatrefoil into 
an ornamental design. (See the figure for Ex. 14, p. 176.) 

Ex. 14. In like manner, construct a cinquefoil by use of a regular 
pentagon, and develop it into an ornamental design. 


Ex.15. Treat a regular hexagon in the same way. 


EXERCISES: GROUP 81 
Review or Book V 


Ex. 1. Construct a regular polygon of three sides and on it mark 
its center, radius, and apothem. 

Ex. 2. The measurement of the area of a circie can be reduced 
to the measurement of the length of what single straight line? Can 
it be reduced to the measurement of any other single straight line? 
To the measurement of a single curved line? 

Ex. 3. What is the efficiency value of Prop. XI? 


Ex. 4. Of Prop. IX? Of Prop. X? 
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Ex. 5. State some of the ways in which circles aid in dealing with 
regular polygons. 

Ex. 6. State some of the ways in which regular polygons aid in 
dealing with circles. 

Ex. 7. When are two regular polygons similar? 

Ex. 8. The circumferences of two circles are c and ce’, respectively. 


In terms of c and ce’, give the ratio of the diameters of these circles. 
Of their radii. Of their areas. 

Ex. 9. How does the side of a regular inscribed hexagon com- 
pare with the radius in length? How does the apothem of the in- 
scribed equilateral triangle compare with the radius of the circle? 

Ex.10. Name five different regular polygons which you can in- 
scribe in a circle by use of the ruler and compasses. Name five which 
you cannot thus inscribe in a circle. 


Ex.11. Ifqaanda’ are the sides of two regular polygons of the 
same number of sides, give the ratio of the perimeters of the poly- 
gons. Of their radii. Of their apothems. Of their areas. 


Give a list of the properties proved or stated in Book V concerning 
Ex.12. A single regular polygon. 

Ex.13. Two regular polygons of the same number of sides. 

Bx. 14. A single circle. 

Ex.15. Two or more circles taken together. 


Ex.16. Give an account of the history of the successive approxi- 
mations which have been made to the value of 7. (See p. 281.) 


HISTORY OF GEOMETRY 


401. Origin of geometry as a science. — The beginnings 
of geometry as a science are found in Egypt, dating back 
at least three thousand years before Christ. Herodotus 
says that geometry, as known in Egypt, grew out of the 
need of remeasuring pieces of land which had been in 
part washed away by the Nile doods, in order to make an 
equitable readjustment of the taxes on the land. 

The substance of the Egyptian geometry is found in an 
old papyrus roll, now in the British Museum. This roll 
is, in effect, a mathematical treatise written by a scribe 
named Ahmes at least as early as 1700 B.c., and is, the 
writer states, a copy of a work dating, say, 3000 B.c. 


402. Epochs in the development of geometry. — From 
Egypt a knowledge of geometry was transferred to Greece, 
whence it spread to other countries. Hence, we have the 
following principal epochs in the development of geometry: 

1. Egyptian: 3000 B.c.-1500 B.c. 

Greek: 600 B.c.-100 B.c. 
Hindu: 500 a.p.—1100 A.p. 
Arab: 800 A.p.-1200 A.D. 
European: 1200 A.p.- 

In the year 1120 a.p., Athelard, an English monk, 
visited Cordova, in Spain, in the disguise of a Mohamme- 
dan student, and procured a copy of Euclid in the Arabic 
language. This book he brought back to central Europe, 
where it was translated into Latin and became the basis 
of all geometric study in Europe till the year 1533, when, 
owing to the capture of Constantinople by the Turks, 
copies of the works of the Greek mathematicians in the 
original Greek were scattered through Europe, 
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HISTORY OF GEOMETRICAL METHODS 


403. Rhetorical methods. — By “rhetorical methods ” in 
the presentation of geometric truths, is meant the use of 
definitions, axioms, theorems, geometric figures, the rep- 
resentation of geometric magnitudes by the use of letters, 
the arrangement of material in Books, etc. The Egyptians 
had none of these, their geometric knowledge being re- 
corded only in the shape of the solutions of certain numeri- 
cal examples, from which the rules used must be inferred. 

Thales (Greece, 600 B.c.) first made an enunciation of 
an abstract property of a geometric figure. He had a 
crude idea of the geometric theorem. 

Pythagoras (Italy, 525 B.c.) introduced formal defini- 
tions into geometry, though some of those used by him 
were not very accurate. For instance, his definition of 
a point is “unity having position.” Pythagoras also 
arranged the leading propositions known to him in some- 
thing like logical order. 

Hippocrates (Athens, 420 B.c.) was the first systemati- 
cally to denote a point by a capital letter, and a segment 
of a line by two capital letters (as the line AB), as is done 
at present. He also wrote the first textbook on geometry. 

Plato (Athens, 380 B.c.) made definitions, axioms, and 
postulates the beginning and basis of geometry. 

To Euclid (Alexandria, 280 ‘B.c.) is due the division 
of geometry into Books, the formal enunciation of theo- 
rems, the particular enunciation, the formal construction, 
proof, and conclusion, in presenting a proposition. He 
also introduced the use of the corollary. 

Using these methods of presenting geometric truths, 
Luelid wrote a textbook of geometry in thirteen books, 
which was the standard textbook on this subject for nearly 
two thousand years. 
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The use of the symbols A, ©, ||, ete., in geometric 
proofs originated in the United States in recent years. 


404. Logical methods. — The Egyptians used no formal 
methods of proof. They probably obtained their few 
crude geometric processes as the result of experiment. 

The Hindus also used no formal proof. One of their 
writers on geometry merely states a theorem, draws a 
figure, and says * Behold!” 

The use of logical methods of geometric proof is due to 
the Greeks. The early Greek geometricians used ezperi- 
mental methods at times, in order to obtain geometric 
truths. Jor instance, they determined that the angles at 
the base of an isosceles triangle are equal, by folding half 
of the triangle over on the altitude as an axis and obsery- 
ing that the angles mentioned coincided as a fact, but 
without showing that they must coincide. 

Pythagoras (525 B.c.) was the first to establish geo- 
metric truths by systematic deduction, but his methods. 
were sometimes faulty. For instance, he believed that 
the converse of a proposition is necessarily true. 

Hippocrates (420 B.c.) used correct and rigorous dedue- 
tion in geometric proofs. He also introduced specifi¢ 
varieties of such deduction, such as the method of reduc- 
ing one proposition to another (§ 269) and the reductio 
ad absurdum (§ 179). 

The methods of deduction used by the 
Greeks, however, were defective in their lack 
of generality. For instance, it was often 
thought necessary to have a separate proof 
of a theorem for each different kind of figure 
to which the theorem applied. Thus, the 
theorem that the sum of the angles of a tri- 
angle equals two right angles was proved, 

(1) for the equilateral triangle by use of 
the regular hexagon : 
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(2) for the right triangle by the use of a rectangle ; 

(3) for a scalene triangle by dividing the scalene triangle into two 
right triangles. 

The Greeks appeared to fear that a general proof might be vitiated 
if it were applied to a figure in any way special or peculiar. 


Plato (380 3B.c.) introduced the method of proof by 
analysis, that is, by taking a proposition as true and work- 
ing from it back to known truths. (See $173.) 

To Eudoxus (380 B.C.) is virtually due proof by the 

method of lmits, though his method, known as the method 
of exhaustions, is crude and cumbersome. 

Apollonius (Alexandria, 225 B.c.) used projections, 
transversals, etc., which, in modern times, have developed 
into the subject of projective geometry. 


405. Mechanical methods. —The Greeks, in demonstrat- 
ing a geometrical theorem, usually drew the figure em- 
ployed in a bed of sand. This method had certain advan- 
tages, but was not adapted to demonstration before a 
large audience. 


At the time when geometry was being developed in Greece, the 
interest in the subject was very general. ‘There was scarcely a tows\ 
but had its lectures on the subject. The news of the discovery of a 
new theorem spread from town to town, and the theorem was redew 
onstrated in the sand of each marketplace. 


The Greek treatises, however, were written on vellum 
or papyrus by the use of the reed, or calamus, and ink. 

‘In Roman times, and in the Middle Ages, geometrical 
figures were drawn in wax smeared on wooden boards, 
called tablets. They were drawn by the use of the stylus, 
a metal stick which was pointed at one end for making 
marks and broad at the other end for erasing marks. 
These wax tablets were still in use in Shakespeare’s time. 


(See Hamlet, Act I, Sc. 5,1. 107.) The blackboard and 


° 
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crayon are modern inventions, their use having developed 
within the last one hundred years. 

The Greeks invented many kinds of drawing instruments 
for tracing various curves. It was due to the influence 
of Plato (380 B.c.) that, in constructing geometric figures, 
the use of only the ruler and compasses is permitted. 
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406. Rectilinear figures— The Egyptians measured the 
area of any four-sided field by multiplying half the sum of 
one pair of opposite sides by half the sum of the other 


pair; which was equivalent to using the , 
formula, 4 d 
preg ee a 
2 2 ec 


This, of course, gives a correct result for the rectangle and the 
square, but gives too great a result for other quadrilaterals, as the 
trapezoid. Joseph, of the Book of Genesis, in buying the fields of the 
Egyptians for Pharoah in time of famine by the use of this formula 
in many cases paid for a larger field than he obtained. 

The Egyptians had a special fondness for geometrical con- 
structions, probably growing out of their work as temple 
builders. A class of workers existed among them called 
“rope-stretchers,” whose business was the marking out of 
the foundations of buildings. These men knew how to 
bisect an angle and also to construct a right angle. The 
latter was probably done by a method essentially the same 
as forming a right triangle whose sides are three, four, and 
five units of length. Ahmes, in his treatise, has various 
constructions of the isosceles trapezoid from different data. 

Thales (600 B.c.) enunciated the following theorems : 

If two straight lines intersect, the opposite or vertical 
angles are equal ; 

The angles at the base of an isosceles triangle are equal; 
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Two triangles are equal if two sides and the included 
angle of one are equal to two sides and the included angle 
of the other; 

The sum of the angles of a triangle equals two right 
angles ; 

Two mutually equiangular triangles are similar. 

Thales used the last of these theorems to measure the 
height of the great pyramid ; he measured the length of 
the shadow cast by the pyramid and also measured the 
length of the shadow of a post of known height at the 
same time and made a proportion between these quantities. 

Pythagoras (525 B.c.) and his followers discovered 
correct formulas for the areas of the principal rectilinear 
figures, and also discovered the theorems that the areas 
of similar polygons are as the squares of their correspond- 
ing sides, and that the square on the hypotenuse of a right 
triangle equals the sum of the squares on the other two 
sides. The latter is called the Pythagorean theorem. 
They also discovered how to construct a square equivalent 
to a given parallelogram, and to divide a given line in 
mean and extreme ratio. 

To Eudoxus (380 B.c.) we owe the general theory of 
proportion in geometry, and the treatment of incommen- 
surable quantities by the method of exhaustions. By the 
use of these, he obtained such theorems as that the areas 
of two circles are to each other as the squares of their 
radii, or of their diameters. 

In the writings of Hero (Alexandria, 125 B.c.) we first 
find the formula for the area of a triangle in terms of its 
sides, K=Vs(s—a)(s—0)(s—e). Hero also was the 
first to place land-surveying on a scientific basis, 


It is a curious fact that Hero, at the same time, gives an incorrect 
formula for the area of a triangle, viz. K =1a(b +c), this formula 
being apparently derived from Egyptian sources. 


THE HISTORY OF GEOMETRY 281 


The Romans, although they excelled in engineering, ap- 
parently did not appreciate the value of the Greek geom- 
etry. Even after they became acquainted with it, they 
continued to use antiquated and inaccurate formulas for 
areas, some being of obscure origin. Thus, they used 
the Egyptian formula for the area of a quadrilateral, 
ie a+b x e+a 

2 


2 


They determined the area of an equilat- 


eral triangle whose side is a, by different formulas, all 


2 at 
ue » K=4(a+ a), and K=} a. 


incorrect, as K = 


407. The circle.— Thales enunciated the theorem that 
every diameter bisects a circle, and proved the theorem 
that an angle inscribed in a semicircle is a right angle. 

To Hippocrates (420 B.c.) is due the discovery of 
nearly all the other principal properties of the circle given 
in this book, 

The Egyptians regarded the area of the circle as equiva- 
lent to $4 of the diameter squared, making m7 = 3.1604. 

The Jews and the Babylonians treated w as equal to 3. 

Archimedes (Sicily, 250 B.c.), by the use of inscribed 
and circumscribed regular polygons, showed that the true 
value of w lies between 3+ and 34%; that is, between 
3.14285 and 3.1408. 

The Hindu writers assign various values to 7, as 3, 54, 
V10, and Aryabhatta (530 A.p.) gives the correct ap- 
proximation, 8.1416. The Hindus used the formula 


V2 = V42 4 Bin computing the numerical value of 7. 
Within recent times, the value of 7 has been computed 
to 707 decimal places. 
The use of the symbol mw for the ratio of the cireum- 
ference of a circle to the diameter was established in 


mathematics by Euler (Germany, 1750). 


METHODS OF NUMERICAL COMPUTATIONS 


408. Cancellation. — In numerical work in geometry, as 
elsewhere, the labor of computations may frequently be 
economized. Those methods of abbreviating work, which 
are particularly serviceable in the ordinary numerical 
applications of geometry, may be briefly indicated, as 
follows: 


To simplify numerical work by cancellation, group to- 
gether as a whole all the numerical processes of a given 
problem, and make all possible cancellations, before proceeding 
to a final numerical reduction. 


Ex. Find the ratio of the area of a rectangle, whose base and alti- 
tude are 42 and 24 inches, to the area of a trapezoid, whose bases are 
21 and 35 and altitude 12 inches. 

By §§ 337, 350 


3 
area of rectangle _ 42 x 24 49 x 24 | 3 Ratio 
area of trapezoid 6(214+35) &x 56 ” ; 
& 


Aa 
409. Use of radicals and of 7. — Where radicals enter in 
the course of the solution of a numerical problem, it fre- 


quently saves labor not to extract the root of the radical till 
the final answer ts to be obtained. 


Ex.1. Find the area of a circle circumscribed about a square 
whose side is 8. 


The diagonal of the square must be 8V2 (§ 355). 

.. the radius of © = 4v2. 

. by § 891, area of © = r(4V2)? = 32 r = 100.6, Area. ; 
282 


} 
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Similarly in the use of 7, it frequently saves labor not 
to substitute its numerical value for m till late in the process 
of solution. 


Ex. 2. Find the radius of a circle whose area is equal to the sum 
of the areas of two circles whose radii are 6 and 8 inches, respectively. 
Denote the radius of the required circle by z. 


Then, by § 391, wa? = 367 + 647. 
-. 7a" = 100 a. 
oe OS 


ati Ovals. 


410. Use of x, y, etc., as symbols for unknown quan- 
tities. — In some cases a numerical computation is greatly 
facilitated by the use of a specific symbol for an unknown 
quantity. 

Ex. Ina triangle whose sides are 12,18, and 25, find the segments 


of the side 25 made by the bisector of the angle opposite. 
Denote the required segments of side 25 by x 


and 25 — z. 
Then ipye Wiehe 7p BEA) = eC SOND) 12 18 
-. 18 = 12(25 — az) (§ 278). 
oe | Segments. 25 
And Pq Ty es ian 3) 


411. Limitations of numerical computations. — Owing to 
the limitations of human eyesight and of the instruments 
used in making measurements, no measurement can be 
accurate beyond the fifth or sixth figure; and in ordinary 
work, such as is done by a carpenter, measurements are 
not accurate beyond the third figure. As all numerical 
applications of geometry are based on practical measure- 
ments, tt 7s not necessary to carry arithmetical work beyond 
the fifth or sixth significant digit: 

Other methods of facilitating numerical computations, 
as by the use of logarithms or the slide rule, are beyond 
the scope of this book. 
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EXERCISES: GROUP 82 


LINES 

Ex.1. A tree 90 ft. high is broken off 40 ft. from the ground. 
How far from the foot of the tree will the top strike ? 

Bx. 2. Find the diagonals of a rectangle whose sides are 5 and 12. 

Ex. 3. If the base of an isosceles triangle is 8 and a leg is 5, find 
the altitude. 

Ex. 4. One side of a rhombus is 17 and one diagonal is 80. Find 
the other diagonal. 

Ex. 5. In acircle whose radius is 5, find the length of the longest 
and shortest chords through a point at a distance 3 from the center. 

Ex. 6. In a circle whose radius is 25 in., find the distance from 
the center to a chord 48 in. long. 

Ex. 7. If a chord 12 in. long is 5 in. from the center of a circle, 
how far from the center of the same circle is a chord 10 in. long? 

Ex. 8. A ladder 40 ft. long reaches a window 20 ft. high on one 
side of a street and, if turned on its foot, reaches a window 30 ft. 
high on the other side. How wide is the street ? 

Ex. 9. If one leg of a right triangle is 10 ana the hypotenuse i” 
twice the other leg, find the hypotenuse. 

Ex.10. Find the altitude of an equilateral triangle whose side is 6. 

Ex. 11. Find the side of an equilateral triangle whose altitude is 8. 

Ex. 12. Find the side of a square whose diagonal is 15. 

Ex.13. One leg of a right triangle is 3, and the sum of the hy- 
potenuse and the other leg is 9. Find the sides. 

Ex.14. The radii of two circles are 1 in. and 6 in., and their 
centers are 13 in. apart. Find the length of the common external 
tangent. 

Ex.15. The sides of a triangle are 12, 18, and 20. Find the seg- 
ments of the side 20, made by the bisector of the angle opposite. 

Ex. 16. If the legs of a right triangle are 6 and 8, find the hypote- 


nuse, the altitude on the hypotenuse, and the segments of the hypote- 
nuse made by the altitude. 
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Ex.17. Two sides of a triangle are 17 and 16, and the altitude 
on the third side is 15. Find the third side. 

Ex.18. The hypotenuse of a right triangle is 10, and the altitude 
on the hypotenuse is 4. Find the segments of the hypotenuse and 
the legs. 

Ex.19. A bicycle wheel 28 in. in diameter makes, in an after- 
noon, 3000 revolutions. How many miles does the bicycle travel ? 

Ex. 20. What is the diameter of a wheel which makes 1400 
revolutions in going 8800 yd. ? 

Ex. 21. If the diameter of a circle is 20, find the length of an are 
of 60°. Also of 83°. 

Ex. 22. If the length of an arc is 14 and the radius is 6, find the 
number of degrees in the are. 

Ex. 23. If the arc of a quadrant is 1 ft. in length, find the diameter. 

Ex. 24. Two concentric circles are 88 in. and 132 in. in length, 
respectively. Find the width of the circular ring between them. 

Ex. 25. If the year is taken as 3651 da., and the earth’s orbit is 
taken as a circle whose radius is 93,250,000 mi., find the velocity of 
the earth in its orbit per second. 

Find the radius and circumference of a circle circumscribed about 

Ex. 26. A square whose side is 5. 

Ex. 27. A rectangle whose sides are 12 and 5. 

Ex. 28. Find the central angle of a sector whose perimeter equals 
one half the circumference. 

Ex. 29. Find the radius of a circle whose circumference equals 
the perimeter of a square whose diagonal is 10. 

Ex. 30. Two intersecting chords of a circle are 11 in. and 14 in. 
and the segments of the first chord are 8 in. and 3 in. Find the 
segments of the second chord. 

Ex, 31. In a circle whose radius is 12 in., a chord 16 in, long is 
passed through a point 9 in, from the center. Find the segments of 
the chord. 

Ex. 32. Two secants drawn from a point to a circle are 24 in. 
and 27 in. long. If the external segment of the first is 6 in., find the 
external segment of the second. 

Ex. 33. From a given point a secant, whose external and internal 
segments are 9 and 16, is drawn to acircle. Find the length of the 
tangent drawn from the same point to the circle. 
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Ex. 34. From a given point a tangent 24 in. long is drawn to a 
circle whose radius is 18 in. Find the distance of the point from the 
center. 

Ex. 35. If a diameter 60 in. long is divided into 5 equal parts by 
chords perpendicular to it, find the length of the chords. 

Ex. 36. If the greatest distance at which a mountain 3 miles high 
is visible at sea is 150 miles, what is the diameter of the earth? 

Ex. 37. If the earth is a sphere of radius 4000 mi., how far will 
the light of a lighthouse 100 ft. high be visible at sea? 

Ex. 38. In a triangle whose base is 14 and altitude 12, a line is 
drawn parallel to the base and at a distance 2 from the base. Find 
the length of the line thus drawn. 

Ex. 39. The upper and lower bases of a trapezoid are 12 and 20 
and the altitude is 8. If the legs are produced till they meet, find 
the altitude of each of the two triangles thus formed. 

Ex. 40. If the upper and lower bases of a trapezoid are b, and 6, 
and the altitude is hf, find the altitude of each of the triangles formed 
by producing the legs. 

Ex. 41. If the sides of a triangle are 6, 7, and 8, compute the 
length of the altitude on 8. 

Ex. 42. Also the length of the median on the same side. 

Ex. 43. Also the length of the bisector of the angle opposite the 
side 8. 


Ex. 44. Find the three medians, the three bisectors, and the three 
altitudes of a triangle whose sides are 13, 14, 15. 


EXERCISES: GROUP 83 
AREAS 
Ex.1. Find to three decimal places the area in acres of a triangular 
field whose base is 800 ft. and altitude 200 ft. 


Ex. 2. Find the area of a triangle whose sides are 10, 17, and 21. 


Ex. 3. Find the area in acres of a triangular field each of whose 
sides is 10 chains. 


Find the area of 


Ex 4, An isosceles triangle whose base is 16, and each of whose 
legs is 34, 
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Ex. 5. An equilateral triangle whose altitude is 8. 

Ex. 6. An isosceles right triangle whose hypotenuse is 12. 

Ex. 7. A right triangle in which the hypotenuse is 41 and one 
leg is 9. 

_ Ex. 8. The area of an equilateral triangle is 4V3. Find a side. 

Ex. 9. Find the number of boards, each 4 yd. long and 6 in. 
wide, which are necessary to cover a floor 48 x 24 ft. 

Ex.10. How many persons can stand in a room 15 x 9 ft., if each 
person requires 27 x 18 in.? 

Ex.11. The baseball diamond is a square each side of which is 
90 ft. What fraction of an acre is its area? 

Ex. 12. Find the area of a rhombus one of whose sides is 17, and 
one of whose diagonals is 30. 

Ex.13. The bases of an isosceles trapezoid are 20 and 36 and the 
legs are 17. Find the area. 

Ex. 14. The base of a triangle is 20 and the altitude 18. Find 
the length of a line parallel to the base which cuts off a trapezoid 
whose area is 80 sq. ft. 

[Sua. Denote the altitude of the trapezoid by 18 — z and find its 
upper base by similar triangles. ] 

Ex.15. The perimeter of a polygon, circumscribed about a circle 
whose radius is 20, is 840. Find the area of the polygon. 

Ex.16. The area of a rectangle is 144 and the base is three times 
the altitude. Find the dimensions. 

Bx. 17. Find a side of a regular hexagon whose area is 200 sq. in. 

Ex. 18. Find the area of a circle whose circumference is p. 

Ex.19. Find the radius of a circle whose area equals the sum of 
the areas of two circles whose radii are 9 in. and 40 in. 

Ex. 20. Find the radius of a circle whose area equals the sum of 

he areas of three circles whose radii are 20, 28, 29.. 

Ex. 21. In acircle of radius 50, find the area of a sector of 80°. 

Ex. 22. Also of a segment of 60°; of a segment of 300°; of a seg- 
ment of 240°. 

Ex. 23. In a circle whose radius is 7, the area of a sector is 45 
sq. ft. Find the number of degrees in its angle. 

Ex. 24. Inacircle whose radius is 10, find the sum of the seg- 
ments formed by an inscribed square. 
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Ex, 25. A circular mill-pond, } mi. in diameter, contains a circu- 
lar island, 100 yd. in diameter. Find the water surface of the pond 
in acres. ; 

Ex. 26. Two tangents to a circle, whose radius is 15, include an 
angle of 60°. Find the area included between the tangents and the 
radii to the points of contact. 

Ex. 27. Find the length of the tether by which a cow must be 
tied, in order that she may graze over exactly one acre. 


Ex, 28. Three equal circles touch each other externally. Show 


that the area included between them is R? ( Vie ). 


Ex. 29. In a triangle whose base is 24 in. and altitude is 18 in., 
the altitude is bisected by a line parallel to the base. Find the area 
of the triangle cut off. 

Ex. 30. In the triangle of Ex. 29, what part of the altitude must 
be cut off in order that the area of the triangle may be bisected ? 

Bx. 31. In acircle whose diameter is 30 in., what are the diame- 
ters of concentric circles which divide the area into three equivalent 
parts ? 


EXERCISES: GROUP 84 
GENERAL NuMERICAL EXERCISES IN PLANE GEOMETRY 
Ex.1. The leg of an isosceles triangle is 10 and the base is ‘16. 
Find the altitude and the area. 


Ex. 2. Find the area of a triangle whose sides are 25, 39, 40. 
Also find the radius of a circle equivalent to this triangle. 


Ex. 3. Find the area of a regular hexagon inscribed in a circle 
whose radius is 2. 


Ex.4. The sides of a triangle are 7, 8, and 9 inches. Find the 
sides of a similar triangle of four times the area. Also, of twice the 
area. 

Ex. 5. If the sides of a triangle are 12, 16, and 21, what are the 
segments of the side 21 made by the bisector of the angle opposite ? 


Bx. 6.. The sides of a quadrilateral in order are 5, 5, 4, 3, and the 
first two of these sides contain an angle of 60°. Find the area. 


Ex. 7. Find the diameter of a wheel which, in a mile, makes 480 
revolutions. 
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Ex. 8. The areaof a trapezoid is 112 and the two bases are 12 and 
16. Find the altitude. 

Find the radius of a circle equivalent to 

Ex. 9. A square whose side is 10. 


Ex.10. An equilateral triangle whose side is 12. 
Bx. 11. A trapezoid whose bases are 16 and 18 and altitude 9. 


Bx. 12. A circle, a square, and an equilateral triangle each have 
a perimeter of 12 yd. Find the area of each figure. 


Ex. 13. In a circle whose area is 400, the area of a sector is 125. 
Find the angle of the sector. 


Ex. 14. How many acres are included within a half-mile running 
track, if the track is in the shape of a rectangle twice as long as it is 
wide ? 

Ex.15. In a square whose side is 6 in., find the area of the 
inscribed and of the circumscribed circles. 


Ex.16. One leg of aright triangle is 12, and the difference between 
the hypotenuse and the other leg is 8. Find the area. 


Ex.17. Find the area of an isosceles right triangle whose hypote- 
nuse is 20 ft. 

Ex. 18. In acircle whose diameter is 20,a chord is passed through 
a point at a distance 6 from the center, perpendicular to the diameter 


through that point. Find the length of this chord, and of the chords 
drawn from its extremities to the ends of the diameter. 


Bx. 19. If three ares, each of 60° and having 10 for a radius, are 
each concave to the other two arcs, find the area included by them. 

Ex. 20. A square piece of land and a circular piece each contain 
lacre. How many more feet of fence does one require than the other? 

Ex. 21. If the base of a triangle is doubled and the altitude re- 
mains unchanged, how is the area affected? If the altitude is doubled 
and the base remains unchanged? If both the base and the altitude 
are doubled ? 

Ex. 22. Find the side of an equilateral triangle equivalent to a 
circle whose diameter is 10. 

Bx, 23. The area of a rhombus is 156 sq. in. and one side is 1 ft. 
lin. Find the diagonals. 
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EXERCISES: GROUP 85 
Exercises Invotving THE METRIC SYSTEM 
Ex.1. Find the area of a triangle of which the base is 16 dm. and 


the altitude 80 cm. 


Ex. 2. Find the area of a triangle whose sides are 6 m., 70 dm., 
800 cm. 

Ex. 3. Find the area in square meters of a circle whose radius is 
14 dm. 

Ex. 4. If the hypotenuse of a right triangle is 17 dm. and one leg 
is 150 cm., find the other leg and the area. 

Ex.5. If the circumference of a circle is 1 m., find the area of 
the circle in square decimeters. 


Ex. 6. Find the area in hectares, and also in acres, of a circle 
whose radius is 100 m. 


Bx. 7. If the diagonal of a rectangle is 35 din. and one side is 800 
mm., find the area in square meters, and also in square inches. 


Ex. 8. Find the area of a trapezoid whose bases are 600 cm., and 
2 m., and whose altitude is 80 dm. 


, Ex. 9. If a rectangular field is 700 dm. long and 200 m. wide, find 
its area in hectares and in acres. 


Ex. 10. In a given circle two chords, whose lengths are 15 dm. 
and 13 dm., intersect. If the segments of the first chord are 12 dm. 
and 3 dm., find the segments of the second chord. 


Ex. 11. Find in decimeters the radius of a circle equivalent to a 
square whose side is 1 ft. 6 in. 


Bx. 12. Find in feet the diameter of a wheel which, in going 10 
kilometers, makes 5000 revolutions. 


EXERCISES: GROUP 86 
Revinw Exercises In PLANE GEOMETRY 


Ex.1. If the bisectors of two adjacent angles are perpendicular to 
each other, the angles are supplementary. 


Ex. 2. If a diagonal of a quadrilateral bisects two of its angles, 
the diagonal bisects the quadrilateral. 
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Ex. 3. Through a given point draw a secant at a given distance 
from the center of a given circle. 

Ex. 4. The bisectors of one angle of a triangle and of an exterior 
angle at another vertex form an angle which is equal to one half the 
third angle of the triangle. 

Ex.5. The side of asquare is 18in. Find the circumference of 
the inscribed and circumscribed circles. 

Ex. 6. The quadrilateral A DBC is inscribed inacircle. The diag- 
onals AB and DC intersect in the point F. Are AD = 112°, arc AC = 
108°, Z AFC = 74°. Find all the other angles of the figure. 

Ex. 7. Find the locus of the center of a circle which touches two 
given equal circles. 

Ex. 8. The line joining the midpoints of two radii is perpendicular 
to the line bisecting their angle. 

Ex. 9. Ifa quadrilateral is inscribed ina circle and its diagonals 
are drawn, how many pairs of similar triangles are formed ? 

Ex.10. A rectangular piece of cardboard is 12” x 14’. From this 
is cut an isosceles trapezoid with bases of 14” and 8” and sides of 5”; 
and also a square with sides of 8’. What per cent of the board is 
wasted? Draw to scale a diagram illustrating this problem. 

Ex.11. Draw a square ABCD. On the diagonal AC take the 
point # so that AH = AB and draw through E a perpendicular to AH 
cutting BC in F. Prove BF = EC. 

Ex. 12. In a circle whose radius is 12 cm., find the length of the 
tangent drawn from a point at a distance 240 mm. from the center. 

Ex. 13. If two non-adjacent sides of a regular pentagon are pro- 
duced, find the angle of their intersection. 

Ex. 14. In the parallelogram ABCD, points are taken on the 
diagonals such that AP = BQ= CR = DS. Show that PQRS is a 
parallelogram. 

Ex. 15. A chord 6 in. long is at the distance 4 in. from the center 
of acircle. In the same circle, find the distance from the center of a 
chord 8 in. long. j 

Ex. 16. If B is a point ona circle whose center is O, PA a tangent 
at any point P, meeting OB produced at A, and PD perpendicular to 
OB, then PB bisects the angle A PD. 

Ex.17. Construct a parallelogram, given a side, an angle, and q 
diagonal, 
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Ex.18. Find in inches the sides of an isosceles right triangle 
whose area is 1 sq. yd. 

Ex.19. Find the locus of the vertices of all triangles on a given 
base and haying a given area. 

Ex. 20. If, on the sides AC and BC of the triangle ABC, the 
squares AD and BF are constructed, AF and DB are equal. 

Ex. 21. Prove that in a quadrilateral the angle between the bi- 
sectors of two adjacent angles is one half the sum of the other two 
angles. | 

Ex. 22. Let A and B be two fixed points on a circle, and P and 
Q the extremities of a variable diameter of the same circle. Find the 
locus of the point of intersection of the straight lines A P and BQ. 


Ex, 23. Find the area of a circle in which the length of an arc of 
9919 ig 3 ge, 
2 


Ex. 24, The sum of the areas of two circles is 20 sq. yd., and the 
difference of their areas is 15 sq. yd. Find their radii. 


Ex. 25. In a given square, inscribe a square having a given side. 

Ex. 26. If perpendiculars are drawn to a given line from the ver- 
tices of a parallelogram, the sum of the perpendiculars from two 
opposite vertices equals the sum of the other two perpendiculars. 

Ex. 27. ‘Two equal circles overlap in such a way that the center 
of each circle lies upon the other circle. In terms of 7 and 7, find an 
expression for the area common to the two circles. 

Ex. 28. A given circle has an area of 80 sq.ft. In this circle, find 
the length of an are of 80°. 

Ex. 29. The area of a given triangle is K and the sides of the 
triangle are a, 6, c. In terms of a, 6, and c, find the radius of the 
circle inscribed in the triangle. 


Ex. 30. In a triangle ABC, a point P is taken on AC so that the 
ratio of AP to PC is 3. Through P lines are drawn parallel to AB 
and BC within the triangle. What is the ratio of the area of the 
resulting parallelogram to the area of the triangle ABC? 

Ex. 31. In a square ABCD, E is the midpoint of CD. .Construct 
and describe the locus of P, the midpoint of a line drawn parallel to 
BE and terminated by the sides of the square. 
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Ex. 32. If £ is the intersection of the diagonals AC and BD of a 
quadrilateral, and the triangle A DE is equivalent to the A BEC, then 
the lines 4B and CD are parallel. 


Ex. 33. A 2-in. steam pipe conveying steam from the boiler to 
the radiators in a school building is found to supply only two thirds 
the needed amount of steam. If available sizes of pipe are each an 
exact number of inches in diameter, what is the diameter of the 
smallest pipe that will convey the needed amount? 


APPENDIX 


This appendix contains the propositions which, over and above 
those already given in the body of the book, are called for by the 
Report of the Committee of Fifteen of the National Education Associ- 
ation on Geometry Syllabus. Hence the book, with the appendix, 
precisely covers the specifications of the Committee of Fifteen and 
therefore exactly meets the requirements in, plane geometry of the 
College Entrance Examination Board. 


PROPOSITION I. PROBLEM 
412. Upon a given straight line to construct a triangle 
similar to a given triangle. 


F 


B : 
a ; 
IBS 


MeruHop I. 

Given A ABC and the line A’C’. 

To construct on A’O’ a A similar to ABC. 

Construction and proof. 1. At A’ con-| 1. § 86. 
struct Z FA'CO' = Z A. 

2. At O' construct Z A'CO'B'=2C. 2. § 86. 

3. Produce A'F and O'B' to meet at B’. | 3. Post. 2. 

Then A'B'C" is the triangle required. 


4, For A A'B'C' ~ A ABC. 4. Why ? 
Q.E.F. 
B ye 
finns oe Res 
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MetuHop II. 
Given A ABC and the line A’ C’. 
To construct on A’(’ a A similar to ABC. 


Construction and proof. 1. At <A!’ con-| 1. § 86. 
struct. 2 DA'C' = 4 A. 

2. Construct QR, the fourth propor- | 2. § 297. 
tional to AC, A'C', and AB. 

OeOne A Damark: Oe’ B= Or andel:3, Posth2: 
draw B'C". 

Then A A'B'C" is the triangle required. 

4, For A A'B'C' ~A ABC. 4. Why? 


Q.E.F. 


Proposition II. PROBLEM 


413. Upon a given straight line to construct a polygon 
similar to a given polygon and similarly placed. 


D 


~~ mays 
B A iB" ae 


Given the polygon ABCDE and the line A’ B’. 

To construct on A’B’ a polygon similar to ABCDE and 
similarly placed. ; 

Construction and proof. 1. On A'B' con- | 1. § 412. 
struct A A'B'C' similar to A ABC and 


similarly placed. 
Let the pupil complete the construction and give the proof, 
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Proposition II]. THEOREM 


414. If two right triangles have two sides of one propor- 
tional to the corresponding two sides of the other, the trian- 
gles are similar. 

Case I. When the given proportional sides are the legs 
of the two triangles. 

B 


A C A’ Os 
Given A ABC and A’B'C"’, C and C’ right A, and 
Cer CBC BC. 
To prove AABC ~A A! B'C". 


Proof Cee 20, may yes 
2A CAO! = BOE BIC’. 2. Why? 
On tN ABO 21 ASC 3. Why ? 


Case II. When the proportional sides in each triangle 
are the hypotenuse and a leg. 


fo 
OVr2—L 
Sy 
bVr2—1 


ADS > CA ee baecs 
Given S ABC and A’ BC’, C and C’ might 4, and 
AB OALB AG AO, 
To prove AABC~AA'B' OC. 
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Proof. 1. Let = 7. Hence c= br. il, ANee, ab 

2 BO?=c—o2 2. § 356. 

3. .*. BO? = br? — b? = b2(r? — 1). 3. Ax. 9. 

4... BO =bdvV7—1. AE UNG B. 

5. In like manner, B'C! = b'!V7? — 1. 5. Reasons 1-4. 
BE pVef=1 2b. “AC 

6. eine — 4 = 5 "a 9» 
jet i ap oy aeU) G, AX. 9) 69227. 

tome ZibeeAG. PU . 

a as A'B! A'C! len (. Hyp., INS Al 


8... A ABC ~ A A'B'C. 8, Why? 
Q.E.D. 
415. The projection of a point upon a line is the foot of 
the perpendicular drawn from the point to the line. 


ee 
Tamed B M PO Q 


Thus if AA’ is perpendicular to LM, A’ is the projec- 
tion of the point A on the line LM. 


416. The projection of a line upon another given line is 
that part of the second line which is included between 
perpendiculars drawn from the extremities of the first line 
upon the second line. Thus, the projection of AB on - 
Tite ALB = or OD'ion POs. CTD. 


Bx.1. A line 10 in. long makes an angle of 45° with a second 
line; find the projection of the first line on the second. 


Ex. 2. Find the same, if the angle is 60°. 


Ex, 3. If the side of an equilateral triangle is a, find its projection 
on the base. 
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Proposition IV. THEOREM 


417. In any obtuse triangle, the square of the side oppo- 
site the obtuse angle is equal to the sum of the squares of the 
other two sides, increased by twice the product of one of those 
sides by the projection of the other side upon tt. 


Given A ABC with Z ACB an obtuse angle, and CD 
(or p) the projection of CB on AC produced. 


To prove c? = a? + 02+ 2 dp. 


Proof. ‘1. In the rt. A ABD, 1. § 355. 
C=? +(p+b), 
or C=V+p+0+2bp . (1) 
Zein Tie C DD hia p= 079s 1. (2) ale cave iy a 
3. Substituting from (2) in (1), 3. Why ? 
C= a+ + 2 dp. Q.E.D. 


Ex.1. If, in a diagram lettered like the above figure, BC = 10, 
ACh 2.mande eo C-Au— 202 eating ses 


Ex. 2. If, in the diagram of Prop. IV, 
Abe) One ke, an deAiGe—nltretin Guns 

Ex. 3. In the AABC, AC is produced 
to D,and CD=14AC. If BC is produced 
through C to some point F so as to make 
ACDF similar to A ABC, CF must be what 
fractional part of BC? 


Ex. 4. Show how PQ may be determined 
by use of the method of Ex. 3. 
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Propostrion V. THEOREM 


418. Jn any oblique triangle, the square of a side opposite 
an acute angle is equal to the sum of the squares of the other 
two sides, diminished by twice the product of one of those 
sides by the projection of the other side upon it. 


B 
c a 
fir 
A ——— 
b 
Meee al 


Given A ABC (Fig. 1), Z C an acute angle, and DC 
(or p) the projection of BC on CA. 


To prove c? = a? + 6? — 2 bp. 


Prooft.n 1 imethe rio A ABD, te AWA ry Ars 
e=h?+(b—p)’, 
or c? = h? + 6? + p? — 2 bp. (1) 
2. Ai there. BUC) =p pd Gy i 2. Why? 
3. Substituting from (2) in (1), 3. Why? 


ce = a? + b? — 2 bp. 

4. Similarly in Fig. 2, from A ABD, 4, Reasons 1-3. 
= lh? +(p— d)?, 

whence e= a+ b?—2 bp. QED. 


419. Cor. Jf the square on one side of a triangle equals 
the sum of the squares on the other two sides, the angle oppo- 
site the first side is a right angle; for it cannot be acute 


(§ 418), or obtuse (§ 417). 


Bx. 1. If, in a diagram lettered like Fig. 1,BC =10, AC =12, 
and ZC = 60°, find AB. 
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Ex. 2. If the square on one side of a triangle is greater than the 
sum of the squares on the other two sides, will the angle opposite the 
first side be acute or obtuse ? 


Ex. 3. If the square on one side of a triangle is less than the sum 
of the squares on the other two sides, will the angle opposite the first 
side be acute or obtuse? 

Ex. 4. Is a triangle acute, obtuse, or right, if, the three sides are 
519,147 If they are) 11,19? 95,12, 1324 S860 


EXERCISES: GROUP 87 


Ex. 1. A sea captain is sailing his vessel on a straight course CD 
past a lighthouse P. When at a certain 
point, A, he notices that 7 PAB = 27°, le 
He continues on the course CD till, at 
a point B, he finds ZPBD is double 
ZPAB, or is 54°. If he knows from 
the rate of the ship that the distance QO” 4 B D 
AB = 3} mi., how far is it from B to P? 

x2. Ii intbx. byZ PAB = 30° 2P BD = 60°andsAB = 32h. 
find the length of AP. 


Ex. 3. & and S are points separated by a stream, and an observer 
isat S. Show how he can determine the dis- 
tance from R to S by means of the principle 
used in Ex. 1. 


Rk 


Ex. 4. In any isosceles triangle, the square of 
one of the legs equals the square on a line 
drawn from the vertex to any point of the base plus the product of the 
segments of the base. 


Ex. 5. If C is the vertex of an isosceles triangle ABC, and D is a 
point in the base produced, then CD* = CB” + AD x BD. 

Ex. 6. Upon a given line as hypotenuse construct a right triangle 
one leg of which shall be a mean proportional between the other leg 
and the hypotenuse. 

Ex. 7. ABCD isa parallelogram in which AB = 10 ft., BC = 20 ft., 
and Z BAD = 45°. Find the length of the diagonals AC and BD. 

Bx. 8. If a,b, and c are the sides of a triangle in which ZB < 90°, 


and m is the projection of a on ¢ produced, state in general language 
the meaning of the formula 6? = a? + ¢? + 2em. 
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Proposition VI. THEOREM 


420. Tangents to a circle at the mid-points of the arcs sub- 
tended by the sides of a regular inscribed polygon form a 
regular circumscribed polygon whose sides are parallel to the 
corresponding sides of the inscribed polygon. 


Given the regular polygon ABCDE inscribed in the © 
ACD; P, Q, R, etc., the mid-points of the arcs AB, BC, 
CD, etc. ; and A’ B’, B’ C’”, C'D’, etc., tangents to the circle 
bP yet)y tbs) GLE, 

To prove A’ BC’ D' EH’ a regular polygon with its sides || 
corresponding sides of the polygon ABCDE. 


Proof: 1. AB = BC = OD, ete. fees 198, 
ee AP PB 1B = GU, ete. Oy Aah. 
See P=. ha bs, etc. 3. Ax. 4. 
4, .. A'B'C'D'E' is a regular polygon. A, § 373. 
be AB OF. 5. § 205 (2, 4). 
Oneal ale O rR, 6. Why? 
T “AB AB. 7. Why? 
8. Inlike manner, each pair ofcorrespond- | 8. Reasons 5-7. 
ing sides in the two polygons are parallel. Q.E.D. 


Ex. Draw a circle with radius = 1 in. and in the circle inscribe 
asquare ABCD. Bisect the ares AB, BC, CD, DA at the points P, 
Q, R, S, respectively. At these points construct tangents to the circle. 
Draw the chords AP, PB, BQ, etc. Compute the perimeter of the 
octagon thus formed. (Use § 320.) 
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421. Cor. Corresponding radii of an inscribed and a 
circumscribed regular polygon, whose sides are parallel, coin- 
cide in direction. Thus, in the figure on p. 302, 4 POA and 


POA! each =22":-4 (g 372). .:. OA and OA! coincide 
Nv 


in direction. 


Proposition VII. PROBLEM 


422. Given a circle, p the perimeter of a regular inseribed 
polygon and P the perimeter of a regular cirewmscribed 
polygon, each of the polygons having n sides, to find p' and 
P', the perimeters of the regular inscribed and circumscribed 
polygons each of 2n sides, in terms of p and P. 


rc D Cais 
SR i 
NX 7 
A By \ ' jab 
\ Ne. Ua 
Sari 
xe ee 
Pon 7 
UY 
O 


Given the circle 0, AB a side of a regular inscribed 
polygon, and A’ B’ a side of a regular circumscribed poly- 
gon (each of n sides), formed as in § 420; AC‘a side of a 
regular inscribed polygon, and DF'a side of a regular cir- 
cumscribed polygon (each of 2n sides), formed as in 
8§ 374, 875; the perimeters of the four polygons denoted 
by ieb ps 2 inorder: 

To find p’ and P’ in terms of p and P. 


Solution. 1. —=——. 1. §§ 376, 318. 
Dime OG f 
2. AD = DC AO = CO; DO =O; 2. Why? 
SAAD O z= ADCO. 3. Why? 
AAA a5), 4. Why? 
; OAGFEALD 
5, nA ACO, Ca= pa 5, § 3801, 
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A'D 


v2 
6. STOMA and pa == ———. 6. Ax. 1. 
; is DC xq; Al 
7. », Pep LAD De _A'C 7. § 286,’ Ax. 7, 
p DC DC 9. 


SeAR 4B Pp Pep 
See MIDE xn In) PT 
8. Hence, P+ p:p=2P:P', whence | 8. Ax. 1, § 278, 


2 Pp ea, 
P= Pid 9 ee AP eee pre eee a8 
te DAC = ZO OAB, 9. §§ 235, 241. 
ZADCA= 7 CBA: 
LOR ACR ~~ AADC. 10. Why? 
ipl DAC = AC VDC, da YV live? 
12. Whence 02. SVWily ic 
AC’ = ABX1.DF, o(f)= DE ei 
iz 2n n An 


13. Whence p?=pP',and p'=~VpP'. (2) | 13. Why? 
QE. 
423. Principle. —It may be proved by methods which 
are beyond the scope of this book that a@ circumference 
(that is, the length of a circle) ¢s greater than the perimeter 
of an inscribed and less than the perimeter of a circum- 
scribed polygon. 
This principle is sometimes taken as a definition of a 
circumference. 


Ex. 1. How shall a mile of wire fence be stretched so as to contain 
the maximum area? 


Ex. 2. Find the area in acres included ‘A 
by a mile of wire fence if it is stretched as o 
a square, a regular hexagon, and a circle, Q 
respectively. B fai 


Ex. 3. Given PQ parallel to AC, and 
PR parallel to AB, prove A QAR a mean proportional between A BQP 


and A PRC. 
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Proposition VIII. PROBLEM 


424. To compute approximately the numerical value of r. 


BN 
WA 


Given a circle O whose diameter is 1, and whose circum. 
ference is denoted by ¢ 

To compute ¢ approximately and hence find the approxi- 
mate numerical value of 7. | 

Solution. 1. In the circle O, inscribe | 1. §§ 360, 373. 
the square ABCD, and circumscribe the 
square HF'GH, and denote the perimeters 
of the two squares by p and P respectively. 


2. AB ages Gy=1v2. ZS 350. 
= 2/2 = 2.82843". 
By pee ., P=4, SST 


4. Denoting the perimeters of the regu- | 4. § 422. 
lar inscribed and circumscribed octagons 
by p, and Py, respectively, 


9 
ee Pa 8 istic 
cian) 


and Ds = VpP, = 3.06147+. 


5. Similarly, Py = 2 Pops _ 3.182601, | 5. § 422. 
Ps + Ds 


and Pr = NY Deki = 3.12145+, 
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6. Proceeding in like manner we obtain | 6. § 422. 
the following table : 
PERIMETER OF 


CIRCUMSORIBED 
POLYGON 


PERIMETER OF 
INSCRIBED PoLy@on 


NuMBER 
oF SIDES 


4 2.82843 
3.31371 3.06147 
3.18260 3.12145 
3.15172 3.13655 
3.14412 3.14033 
3.14222 3.14128 
3.14175 3.14151 
3.14163 3.14157 


7.. The result given in the last line in | 7. § 423. 
the table shows that the length of the cir- 
cumference of the circle O, that is of ¢, lies 
between 3.14163+ and 3.14157*. Hence 
the approximate numerical value of z, 
when carried out to four decimal places, is 
3.1416. OEF. 


PROPOSITION IX. PROBLEM 


425. To construct a square equivalent to a given rectangle. 


B Gis 

. S 1 
h 
A b D joa an eae Zt teme: 


Given the rectangle ABCD with the base 0, and the al- 
titude A. 

To construct a square equivalent to ABCD. 

Let the pupil supply the construction and proof. 
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EXERCISES: GROUP 88 


B 

Ex. 1. D is the mid-point of the straight IS 
line AC. ABC, AED, and DFC are equi- 
lateral arches (see Ex. 5, p. 117). Construct 
a circle tangent to the four ares AB, BC, ED, 


DF. (This geometric figure is the basis of 

various ornamental designs in Gothic win- W/ 

dows in architecture.) Operas O 
[Sue. Determine the center of the re- ; 

quired circle by the method of intersection of loci (see p. 167). Thus 

find the locus of the centers of all circles tangent to the ares 

ABand BC. Also find the locus of the centers of all circles tangent 


to the ares AB and DF, etc. ] 


Bx. 2. In the diagram of Ex. 1, the figure as a whole is sym- 
metrical with respect to what axis? Is the figure symmetrical with 
respect to a center? Point out four subordinate parts of the figure 
which haye axis symmetry. Also one part which has symmetry with 
respect to a center. 


Ex. 3. Transform a given rectangle into an equivalent rectangle 
with a given base. 


Ex. 4. The three altitudes of a tri- 
angle meet in a point (called the ortho- 
center). 


[Sue. Through each vertex of the 
given A ABC, draw a line ll the side op- 
posite. Prove PA and AR each = BC 
by use-of § 155; hence AD is the  bi- 
sector of PR. Use § 257.] 


Ex. 5. The medians of a triangle inter- 
sect in a point (called the centroid) which 
cuts off two. thirds of each median from its 


B 
: Ip 
vertex. Lh 
[Sua@. Let two of the medians, AD AEP 


and HC, intersect at O, and take R the 
mid-point of AO, and S the mid-point of CO. Show ED = and || RS 
by §§ 3800, 804. Use §§ 161, 159 to show AR = RO = OD, etc. ] 
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Ex. 6. If the center of symmetry of a flat, homogeneous object 
is the center of mass, find the center of mass of a square; of a rec- 
tangle; regular hexagon; circle. 

Ex. 7. It is evident that if the median of a triangle (BJ) is 
placed on a knife-edge the triangle will balance 
(for if PP! is || AC, the pull on P is balanced by 
the pull on P’). Hence, find the center of mass 
for any triangle. For a regular pentagon. 

Tt is useful to be able to determine the center ay fel 
of mass of an object by geometry, or by any other 
means, since a knowledge of the center of mass of 
a body often enables us to treat the body in a simple way, for ex- 
ample, as if the body were concentrated at a single point. 


B 


M C 


Ex. 8. If a box has a triangular end, subject to the same pres- 
sure at all points, at what single point on the end must a supporting 
pressure be applied ? 

Ex. 9. If two triangles have their corresponding sides parallel, 
they are similar. 

Ex. 10. If two triangles have their corresponding sides perpen- 
dicular, they are similar. 

Ex. 11. If three or more lines pass through 
the same point and intersect two parallel 
lines, they intercept proportional segments 
on the parallel lines; that is, on the diagram, 
ae gee CD | 
A'B! ~ Bic’ ~ O'pD! 

Ex. 12. If, inany triangle, a median 
is drawn to one side, the sum of the A 
squares of the other two sides is equal 
to twice the square of half the given db Cc 
side, increased by twice the square of 
the median upon that side; that is, on 
the diagram, if AM is a median to BC, Cy B 


2| 
a8 


prove 67+ c?= es +2 m?. 
yy 
Show also that m = }V2(b? + c?)— a’. 
[Sua. Apply § 418 to A ABM, and § 417 to A AMC] 
Ex. 13. Ina parallelogram the sum of the squares of the sides 
equals the sum of the squares of the diagonals, 
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Ex. 14. The square of the bisector of an angle of a triangle is 
equal to the product of the sides forming the 
angle, diminished by the product of the segments 
of the third side formed by the bisector ; that is, L”X 
on the diagram show that t? = ab — mn. as a 

[Sue. Prove AAFC ~AHCB, and hence 
that b:t=a-+t:a. Use §§ 278, 322°] 

Ex. 15. On the diagram of the preceding Hi 
exercise, find the value of ¢ in terms of a, 6, c (the sides of the given 
triangle), and s, used as denoting }(a+b+c). 

[Sue. This amounts to finding the value of m and n in terms of 
a,b,c. By § 301,n:m=a:b. Hence, m+n:m 
=b+a:b (§ 286), ore:m=b+a:b, etc] . ‘e 


Ex. 16. In any triangle, the product of any oN 
two sides is equal to the product of the diameter 4A C 
of the circumscribed circle by the altitude upon 
the third side; that is, on the diagram prove 


AB x BC = DB x BF. 
[Sta. Prove AABF ~ A DBC, etc.] 


Bx. 17. Divide a given straight line into parts proportional to a 
number of given lines. 


Ex. 18. Divide a given straight line in 
extreme and mean ratio; that is, so that 
the whole line is to the larger part as the 
larger part is to the smaller part. Thus, 
on the diagram, divide AB so that 
ANB RAZ eA Pee. 

[Sue. At B erect the 1 OB =1AB and draw the circle O with 
the radius OB. Use §§ 211, 324, 287, etc.] 

Ex. 19. Construct a square equivalent to a given triangle. 

Ex. 20. If a, d, c, denote the sides of a B 
triangle opposite the angles A, B, C, respec- 
tively, ands = }(a + 6 + c), the area of the fy a 
triangle = Vs(s — a)(s — b)(s — c). 

[Sue. By § 418, 

a? = 0? +c? 20x AD. Ato C 


Hence, AID) = a 


. 
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But, by § 356, = 2? = c? — AD* =(c + AD)(c — AD). 
age (= be + b2+- c2— “| (= be — 6?— c2+ =); ete.] 


26 


2b 
Ex. 21. Construct a triangle equiva- 
lent to a given pentagon ; that is, on the 


diagram, construct A FCG equivalent 
to ABCDE. 


Ex. 22. Constructa triangle equiva- 
lent to a given hexagon. 


Ex. 23. Construct a square equiva- 
lent to a given pentagon. 
Ex. 24. Construct a square which shall have a given ratio to a 
given square. 
K 


[Sue. Given the square S, construct the diagram as indicated and 
obtain S’, which is to S asn:m. Then, by use of §§ 320, 293, prove 
that ee eg | 

So ae ab (Dp, 

Ex. 25. Construct a square which shall be to a given square 
as 3:2. 

Ex. 26. Inscribe a regular decagon in a given 
pcirele: 

[Sue. Divide the radius OA at K sox that 
OA: OK = OK: KA (see Ex. 18, p. 308). Insert 
the chord AB= OK. Prove AAOB~AAKB 
by § 310. Hence, AB=KB= KO, and ZA= 
LISS = ZO = AO bith, So AIO Oe Cie 

Ex. 27. Construct a five-pointed star (called a pentagram). 

Ex. 28. Construct a six-pointed star. 

Ex. 29. By what per cent does 3.1416, the approximate value of 
a, differ from 3.141592, a closer approximation to the value of 7? 


Ex. 30. By what per cent does 42 differ from 3.1416? 


310 PLANE GEOMETRY 


Bx, 31. HG is a straight line, and HA =AD= DC — CG: 
ABC is an equilateral arch. H is the center of the are HD, and G 


of DF. Construct a circle which 
shall be tangent to the ares AB, 
BC, ED, and FD- (This dia- 
gram, with the dotted lines 
omitted, is the basis of orna- 
mental designs in Gothic win- 
dows in architecture.) 

[Suc. Denote AC by s and 


the radius of the required circle by r. 


A D C G 


Then in the right A HOD, 


OD’ =(s +r)?—s% Alsoin A ODC, OD = (s —r)?—(4s)?. Hence, 


find r = Bie and HO = 19 s. 
16 16 


Ex. 32. Discuss with reference to both axis and center symmetry 
the diagram of Ex. 28 and also different parts of this diagram. 


FORMULAS OF PLANE GEOMETRY 


SYMBOLS 
a, b, c = sides of triangle A BC. d = diameter of a circle, or 
s=i(a+0+4+ 0c). diagonal of a square. 
h, = altitude on side e. c = circumference of a circle. 
m, = median on side ec. a = 42 approx. (or 3.1416—). 
t, = bisector of angle opposite K = area. 
side c. b = base of a triangle. 
p = perimeter. h = altitude of a triangle. 
7 = radius of a circle. b, and 6, = bases of a trapezoid. 


a = apothem of a regular polygon. 


LENGTHS OF LINES 


1. In a right triangle, C’ being the right angle, 
COD, § 355. 


2. In an equilateral triangle, h = 2 V3. 
3. In a square, d = bv2. 
h, =? Vas a)(s — b)(s — ¢). 

c 


Se 2 ———————~ 
5. m, = 4V2(a? + 0) — c2. Osein= mage —c). 
7. Insimilar polygons, p:p!=a:a’. § 317. 
8. In circles, CIC Spey = ah eal §§ 380, 381. 
Gh, C= Bair, Of C= ath § 383. 
10 nite, See a ene ey mr. § 385. 
: 180° 
AREAS OF PLANE FIGURES 
1. In a rectangle, 1 =p § 337. 
2. In a square, = 02: § 337. 
3. Ina parallelogram, I =p § 339. 
4. In a triangle, K= tbh. § 343, 
5. In a triangle, K =Vs(s — a)(s — 6)(s — ¢). 
2/3 
6. Inanequilatera] triangle, A = : 4 a 
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7. In a trapezoid, K = th(b, + 0). § 350. 
8. In a regular polygon, K=sap. § 386. 
9. Inacircle, K =r? or K =i rd?. § 391. 
10. Inasector of acircle, kK =4r x are, § 394. 
oe er § 394. 

360° 


11. Ina segment of a circle, K = sector + A formed by the chord 
and radii of the segment. 
12. In any two similar plane figures, 


ROBE Suen aes § 353. 
alsoa:a! =VK: VK’. § 358, Ax. 6. 
13. In two circles, TS i a GROG = CPS ees, § 393. 


rirt'=d:d'=c:c'=VK:VK'.  § 381, Ax. 6. 


SUMMARY OF THE METRIC SYSTEM 


TABLE FOR LENGTH 


10 millimeter (mm.) = 1 centimeter (cm.) 


10 cm. = 1 decimeter (dm.) 
10 dm.. = 1 meter (m.) 

10 m. = 1 Dekameter (Dm.) 
10 Dm. = 1 Hektometer (Hm.) 
10 Hm. = 1 Kilometer (Kin.) 
10 Km. = 1 Myriameter (Mm.) 


Similar tables are used for the unit of weight, the gram; for the 
unit of capacity, the liter; for the unit of land measure, the are; and 
for the unit of wood measure, the stere. 


TABLE FOR SQUARE MEASURE 


100 sq. mm. = 1 sq. em. 
100 sq.cm. = 1 sq. dm., ete. 


TABLE FOR CUBIC MEASURE 


1000 cu. mm. = 1 cu. em. 
1000 cu. cm. =1 cu. dm., etc. 
A liter =1 cu. dm. 
A gram = weight of 1 cu. cm. of water at 39.2° Fahrenheit, 
An are = 100.sq. m. 
A stere =1 cu. m, 


FORMULAS OF PLANE GEOMETRY olo 


EQUIVALENTS 
1 meter = 39.37 inches 
1 liter = 1.057 liquid quarts 
or .9581 dry quarts 
1 kilogram = 2.2046 pounds avoirdupois 
1 hektare = 2.471 acres 


1 square meter = 1550 — square inches 
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Abbreviations 6, 34, 39, 53, 225 


Algebraic analysis 216 
Algebraic method 98 
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vertex Su 
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Angles, adjacent . 
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corresponding . 44 
exterior 30, 44 
interior 44 
of polygon 83 
of quadrilateral 74 
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Angles, supplementary . 18 
vertical . 17 
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geometric 23 
inequality 67, 68 
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Babylonians 281 
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of triangle . 31 
Bases of parallelogram . 15 
of trapezoid . 76 
Bisector of triangle . 67 
@onter ob circlen sa. - 12,109 
of regular polygon 252 
of symmetry 267 
Chord tu.s Whe er ee LOG 
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are of . 12, 109 
center of . = PR AOS) 
circumference of . 109, 304 
circumference of,  for- 
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formula for area of . . 263 


MOROMIe og 2 o o o IO 
TPACHUE OP. 5 « o o IA, 108 
SEORRKO » a o 6 6 56. Ze 
Circles, concentric . . . 128 
ESCLIDGd IS) aM eee fe eee OZ 
tanecente 7. ee . 128 
Circumeenter of mimele OO) 
Circumference. . . 109, 304 
Classifications of quadri- 
laterals, a ee tt LO 
OM (MEN 4 5 6 nk, 5 Gill 
Compasses Re oe yl 
Complement es es eS 
Cloisyyosiater: oc so a 5 6 Jkey 
SHMGLCHIAEOM 5 5 5 « ISB 
Come@lsiom,. 2 o os o o GS 
Congruent figures . . . 10 
@onsequents 5 2 LS 
Constantines oe ee 49 
Continued proportion Be ede) 
Converse of a proposition. 58 
Gemolliiee Ss G6 5 4 5 AB 
Curves vn ca 02.9 ieee s 10 
Curved ice {ea 20) 
Decavon) we. =. . ne OF 
Desreerof are se ee ee los 
muvee 4 3 6 15 
Demonstration, indirect 45, 101 
Diagonal of polygon . . 83 
of quadrilateral . . . 75 
Diameter of circle . . . 109 
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Kuler . us ewok 
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Extremes . 178 
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Indirect demonstration . 45 
Inference, immediate 25 
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Jews . 281 
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of right triangle . 32 
of trapezoid 76 
Line 9 
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Line, of centers 

straight tue 
Lines, auxiliary 99, 145, 168, 
Locus : 62, 
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Mechanical methods: 
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of triangle 
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Numerical computation, 
methods of 

measure 
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Origin of eames 


Parallel lines 
Parallelogram . 
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iPentadecagon . 9.) « « 
Pentagon 
Perimeter of solar 
of quadrilateral 
of triangle 
Perpendicular lines 
Pi (1) 
Plane . 
figure . 
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Quadrilateral, perimeter of 


sides of 
vertices of 


Radius of circle 

of regular polygon 
Ratio . 

of similitude 
Rectangle 
Rectilinear figures 
Rhetorical methods . 
Rhomboid . 
Rhombus 
Romans . 


Secant line . 
Sect 
Sector of circle 


of circle, formula for . 


Sectors, similar 
Segment of circle 

of line. 
Segments, ehntlact 
Semicircle 
Sides of angle . 

of polygon 

of quadrilateral 

of triangle 
Similar figures . 

polygons . 
Square f 
Straight angle . 

line : 
Superposition . 
Supplement 
Surface 

area of 

curved 

unit of 
Symbols . 
Symmetry, axis of 

CenbercOl sy gems aes 
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Tangent . 
Tangent circles 


Tangent, common extemal 
common internal . 

Terms of a proportion . . Hi 

. 276, 279, 2819 


Thales 
Theorem 
Third proportions! 
Transversal 
Trapezium . 
Trapezoid 

altitude of 

bases of 

isosceles . 

legs of 

median of 
Triangle . 

acute . : 

altitudes of . 

base of 

bisectors of ». 


bisectors of, formula for 


classifications of 
equiangular . 
equilateral 
isosceles . 
medians of 
obtuse 

right 

scalene 

vertex angle of . 
vertex of . 


Unit of angle 
of measure 
of surface 


Vertex angle 

Vertex of angle 
of triangle : 

Vertices of polygon . 
of quadrilateral 
of triangle , , 
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